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ABSTRACT

This phenomenological study investigates conceptions of statistical vatlzdion
secondary mathematics teachers who are recabigiaders in AP ftistics exhibitThis study
also investigateperceptions and recollections of activities and actiong¢hahes who
exhibited robust understandings of variation suggestributed to their current understandings
of variation. The dat include questionnaires, event history calendars, critical incident
descriptions, resumes, course syllabi, cortectised interviews, and two learningntext

interviews for each teachdtonstant comparative analysis (Glaser & Strauss, 1967) of content

interview data and syl | abi gnceptilors efdaridtionr ee di st i

Expected but Explainable and Controllable (EEC), Noise in Signal and Noise (NSN), and
Expectation and Deviation from Expectation (EDE).
Thet a c h er s 6tovasgatoprelatesl tasks were useddanjunction with the
SOLO Model , research results about student sb
what it means to understand statistical variattodevelop a framework for robust
understandingsfaariation. The frameworlconsists ofwo cycles of levelsforeasoning in the
formal mode. Robust understangliof variation is indicated from integrateglasoning about
variation acrosshiree perspectivésdesign, dataentric, and modelirdy in the secod cycle of
levels.Teachesdunderstandings of variation wesssessed irg) the framework. Five teachers
exhibited reasoning about variation that was consistent with robust understandings of variation.
Analysis of learning experiengelated data for ttse five teachers followed protocol for
phenomenological studigS.act or s t hat may have contributed
developments of robust understandings include their interests in the field of statistics, their desires
to have an overarchirgpntert framework for themselves affior their students, their

foundational knowledge upon which they built deeper understandings, their propensities for

t



iv
critical reflection, and their acting on opportunities to engage in learning activities and rational

discouse with more knowledgeable others. The extent to which they embrace these opportunities

may disthguish them from other teachers
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Chapter 1

Rationale

Status of Statistics Education Research

Statistical content currently occupies a prominent position in content recommendations
for students in Pr&indergarten through grade 12.g., Burrill, Franklin, Godbold, & Young,
2003 Franklin et al., 2007; National Council of Teachers of Mathematics [NCTM], 1989,,2000)
and national assessments for elementary acdnslary students reflect an increased focus on data
analysig(National Assessment Governing Board [NAGBDO4; Tarr & Shaughnessy, 2007)
Analyses of results from lareggeale assessments like the National Assessment of Educational
Progress (NAEP) point to improved student performance on data analysi§ité&mrosio,
Kastberg, McDermott, & Saada, 2004; Tarr & Shaughnessy, 2007; Zawojewski & Shaughnessy,
2000) but concernsemaina b out st u d ace onsdmplexdasks that necaiire
sophisticated statistical reasonifi@grr & Shaughnessy, 2007)
Student achievement often is considered in tandem with teacher knowledge, and recent
researchresults support the widely accepted view that teacher knowledge can positively affect
student achievement in mathematics (e.g., Hill, Row&aBall, 2005) Some researchers
(Reading & Shaughnessy,204p ecul at e t hat st udecalconagptsunder st a
may be connected to their teachdiick of experiencgwith the content and posit thatmo s t 0
PreKindergarten through grade 12 teachers have few statistical experi8heeghnessy,
2007).
To devel op teacher s bdconcepts eesearchaigedton®&gs of st at

Mickelson, 2002; McClain, 2005)aders from profegmal organization§Conference Board of



the Mathematical Scienc@8BMS], 2001) and curriculum develope(€hance & Rossman,
2006)opine that teachers need opportunities to experience the study ofcstatistays similar

to how they are expected to teach the cont@mtrent results from research suggest thatew
researchers are making progress in uncovering characteristics of experiences that result in
teacher sd | ear nHamngermarg Rubih, 2004; lSut&i Thompsone20Gh;. Makar
& Confrey, 2002)researchrsare just beginningp reveal characteristics that lead to teachers
constructing robust understandings of formal statistical concepts.

Examining existing research studies thatinvegtat e t eacher sdé concept.i
statistics reveals conceptions or learning for a limited number of concepts, like hypothesis testing
(Liu & Thompson, 2005)sampling distributiorfHeid, PerkinsonPeters, & Fratto, 2005pr
arithmetic mearfCallingham, 1997)for a limited number ofroblemcontexts, sut as group
comparisongHammerman & Rubin, 2004; Makar & Confrey, 200&) for a limited number of
teachers within an exploratory setting, like the setting of a mathematics course for preservice
elementary teache(€anada, 2004)r professional development fimservicemiddle school
teachergMcClain, 2005esigned specifically to promote particular understandings. \tfieen
amount of work needed to expattis limited scope of coverage is coupled with the length of
time that typically exists before results from studies are disseminated puidisigning
researcthased preservice and professional devel opm
constructions for statistics in general seems to be a goal for the distant future. Currertaafforts
take years to begin to effect a change in stasisdacher education andhy require more time
than legislators and the public will tolerate to achieve a statistically literate population of teachers
that can educate statistically literate students. Needed is a complementary research path that will
provde more immediate results that eventually can be compiled with the outcomes-tadriong

investigation.
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This study, a retrospective study with teachers who have robust understandings, offers an
alternative approach intended to be timely as well as viablencovering the characteristics of
experiences associated with successful learning. Rather thaninigsigd studying program
that may be successful in having teachers construct robust statistical understandings, studying
teachers who already havébust understandings eliminates the time required to design,
implement, evaluate, redesign, and reevaluate an educational program. Retrospective examination
of the characteristics of successful learning experiences for individuals who already have robust
understandings occurs almost immediately. Retrospective study also does not require speculation
about contexts that may be successful in perturbing individuals towards the construction of robust
statistical understandings; by studying individuals who alréashe robust understandings, the
focus shifts to uncovering the varied contexts that may have facilitated the construction of those
understandings. Retrospective study, however, does not offer a panacea for all of the limitations
of conventional study.

Because of the reliance on individual sd memc
the collection and analysis of retrospective datsesssues of reliability and validitfMartyn &

Belli, 2002) Researciesults offer strategies that can reduce the impact of recall effects,

including the use of instruments like event history calendars (Freedman, Thornton, Camburn,

Alwin, & Young-DeMarco, 1988; Martyn & Belli, 200‘2)and critical incidents descriptions

(Brookfield, 1990; Butterfield, Borgen, Amundson, & Maglio, 2005; Flanagan, 1954)
Additionally, a single retrospective study rea
in learning every statistical concept; however, by focusing on a key conceptdiedies every

area of statistics, characteristics of experiences critical for developing robust understandings of

! The format of the event history calendar is a matrixh wolumns containing timing cues for recording
behaviors and rows containing behavibisignificant activities or events related to the goals of the
research that can help individuals to frame the occurrence of important e(fereisdman, Thornton,
Camburn, Alwin, & YoungDeMarco, 1988)

2 Critical incidents are defined to be unique events that evoke emotion ahéheftoccurrence or events
that mark a transition point in life and are significant in the lives of individi@sokfield, 1990)
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that concept arguably parallels the characteristics of experiences critical for developing robust

understandings of statistics in generalrigi@on is one such statistical concept.

Variation and Statistics

The need to think statistically stems from the presence of variation. Statistical thinking
encompasses finding ways to deal with variation in order to answer questions probabilistically
andto determine the adequacy of the answers based upon considering the context from which the
guestion originates. Many statisticians view the development of statistical thinking as
fundamental to statistics educati@ng., Bailar, 1988; Cobb & Moore, 1997; Moore, 1998)
general terms, statistical thinking embodies an understanding of the statistical psohizim
proces8 that is, understanding both how to engage in the process anithevprocess is
needed and understanding the fundamental concepts that underlie the pi®eegs/i &

Garfield, 2004) Variation plays a crucial role throughout the process of staighvestigation
(FranKin et al., 2007)

Various facets of variation arise throughout the investigative proEemsk{in et al.,

2007) Failure to acknowledge variation or to anticipate possible sources of variation can render a
statistical study meaningless before dataectibn begins. Identifying potential sources of

variation allows some of those sources to be controlled through the processes chosen to collect
data, thereby increasing the likelihood that the effect of or relationship with the factor(s) of
interest can bdetermined. Because variation cannot be contraibedpletely, variation also

plays a central role in the analysis and interpretation of data. Measuring variation and accounting
for variability in the selection of a distribution or model toddta enalgs determination of

whether independent factaage related to or associated wabpendent factors in ways beyond

chance expectation. Variation prevents deterministic conclusions about relationships between
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independent and dependent factors from beingemadving only probabilistically conditioned
statements for interpreting results about a population of interest.

The breadth of individual s6 reasoning about
considering their reasoning about variation throughahses of three perspectives: a design
perspective, a dateentric perspective, and a modeling perspective. Researchers have described
datacentric and modeling perspectives on distribution (Prodromou & Pratt, 2006) and analyzed
student s6 rdistabsitomandvgriat@rbirtibetsame study using the same data to
illustrate the connections between variation distribution(Reading & Reid, 200&Reid &
Reading, 2006Readi ng and Reid found that studentsd c
indi cation of their abilities Ato identify, unoc
57), but they also found that studentsd Astrongc
Airecognize the effect otfo aotcthearn geeo mde prvtassrd a(t R eoin
2005, p. 51), including distributioithis seemingly reflexive relationship between variation and
distributionmerits consideration of variation from datantric and modeling perspectives.

In this studyProdromouan®r at t 6 s ( 2 0 0 the datecengicand nmdeiingns o f
perspectivesn distributionhave been expanded and modified to describe perspectives for
reasoning about variatiomhis study addthe design perspectivecauseeasoning about
variation is varranted by the types of thinking associated with reasoning about variation in
consideration oftudydesign. General types of thinking associated with design include strategic
thinking to plan and anticipate problems within practical constraints andrigirdédated to
seeking explanations (Wild & Pfannkuch, 1999). Types of statistical thinking associated with
design include considerations of variation through noticing and acknowledging variation during
consideration of angelection of investigative stegies (Wild & Pfannkuch, 1999).

The three perspectives targifferent ways in which one mightew variation.

Reasoning about variation from the design perspective entails using context to identify the nature
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of and potential sources of variation anasidering design strategies to control variation from
some of those sources. Reasoning from the@at#ic perspective includes measuring,

describing, and representing variation while exploring characteristics of distributions and using
those represeniahs to make informal comparisons about the relationships among data and
variables. Reasoning about variation from the modeling perspective incorporates modeling data
or modeling characteristics of data to reason about relationships among data ands\fari#ixe

purposes of making predictions or inferences from data.

Research Questions

With statistical content occupying a prominent position in the content recommendations
for students in PrKindergarten through grad®1 t eac her s 6 \With stdtisticsf exper i
and concerns about studentsd performance on na
information for the eventual design of preservice and inservice teacher education in statistics is
sorely needed. Given the centrality of vanatto the study of statistics and the consideration of
variation needed for statistical thinking, focusing on the characteristics of experiences for which
teachers were able to construct robust understandings of variation can provide some needed
information f or t he eventual design of programs that
statistical thinking.

This study investigates some of these isaarbin particulannswers the following
guestions.

1 What conceptions of statistical variatida secondary athematics teachers wiare

recognized leaders in AR&Sistics exhibit?
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1 For those secondary ARdistics leaders who exhibit robust understandings of variation,
what are the activities and actions that contributed to their current understandings of
variaion as reflected in their perceptions and recollections of experiences?

Answeringthe first question requires investigation of AP Statistics teaelaeleréconceptions

of variation. To answer the second question, clear explication of behaviors irelafatdbbust
understanding of variation is neededdentify those teachers who provide sufficient evidence of
robust understandings. Finally, a response to the second question requires examining the
perceived beneficial learning activities and actionthofe with robust understandings to look

across experiences for common factors related to learning about variation.

Overview of the Study

This study is designed as a phenomenology for which the phenomenon under study is
secondary mat hdevdoprmentofsobustauaderstandingsiof variatiBrimarily
through the analysis of tatlased, conteft o c used i ntervi ews and cour se
differing conceptions of variation are extracted and described. The Structure of the Observed
Learning Outomes (®LO) Model (Biggs & Collis, 19821991) is used to frame understanding
and to analyze teacher sod c oncoftwdinteoviews foousedv ar i at
on | earning experience and instrgepi®nsdbfs contain
learning, factors contributing to the development of robust understarafingsationare
extractedandcompiledusing data from those teachers who exhibit robust understandings.
Analysis B guided by the detailed and systematic recommemdatis phenomenological
studies, as outlined by Moustakas (1994).

Student sé6 developing conceptions of wvariati

Reading & Shaughnessy, 2004; Watson, Kelly, Callingham, & Shaughnessy, 2008)a@ned
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in synthesized fon (Shaughnessy, 2007). This study builds on the resultssyirior research to

provide empirical suppoftom data collected from 16 AP Statistics teadeaderdor the
existence of threaniqueconceptions of variation for advancitowersof statisics. Analysis of
the data provided empirical support for a conceptual framework for robust understandings of
variation.The framework differs from previous expository accounts of understanding in that it
attempts to illustrate the connections and relalimssamong elements of the framewaoakher
than provide lists of observable outcomes (e.g., Garfield &B&n2005) andcattemptgo extend
descriptions of what it means to reason about variati@uvanced levelseyond responses to
particular taskse(g., Watson & Kelly, 2004)-ive teachers were found to provide clear evidence
of robust understandings of variation, and data from these five teachers was used to extract
learning factors that teachers perceive as contributing to developing their nothergtandings.
The next chaptedescribes the empirical grounding of thedy from studies described in
statistics education literature and teacher education literature. Chapter 3 contains explication of
the conceptual and theoretical grounding of thdystand Chapter 4 details thesearch methods
used in this study. Theonclusions and limitations in Chapter 8 follthwee chapterthatpresent
answers to the research questiand articulate the meaning of robust understandings of

variation.



Chapter 2

Literature Review

Reseach About Variation and Related Concepts

Despite the critical role of variation in statistics and the emphasis on statistics in
el ementary and secondary mathematics education
variation andheir developing understandings of variation have not been common topics in
research literature. In 1997, Shaughnessy out|
in research on the teachi(mne angnngarticdaaheni ng of da
identified the paucity of graleoptearidiandsimissesle ar ch on
opportunityo Since that time, researchers have begun to study and publish results focused on
studentsd and teachersd r easornhishkegcongept h vari at i
Implicit within this literature are sggstions that preservice teacher preparation in statistigs
not provide teachers with sufficient opportunities to develop robust understandings of statistical
conceptsA compari son between research fiomgandsed on t
similar work with students leads to the conclusion that, as Shaugh(2&3¥)suggests,
iteachers have the same difficultie¢p.1@80)t h st at
The body of research that examines both stu
understanding of variation and relatemhcepts suggests elente and connections needed for
robust understandisgf variation without providing a holistic image of robust understanding.
When considered in conjunction with expository literature that outlines essential aspects and
views of varigion deemed necessary for deep understandings of variation, a bleasah

incompleteémage of robust understanding comes into view.
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The totality of research and expository literature about variation suggests that
i ndi v redsanind abduariation can be captured from three perspectiaeesign
perspectivahatintegrates acknowledgement and anticipation of variability in the design of
guantitative studiesa datacentric perspectivthat integratethe processes of representing,
measuring, andescribing variation iexploratory data analysis; andrmdeling perspectivihat
integrates reasoning for fitting modelspatterns of variability imlataand statisticsjudging the
fit of models, and performing data transformations to improve tlod fitodelsto make
inferences from datdn addition tdbeing able to reason competently abeariation from these
three perspectives)dividuals should bable to integrateeasoningrom the three perspectives
while engaging irthe statistical problersolving process.
In this chapter| consider both studies with teachers and studies with students to
articulatewhat research reveals ab@oinceptions of variation and reasoning with variation.
first explicate what r easenngabdutvariatioreaadredated bout i n
concepts from a design perspectiae statistical problem solving begins with anticipating and
acknowledging variatiarDiscussion of researchotudent¢ and t eacherdat® r eason
centric and modeling perspaes follows. Because understandin§variation both is dependent
upon understandings of related concepts and is central for the development of understandings of

related concepts, | also consider the results of research that examine concepts redaggeto v

Studentedchlends @ Pma BasigniPargpectve

A major focus of statistics is examining a question about a population through the
analysis of data collected from a sampiiehe populationMaking valid inferences about a
populationdepends upon using appropriate sampling methoddesigng ones that

appropriately anticipate and acknowledge variabityansweringjuestiors of interest Without
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properly collected data, conclusiotiawn fromdata are meaningless, which is whyistatians
consider methods for collecting ddkeatwill allow the question of interest to be answedretbre
they collectany datdor analysis At the heart omanyof thesemethodsand designss
randomization, which allows statisticians to determirabgervedlatacharacteristicike
variationare due to chance or dileely to have beegausedy some other factor (Franklat al.,
2007). Two important formm of randomization lie at the heart of observational and experimental
desigrs: random samplingnd random assignmewts Garfield and BetZvi (2005) indicate,
randomization producetatawith variation in mind andninimizesbiasin sample selectiohy

introducingplanned variationo data

Reasoning Aout Variation and Sampling Methods

Elementary ad middleschool studentsave been observed anticipatiagiability in
samplesand acknowledgingariability by recognizirg benefis from samplingmethodghat align
with generally accepted methofsg., Watson & Kelly, 2002a, 200210)f primary importace in
observational studies smple selectiothattypically includes some form of randomizatitmn
produce samplagpresentative of the larger population from which they are drawn@eagh,
2003. Althoughrandom and representative sanggtey alternatively be considerdad befair
andunbiasee ver yday use of terms can interfere with
fairness, for exampl&foungd udent s seem to view a sample as &
Kelly, 2002a, p. 5) butdonoenc essar i |y intuit the AbiThed as r e
fi fth graders observed by Jacobs (1999) did not
probability of selection but ratheassociated fairness withdividual®perceptionsof the
sekction procesasfair. These students had no formal instruction in sampling, eaxtipal

issues interfered wittheir abilities tointuit statisticallyvalid methodsl n cont rast t o Ja
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studentsWatson and Kelly (2002apservedhird-grades subsguent to instructiosuggest that

samples selected through random metlavdé f a$ o me st udents even descri

methods as methods that included ideas for producing random and representative samples,

although students were not able to fulalizethe benefits of randomizatiowatson and Kelly

(2002b) observethe same increased sophistication in reasoning about sampling mietmods

fifth graders Thar fifth gradersscored significantly higher than and showed significantly greater

improvementhan third gradersubsequent to instructigiVatson & Kelly, 200B). These studies

suggest that instruction maglp studentsvaluatesampling processes and the products of those

processesalthoughs t u d measanimgdfalls shodf describingwhythe samplingmethods work.
Randomization is an important considerationproducing representative samplesen

designing studies, yet the importance of the topic has been largely overlooked by eesdarch

date, esearcherbave paidittle explicitattent on t o studentsdé concepti on:

student sd rcenaestomamong raraldmization, variatioand samplingResearch

suggests that elemiamy and middleschool studentbenefit from instruction that examintse

role of randomizatn in sampling butwhat connections students make to variation are unclear.

Reasoning Aout Variation and Samples

With appropriate instructigrstudentsare able talevelop skills foreasoring about
sample variability bynaking conjectureaboutreasonble sample compositions for samples
selectedrom populatiors with known characteristicéli ddl e and hi greassmioghoo!l s
about sample variabilitias beerlassified according to three increasingly sophisticated types of
reasoing: additive, poportional, andlistributional Shaughnessy, Cianceta,Canada2004)
Students who reas@uditively focuson frequency coustwhereaghosewho reason

proportionallyfocuson relative frequencies to make conjectuabsut sampledrawn from a
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population of known compositio®u ppor t i ng st u dokpropostiénal ceasenaiy o p me n t
an overarching goal ahiddle school mathematidsutthe complexity of reasoning

proportionally is well documente¢e.g.,Behr, Harel, Post, & Lesh, 199@hd suggestsne

reason whyndividualsmight struggle with the notion of a representative sangiledentsvho
areable to reason proportiolha may eventually be able teason ditributionally Distributional
reasoning i® moresophisticatedype of reasoningbout samplethatentails reasoningith
expected frequenciesd reasonable deviation from expectatmoonsidepossible sample
compositiongShaughnessy et al., 200#) contrast witlreasoning about samples from a
populationwith known characteristi¢glistributional reasoning may be necesdarynot
sufficientfor reasoing about a population from a sample. In their w@kaudpnessy and
colleagues (2004) didot have students reason abihat latter situation, buhe work of Saldanha
and Thompsoi2002)suggests that reasonititat ismore sophisticated than distributional
reasoningnight beneededo reason from relative fregncies and deviation from expectation for
asamplein order to make inferences about the population.

Inferential reasoning seems to requiredtiplicative conception of sample and
sampling(Saldanha & Thompson, 2008tudents who reason multiplicatiyelommunicate a
viewofs amp | e amopa ifognuad sOi s u b s andcommunicatayiewpoli | at i on
sample statistein relation talistributiors of sample statists for samples of the same size.
Multiplicative conceptios includethenation of conparing a single sample statistic against the
population of statistics resulting from statistics for all possible samples of a given size from the
populatio® that is, comparing a sample statistic waapling distributionMultiplicative
conceptions seeto benecessaryn forming afirm foundaton for inferential reasoning. The
secondarystudentbserved by Saldanha and Thompsdrequently exhibiéd multiplicative
conceptios of samplas and samplingp reason about variability and patterns of varigbitit

sampling distributionsThe researchemuggest thastudents whalo display multiplicative
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conceptiondave thesupportnecessaryfoi bui | di ng a deep understandir
i nf er e n c.dltiplicaive coad@@igns seem to provide notyom foundation for
understanding statistical inference but also seem to be importatfsidering variabilityn

samples and sampling distributions.

Sample Representativeness and Sample Variability

Implicit in a multiplicative conceptionf sample andamplingare the notions ofagnple
representativenedsthe idea that a sample will have characteristicslairto those of the
populatior® and sample variabilify the idea that samples are not all identical and thus do not
match the populatioexactly To exhibit multiplicative conceptiosg) the ideas of sample
representativeness and sample variahdligbalancedmeaning thatraindividual implicitly
acknowledgeshat arepresentative sample should produce statistigias to population
parameterand diferent samples shoulik composed ofalues fromdifferentobservational units
and(most likely) havedifferentsummarystatistics Balancing notions of sample
representativeness with sample variabitias been showto bea nontrivial endeavorin their
work, Rubin, Bruce, and Tenné¢¥990)noticedthatstudents tend toverlyrely on ore idea or
the other depending op the problem context. An owreliance on sample representativeness
leads to the deterministic belief that a sample tells everything about the population from which
the sample is selectedhereasn overreliance on sample variability leads to the deterministic
belief that a sample lte nothing about the populatiofhe researcheinter that the two ideas
fare contradictory when sRuEmBrice)& Benndye9O%r mi ni st i
315), with asample simultaneously revealing everything and nothing agoepulation

Probabilistic reasonings neededo balance the two ideas.
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As individuals who take multiple mathematics courses during their undergraduate
studies, secondary mathematics teachers may have a propensity for deterministic reasoning
(Meletiou-Mavrotheris &Stylianou, 2003and thugnaystruggle with the notions of sample
representativeness and sample variatitierential easoimgd reasoningrom the variation of
samples toward the variation sdimpling distributions to determine the likelihood of drawing
samples wittparticularstatisticsfrom a populatin with hypothesized parametérss dependent
on being able to reasq@mobabilistically and havingultiplicative coneptiors of samples and
sampling Consideration of variatiom samples and sampling distntionsseems necessaity

reason probabilistically.

Rea®ning About Variability in Experimental Design

Little research exists to inforoneabouthow students or teachers may reason about
variation from a design perspectiwen designingxperimets, but researcherdo provide
glimpses into howindividualsanticipate variability when designing experimeirsa teaching
experiment designed to have studerussider errgror variationas arising from multiple
sourcedike measurements, instruments, aeglicationsin experimental desigifiourth graders
comparedockets with differenphysical featureand exploredvhether differencesinoc k et s 6
achievedheights could be attributed to random error or were indicative of sgttesrror in
rocket typegPetrosino, Lehrer, & Schble, 2003) During their classroom discussiongjdents
were able to use their collected data to suggest systematic error and thus displayedaseghistic
reasoning about variation. Not emphasized in the teaching experimenwayeré which to
control various sources of erfoparticularly ways to control random error.

Few students consider random assignment as a strategy to control variation, even when

they areenrolled in @& introductorycourse that emphasizes the role ofd@mization (Derry,
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Levin, Osana, Jones, & Peterson, 200@@nsideration of methods twntrolsystematic and

random variability mvolves sophisticated reasoningeasoning that wasrelys een i n Gr ot hé

(2003) studyto investigatesecondarg t u d endatstanding oexperimeatal designAlthough

students may struggle to design experiments that control variedgiardifferent sourcesven

studentsat the elementary level have been obsetoadcognizesources okrror indata

(Masnick & Klahr, 2003)Necessaryor designing experimentre bothconsideratiorof sources

of variation and consideration of ways to control variation from those sources
Coordinatingbetweenrgroup (systemtic) and withingroup (random) &riationinvolves

what Reid and Readin@@05) labelafisr ong consi derThdrésearchesele vari at |

the coordination between systematic and random variasiarfirst step toward recognizing the

link between variationrad formal inferential statistics. They suggest that studentsneeg time

and instruction beyond an introduct@tgatisticscourse, even a course focused on variation, to

reason with a strong consideration of variation in a wide variety of contexts. While it appears that

reasoning about variability from a design pexgjve is difficult for students and teachgrper

study design requiregasoimg aboutsourcegha may irtroducevariability to data if left

uncontrolled

Student sé6 and Te acrdnearDatdCeRric Reyspectiven g F

After a study is designed dmlataarecollected, statisticians typicalgngage in
exploratory data analysie investigatepossible patternsf variability in data and relationships
among variables For studentsd initial udertptypicalybeginons i n
with exploratory data analysis rather than de¢&g., Moore, 1999Much of the research to

examinest udent s 0 reasodingboitavariatienrfadlsdunder the umbrella of reasoning
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from a datacentric perspectivevhich includeseasoning about representing, measuring, and

describing variability.

Representing Variability

Widespread availability of technology and easy accesdtiwage applications has
caused a newnstructionalfocus to emerge for creating and interpreting data representations
(Friel, 2008) Rather than spending hours to create graphical displays, students and teachers are
able to usedchnology to creatéatarepresentations easily and to compare informadtoout
variation and patterns of variabilitgvealedn or obscured bdifferent representationamong
other possible comparisarGarfield and BefZvi (2005) considecreatingandexamiring
multiple representations of datareveal different aspects of variabilag a necessary
characteristic for understanding variation, and Wild and Pfannkuch (1999) to@tedn
transnumeratiorio describestatistical thinking embodied hifie idynamiditalics in original]
process of changing represent aResearaihighlights engende
particular behaviorsharacteristic of transnumeration

Two broad categories siehavior related tgraphical comprehension seenatimgn with
reasoning about variation from the datmtric perspective: translation and interpretafkenel,
Curcio,& Bright, 2001) Translation involvesepresenting and reading datadhanginghe form
of datato extract descriptive information alidhe datgCurcio, 1987) whereasriterpretation
includes rearranging data and usadglitionalrepresentations to interpretdhiaentify trends in
data and to reason about variability both within and away from the (ffeiet| Curcio, & Bright,
2001) Both behavios incorporateslements of representing and désiag variability, with
interpretive behavior aligned more closely with the bélranf statisticiansBehaviors similar to

translation and interpretatidrave been olesved in the activity of middlschool students (Ben
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Zvi & Friedlander, 1997)Researchers found that studemt® translatelata fromwhatstudents
perceive to beneanngful representatiatendnot to reorganize data exploreadditional
patterns or use summary measures of data to interpret rsditsus may overlook important
characteristics of dat&tudents whaneaningfully handlenultiple representatiorexhibit
interpretive behavioanddisplay transnumeratiofWild & Pfannkuch, 1999n thattheyuse
multiple data representations to uncover meaningful characteristics of data.

Computer tools I ike Tinke r(fohod&Miler,P0p4) ami ¢ Da
facilitatethe mechanics dfansnumeration by enabling quick and easy creation of multiple
conventional and unconventional graphical displafygata.Middle and high school mathemagic
teacherdave been observed usifimmkerPlots to compareariability intwo groupsof data by
graphicallydividing data into equally spaced biftdammermar& Rubin 2004) These teachers
represerdgd andhandle fivariability by [arranging data and] finding subsets of the data about
which they[couldfma ke mor e det ellHammermas & Rubin, 2004ap. 385 0
Bi nni ng s up ppoopensiy reasenadetdrminmisicéllyvhich supportshe viewthat
without proper training, mathematics teachers may not develop the ability to think
probabilistically and thus may apply their deterministic beliefs about the nature of mathematics to

statisticgMeletiou-Mavrotheris & Stylianou, 2003)

Measuring Variability

Translation and interpretation are behaviors that encomgassning about more than
only graphical displays of data, as another representatidatafexists in summary measures,
such astandard deviatigrihat describe representative global characteristics of slath as
spreadKonold and Pollatsei?004)note the iseparability oimeasures odverage and

variability, andreasoning about average and variability merge in reasoning about the spread of
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data relative t@ented distributional reasoninfShaughnessy, Canada, & Ciancetta, 2003)
Reasoning about spread relatio a center coupled with thoughtful consideration of formal
measures of center asdread to reason about datamarksof sophisticated statistical thinking
(delMas & Liu, 2005Groth, 200% and seen as necessary for deep understandings of variation

(Garfield & BenZvi, 2005)

Reasoning AdoutMeasures oVariation

Although recentesearch suggests trsathoolstudents have intuitive conceptions of
variability and are able to reason about the range of data and the spread of data relative to a center
(e.g., Reading & Shaughnessy, 2004; Shaughnessy, Ciancetta, Best, & Canada, 2004), little
research has been conducted to investigate sch
different from the rangdrResearch has shown ttsaitidentsexhibit impioved reasoningbout
variability as they study ideas related to data and chdmoaghout their educational yedesg.,
Kelly & Watson, 2002Watson, 2002Watson, Callingham, & Kelly; 200%Vatson & Kelly,
2002a, 2002b, 2003a, 2003b, 20044, 2004b, 2@¥sypitetheirimproved reasoning, however,
studentsappear testruggle to move beyond intuition and particular encounter difficulties with
reasoning about variation using formal measures of variation.

Garfield, delMas, and Chan¢2007)incorporated activities specifically designed to
advance st udfreminbferrdal reasonisg@out magatitmreasoning about variation
with formal measures of variation their collegelevel introductory courses. When theucses
endedtheir students were only beginning to consider variation as a meeasspread from
center andlisplay advanced understandings of variat®atfield and colleagues ndteat their
students were not adept at applying their knowledge ofti@rito novel situations arttiusfell

short of exhibitingdeepunderstandingef variation Other ollegelevel introductory statistics
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students examimkagreement among a number of measures of variation to reason about formal
measures of variability inrgup comparison taske&nn& Falk, 2003) Thestudentsobserved by
Lann and Fallseenedto look for rules to describend compareatavariationin place of
choosingmeasure for comparisotased upon characteristicsdafta A similar search for rules
was observed adifferent introductorylevel students compadestandard deviations for multiple
pairs of distributiondy attemping to creataulesto generalize patterns of histogram bars to
make comparison@elMas & Liu,2005) delMas and Liwnoted that verydéw studentemployed

a conceptual approach to coordintite location of the mean, estimated by using characteristics
of the distribution, with deviations from the medine body of thisesearch with introductory
level statistics students reve#hat even though marstudentsare able to reason informally

about variation, they may not be coordinating their intuitions about variation with their
knowledge of formal measures of variation to reason about distributions of datanaake
comparisons between distributioisseems that even if individuals study statistiesally, they
exhibit atendencyto employ rulebased approachés reasoraboutvariability.

Although the tertiary students whose reasoning and understandings were described in this
sectionarguably m# have less sophisticated mathematical understandings than preservice
secondary mathematics teachers, then® igason to believe that teachdsnotexperience the
same difficulties. For example, few of the prospective science and mathematics teachers

participating i (2008)atkdnacomparadddatedsets by using siasdard

devidion. The researchers obsetveh at fAit woul d appear that the

n

measure of wvariat i on (pd38)dbtudies with preséndce teactels me ani ng

providelittle evidence to suggest that many preservice secondary mathematics teachers
understand the formal measures of variation as anything more than nuwedtiealor as

compuations (e.g., Makar & Confrey, 2005; Sord®04)
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Reasoning AdoutMeasures ofCenter

For many teachers, even if they al#e to calculate a value fstandard deviation and
discuss standard deviation as a measuvaiidtion they nay be unable to reason about standard
deviation in conjunction with the meg&@lark, Kraut, Mathews, & Wimbish, 200%jlva &
Coutinho, 2006)Part of this difficulty might stem from an impoverished usterding ofimean
Research investigatirglementaryaged thragh collegeageds t udent s®é conceptions
and mean reveals some of the same struggles that students exhiit donceptions of
variatiord manyare able to calculateumericalsummaryalues without understanding the
meaningof thar results(e.g.,Clark, Kraut, Mathews, & Wimbish, 200 okros & Russell,

1995) Research witlexpertssuggests that a deapderstanithg of the mean includes
understandings dfoth the algorithm for the arithmetic mean and the arithmetic mean as a
mathematical point of balan¢®lacCullough, 2007)Expertsnot onlyuse the algorithm to
calculate avalue fa themean but also undersththemeaningof the opeations within the
algorithm andhe nature of the result€aptured withirunderstandingef the algorithm is the
notion of the average as a representative value for a set of data.

Inserviceandpreseri ce secondary teachersd capceptior
similar to thoseseen fronstudents. Although preserviead inservicesecondarynathematics
and science teacharsy uséhe computaonal algorithm to calculatealues for mears, teaches
struggleto conceiveof the mean in multiple way&feller, Niess, & Ledermari,999) to apply
the mean to highdevel problemgGfeller, Niess& Lederman1999) and to estimate values for
the mean from graphical representations of data (Callingham, 1997; Sorto, 2004). In short,
research suggests that many teachers have little conceptual understanding of tihiclebas
implications for their understanding of variatidhan understanding of standard deviation

requires a dynamic conception of distribution that coordinates changes to the relative density of
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values about the mean with their deviation from the nféaiMas & Liu, 2005) thenit would
appeathat an understanding of meanaasiathematical point of balance is needed to reason
aboutestimating a value for the meaha set of data, particularly when displayed graphically by
dotplots or histogramsnd to rason aboustandard deviatiarin particular, reasoning about
individual data values affegtlues for the mean and standard deviation is useful for detecting

data entry errors that may affect both the mean and standard deviation

Reasoning Aout Distibution

Students who understand the algorithm for the meanvandre able to view the
average as a representative value for a set of data seem to have a view of the average as a value
that represents trdatadistribution as an entitfResearchers haveentified the importance of
student sé devel opi ngdbeagablatg\gew dagadntteems ofithe wholef dat a
distributiord for reasoning about data and variabilitydiasita (e.g.Ben-Zvi & Arcavi, 2001;
Hancock, Kaput& Goldsmith 1992 Konold, Harradine, & Kazak, 2007

The ability to view data as a single aggate collection of valugather than as a
collection of individual values seems to be needed for understanding distribution, and an
understanding of distribution seems to be needed to reason about variatiof2004itescribes
distributonas t he fApattern of wvariability inya vari a
of reasoning about variatiorip. 4).Viewing data as an aggregate fees onpatterrs of
variability, which includes notions of shape, center, and spveaetes vieving data pointwise
allows forcalculation of summary valussich agthe mean, median, range, interquartile range,
and standard deviation andnsideration of individual deviations from the patt@akker &
Gravemeijer2004) St at i sti cal i e x p e rflexibly betaveer poiotaigea@arid! e of

aggregate views of data, and understanding distribution from this dual perspective seems to lay
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foundations for reasoning about variation within and betvgeeuaps to compare data collected

from two or more group® dual perspective of distributiomems to align with views that

understandingof di stri buti on can be enhanced by vi ewi
s i g (Karlold & Pollatsek2004, p. 171)whereby he notion of central tendency embodies the

idea of signal and variation embodies the idea of n&isrold and Pollatsekonjecture that

interpre i ng aver age 42004,pslY7¥s a askful interprataton ranaking group

comparisons.

Describing Variability

Investigationsto explorestue nt s6 reasoning abanric vari ati ol
perspective largely utilize tasks that focus on group compariéttheugh variation can be
described by summary measures, many students and teachers do not seem to recognize the utility
in using smmary measures to compared&scribe groupdzor example, service secondary
mathematics and science teachers appear to struggle in applying their knowledge of the mean to
make comparisons between two groups of (fdkar & Confrey, 2003) theystruggle with
viewing the mean as a representatigie for a set of datdhe preservice secondary
mathematics and science teachedlim k a r 6 sstudy 2derofnefer describing variation
with nonstandard language make comparison®akar claimshat theseeachers learned
statisticsconcepts, ioluding variation, but chose to express their understanding in informal
terms.Althoughtheir nonstandard language at times revealed sophisticated reasoning, Makar
notesthat the informal nature dfeir conceptions may prove to be insufficient for appdyihe
concepts in future statistical study, suggestingtti@teachers may face difficultiesapplying
their understandirgpf the concepts to secomdder conceptsuch asampling distributionEven

if teachers focus on the centand variation withi group® with or without formal measurés
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they may still struggle to use this information to maekeparisons between graiprhe
secondary mathematics teachers investigated by Makar and C(ti62y 2004yeadily
described centemd variation wihin groups but did napply their knowledge of variation to
describe the variation betwegroupsin orderto reason about the existence or nonexistence of a
difference ingroups
Thetotaltyofe sear ch that investi gahnsobvarigtercondary |
suggests that even after studying formal measures to describe variation and formal inferential
techniques for comparing distributions, teachers prefer using informal reasoning about variation
to make comparisons. The teachers who partieipat these studies either chose not to reason or
could not reason about variation using formal measures and techniques, suggesting that
impoverished understandings of variation may be atéin¢er of their difficulties. Garfield and
Ben-Zvi (2005) suggdshat deep understandings of variation are partially exhibited when
individuals use global summary measures of variation to compare groups and include
examinations of and distinctions between withioup and betweegroup variation in their
comparisonsk n t heir work to examine tertiary studenil
Reading (2008¢onsidered linking withirgroup variation to betweegroup variation to make
inferences from datasthe difference between students exhibiting strong consgideseaof

variationand those exhibitindeveloping considerations of variation.

Student s6 and Te acrémearModeliniRResedivei ng F

Wild and Pfannkucl(1999)tell us that an important consideration of variation involves
modeling the variation in pdghéaaafifon, td® oepanpos

ideas that entaiteasoning about variat from the modeling perspective. The modeling
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perspective forms the basis for inferential statistics in that it involves viewing data in comparison

with some theoretical modehcluding binomial, normal, and linear models

Variation and Binomial Models

Althoughmany individuals would think abowtodelinga sampling distributiomith a
normal distributiorfor statisticalinference, there are other models that seem to be more
approachable for studenta.the context of tossing a dilar examplethird gradestudents wes
able to suggest that results of a specified number of die tosses can vary and are likely to vary
(Watson, 2005)They wereable toinformdly hypothesizéinomial modelsfor tossoutcome by
exhibitingappropriate deviation from the expected value for outsoiiifeese third graders
displayedinformal reasoning about dathat could benodeled by a binomial distribution.

Watson and colleaguésvestigatecstudentdé r easoni ng abasut dat a
studentsadvancd through grade leveis the data and chance curriculigelly & Watson,
2002; Watson & Kelly, 2002a, 2002b, 2003a, 2003b, 2004a, 2004b,. A0@Hobserved that
studentsare increasingly abl® intuit characteristics of binomial distributiotsmake
conjecturs aboutie tossresults with appropriate deviation from expectation for a specified
number of tosse$tudents ahighergrade levels@ more likely to respond based on
probabilistic expectadn or with too little variability intossesandsome students expressing
torn between expected values based on probahildytizeir expectatiagfor varyingresults
(Reading & Shaughnessy, 2000; Shaughnessy, Ciancetta, & CanadaF&ein and
Schnarc{1997)alsoemployed the use of a task with a binomial settingy i nv éhae t i gat e
evolution of probabilistic misconceptions as an effect obage( p . Thet task fequires

students to consider the likelihood of results as opposed to hypothesizingaeduhss requires

greater sophisticatiom reasoninghanthedie toss problesiFisctb e i n and p®kemnar c h

=1}
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can be answered lising a binomial mod to calculatgprobabilities or by using normalmodel
to approximate binomial distribution. What the researchers found is thanhtimnception that
sample size is irrelevant occurnambre frequently with increased agehe authors posit that
individuals tend to believe that ratios should be used to &athegnial probability problemand
thus failto use the law of largeumbers as appropriate for the situation. The preservice
mathemécs eachers who participated in theidy apparently had no background in statistics,
andtheir mathematical experiences and intuitions did not seem to helprthbis setting At the
very least, this study highlights the importance of being ableagbreabout the effects that
sample size can have on results.

More recently, a version of tteameproblem vas given tqreservice secondary
mathematics teachef@/atson,2000) While slightly more than half of thpreservice teachers
responded correctly to the problem, few combined intuition with mathematical justification.
Teachersvho correctlyset up a caldation to solvehe problenbutfailed toreach a correct
solution due t@n arithmetic error did not seem to notice any problem with their sadution
whereas othetleacherentirely relied on intuition rather than calling on their formalkgsound
in mathematics to reason towards a solutidany of the teachers did not seenbwaware that,
in general, asample size increases, empirical relative frequencies approach theoretical
probability. It would seenthat part ofreasoning abowtariaion from a modeling perspective
entails being able to reason about the effects of sample size on variability in novel problem
contexts. Theestudiessuggest one reason why students seem to have difficulty in reasoning
about sampling distribution, in théte reasoning needed for sampling distribution appears to be

countemtuitive.
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Variation, Models, and Statistical Inference

As a concept that underlies most areas of statisécmgtion plays a role in developing
s t u d enderstrilings fanformal ard formal inference. Formal inferential reasoning requires
reasoning with the concepts discussed in previous sections, including reasoning with and about
center and measures of center, variation and measures of variation, distribution, sampling, and
probability to meaningfully draw conclusions about a population from a sample selected from
that populatior{(Pfannkuch, 2005)Success in understanding formatdtistical inference beyond
scripted steps for calculatingpavalue orfinding aconfidence interval requires reasoning about
the cacept d sampling distributiod aconcept for whichunderstanding seems elusiee many
studentof introductory statistics
I n studies designed to investigate student s
sampling, and sampling distribution, resgearsnotes t ude nt s 6 t eeradigribdign t o c o |
of a sample with distribution of sample mearfs.g.,Saldanha & Thompson, 20025tudents
struggleto reasorabout thevariation of individual observatioris a samplendthevariation of
sample meanis a sampling distributiofe.g.,Garfield, delMas, & Chance, 200¥teletiow
Mavrotheris& Lee 2003) To understand sampling distribution, individuals need to juxtapose
ithe individual sample result against an aggre
agai nst ($Sadanhar&amogngson, 2002, p. 286dhe multiplicative conception of
sample and samplingpted earlierStudentsvith multiplicative conceptiosare able to reason
propotionally about the likelihood of sample resul8aldanha & Thompson, 2004y
examininga distribuion of a simulated collection of sample statistios exampleModeling
based activities that include simulation are being investigatéetéosmine their viability in
aidingstudenté ¢ o n s t rfounddtional knewleddge from which they can buiidre formal

understandings of statistical inference (Konold, Harradine, & Kazak, 2B@8%garch suggests
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that a critical juncture for studerascurs when thegttempt to linka simulated sampling

distribution toatheoretical sampling distributiqiipson, 2002)Lipson found that thetgdents

in her study hadifficulty transitioning froma compuer simulation to formal inferencBeing

able to complete this link to successfully reason about sampling distribution lays the foundation

for reasoning formally about inferential methods.

Research on Variation:Concluding Remarks

As thebody of literatue discussed in the preceding sectisnggests, researtat
examnest udent s reasoning about the concept of v
students have many intuitions about variation and concepts related to variation. As a whole,
however t hese studies reveal t hat despite student
progress throgh grade levelwith appropriate instructignmost studentsontinue to expressnly
intuitive understandirgpof variation. The limited body of worktmive st i gat e t eachers
and understanding of statistics concepts suggests that teachers have difficulties similar to those
identified for studentandstruggle to construct both procedural and cohedpnderstanding of
statisticalconcepts as wells to identify connections between and among concepts. Developing
understandingef variation and applying knowledge of variation to problem solving is
problematic for both students and teachers. What is abundantly clear, however, is that variation
connets to and interrelates with many concepts in statistical stdtigh suggests that
understandingariationis critical for understanding statistics and for recognizing the utility of

statistics.
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Research Aout Teacher Development

One focusof currentmathematics educatioresearchs knowledgerequired for teaching.
Whereageacher knowledge has been a subject of mathematics education research for a number
of years, research to investigate the impact of teacher knowledge on student achievement in ways
tha go beyond using proxy measures for teacher knowledge, such as the number of
undergraduate mathematics courses completgd Monk, 1994) is a relatively new
phenomenon. In one of the few studies to examine the conngdiilpiRowan, and Bal(2005)
if ound t ha hematieahlnmdwkedgs for teaching positively predicted student gains in
mathematics achievemeént ( p for ti33ir8t and third graders included in their study
providingsupportfor aprevalent belief that teacher knowledge affects student achievement in
mathematics

In addition to content knowledge, teachers should display pedagogical knowledge as well
as other types of more delineated knowletiglee successful in teachirga (1999) referencea
need fo teacherstohavé p r o fundarstahdi g of f unda me nShadnman mat hemat i
(1986)makes distinctions among content knowledgelggogical knowledge, and pedagogical
contentknowledge, the knowledge of pedagogy unique to a content area, as necessary for
teachersTherealsoi s wor k to suggest that teachersd peda
student learning (e.g., Krauss, Baentn & Blum, 2008) Somewhat overlapping witbther
knowledge typesHill and Ball(2004)add mathematical knowledge for teachiwjch includes
ficommon content knowledge but also [the] speci
335). This specialized knowledge includeslerstanding how and why procedures work in
addition to being able to apply proceduresvali as the deep understanding of mathematics
needed to understand and react to studentsod so

understandings and processes.
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Groth(2007) argues that themowledge needed to teach statistics differs from the
knowledge needed to teach mathematics based in the differences between mathematics and
statistics. The differences he hypothesitesn fromdifferences between deterministic and
stochastic reasoning, designing studies, considering context, and distinguishing between practical
significance and statisticaignificance. Theedifferences seem to align with differences between
the art and science of statist{€etersjn press)Although much of the research cited here
examines the knowledge required to teach mathematiesminimumthere isvery little reason
to believe that the types of knowledge required to teai@ntific aspects dtatisticdiffer
significantlyfrom thatrequired to teacimathematics, particularly since a considera®untof
researchnvestigateknowledgerequirements foteachers imultiple subject areasncluding
pedagogical content knowledge for teactsogncge.g., van Driel, Verloop, & de Vos, 1998)
practical knowledge for teang languagde.g., Meijer, Verloop, & Beijaard,999) andteacher
knowledge in action for teachirapcial sciencee.g., Department of Education Training and

Youth Affairs, 2000)

Professional Development

Teachers attempting to reform their teachpngcticesn mathematicexpress how their
limitations in knowledge impact their ability to enact national, state, and local educational
recommendations the area of mathemati{Beterson, 1990; Spillane, 2000b; Wilson, 1990)
Researchers also note heaience and mathematicse a ¢ h e r s Gaffektsitieivdbititgtg e
align their practices with the practices called for by reform ef{@tsman & Kersaint, 2002;
Firestone, Mayrowetz, & Fairman, 1998; Spillane, 2000a, 20@a¢n the perception that
teacherdave few experiencegith statistics content (e.g., Shaughnessy, 2007yegwlve little

preparation for teaching statistics (e.g., Garfield &-Be&n 2008),it seems reasonable to believe
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t hat t e ac h efstatiSticskcandanmpacetitkig abilities to teach the stedisontent they
are being asked to teach.
In their work to examine Australian teacher
colleaguegCallingham, Watson, Collis, & Moritz, 1995; Watson, 1968hcluded that many
issues related to teacher training need to be addressed to produce a statistically literate society.
Even when prospective secondary Inesihatics teachers participate in training focused on
integrating statistics with undergraduate methods coursesiiteey r uggl e wi t h t he 0 s
st at i(Bartilli 2068,p. 3). As an example of struggle, consider the results of a study
conducted byCoutinho (2008). Althougltheteachersn the studyespousedisingexploratory
approaches with data, they enactedthethat Cout i n
classroomd they focused attention on algorithms to calculate summary values from dhata rat
thantrue explorations of dat&i ven teachersé difficulties in te
with recommendationshis collection of work suggests that teachers may need extensive
professional development to develop multifaceted understandintgaisfisal concepts and
procedures in order to teach statistics in ways consistent with recent recommendations.
Researchers have conducted studies to exami
professional development, with a number of characteristerstified in this collective body of
work. Of those who have studied the impact of professional developmaematbematics
teachersd practices, there is agreement about
contentfocused and sustainge.g.,Cohen & Hill, 1998, 2000, 2001; Darlirgammond & Ball,
1998;Goos, Dole, & Makar, 2008mith, Desimone, & Ueno, 20Q5)here is also some
suggestion that professional development should focus diocwdum (Cohen & Hill, 1998)
student sd wor k on t[Cadingsammond gnBall, h988)andcotherr i c ul um
artifacts from practice, including instructional tagRall & Cohen, 1999)Recommendations for

professional development specific to statistics include providing teachers with opportunities to
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experience as learners the statistical content they are expected tenactelulvith the
pedagogical strategies they are expected tdauge Heaton & Mickelson, 200Ree &
Hollebrands, 2008eck, Kader, & Franklin, 2008Viathematics educatonsake similar
recommendationfor the learning of mathematical contéetg., Artzt, Curcio, & Sultan, 2004)
and teachers see opportunities in which they can activelyilearays similar to their students as
characteristic of effective professional development (Rogers et al., A@@ichers also view
opportunities to interact with teachers from other schools as beneficial in ways beyond what
engagement with formal activit can offer (Rogers et al., 2007)

Althoughthe preceding descriptidargelyfocuses on qualities of predgsional
development that occim formal educational settings, teachigrall areaexperience
professional development through seitiated and slf-directed efforts, such as initiating the use
of innovative curriculum material®.g., Lohman & Woolf, 2001 5tudies that investigatee
collective impact ofeaches fearningcould benefit byfocusng not only on formal learning
opportunites experienced by teachers blsoon types of selflirected €arning opportunities.
Gaining knowledge about the characteristics of both informal and formal activities that promote
meaningful teacher learnirsggems importarfor informing future professital development and

teacher education initiativeds statistics

TeacherBeliefs

In addition to knowledge, teacher beliefs may affect the guagleal strategies employed
in classrooms and affect studentsod eseaches equent
beliefs related to statistics is almost nonexisf@éfdatson, 2001 )particulaty for secondaryfevel
teacherstesearch related to teacher beliefsuabathematicss examined andbllowed by

speculation for how teacher beliefs about mathematics might compare with teacher beliefs about
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statistics. R e s e a retiefs almut maghematics and lekefs abbuie ac her s 6 b

mathematics teaching and learning may impact their subsequent decisions about what content is
taught and how that content is taugithtompson, 1992) Teacher sé bel i efs abol
about statistics teaching and learning presumably could have a similar effeetratetisions

regarding statistical content.

Researchers studying the impact of national and state efforts to reform teaching practices
note how a teacherodés beliefs can affect his or
views mathematics ascollection of fixed procedures used to arrive at a singlecoanswer
may feel that his or hearactice is consistent with the calls for reform and yet enact classroom
discourse that ignores mathematical explanation, justification, and argume(Tatigen, 1990)

Given speculation that teachers are likely to apply their beliefs about the nature of mathematics to
statistics, that same teacher may enact classroom discourse that ignores explanation, justification,

and argumentatiosituated within the context afata, particularly if that teacher as a learner

experienced statistics as a mathematical topic that focuses on computations and procedures

(Cobb, 1999Gal & Garfield, 1997)That teacher may neglect the issues of uncertainty and

variability inherent to statistiogdMeletiou-Mavrotheris & Stylianou, 2003)Jnless teachers make

distinctions between statistics and mathematics, even if a reformed view of mathéraatiosg

is adopted, the need to reason within a context and in coaistheof variation may prevent the
teacher from viewing st at (eg.lTamls 2065Fecatchéremayi s ci enc
still teach statistics deterministically.

Another teacher may exhibit a strong belief system that he or she readily admits may
affect his or her willingness to make changes in practice. For example, a teacher who believes
that an understanding of mathematics consists of the mastery of symbols and procedures may use
reform recommendations to guide the mathematical topics addressed ,ibalasfuse to

incorporate new ideas for how mathematics should be t§ugamers, 1990)Similarly, a
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teachemvho views statistics in procedural terms might ignore new ideas for the teaching of
statistics. It is possible for a teacher to profess a desire to teach for understanding, believing that
students learn through engaging actively using concrete or physogbulatives, using

technological applications, and comparing multiple representations for learning mathematics
concepts and procedures and yet not teach in ways consistent with reform. If the teacher presents
solutions by using models or representatiomsmakes the connections between the model and
symbols for students, envisions active engagem
than mental activity, or believes that only one right way exists to arrive at any answer, this

teacher has nahade substantial progress towards enacting a practice consistent with reform
recommendation@all, 1990) Similarly, a teacher could have students collect data in the
classroom, such as having students time how long they can hold theisbiahitv a stepby-

step procedure to enter data into a calculator or software package, and follovoyasttp

procedurdo produce summary statistics and various graphical representations. The teacher could
then describe the connections among the summary measures and the various graphical displays,
suggesting a parallel possibility for teaching statistics. These exanipstisatke that even though

there arssomefundamental differences between mathematics and statistics, the effects of
teacher sd bel i eahdsthearhctice of teachirtg mathematigs/de similar to

the effects of their beliesboutstatisticsandthe practice of teaching statistics.

Professional Development, Teacher Beliefs, and Teacher Change

In general, professional development in education typically is designed to effect change
i n teacher s o,orkrmwladgeiGeskey, Bo0OHistorically grofessional
development efforts in education focused on a transmission model of teaching and learning that

assumed develaps could present knowledge and pedagogical strategies to teachers, who would
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then replicate the techniques in their classrofRishardson, 1998Activities for this type of

professional development consisted of conference or worksteslance that ultimately served

to pique a majority 0., Qolena&Hile2000;DesimonejPorten, t i es a
Garet, Yoon, & Birman, 2002Research literature for teachers of mathematics, science, and
Englishsuggests that these approaches are largely ineffective for changing whatd¢each or

how they teacliBoyle, White, & Boyle, 2004)This traditionalview of professional development

suggests &giewt hat assumes that teachersé beliefs and
professional development and that teachers subsequently will transform their classroom practices

for the result of improved student leargifGuskey, 2002)Changes in beliefs are a significant

predictor for changes in practice, and even though teachers readily make sljgbditges (e.g.,

changes in classroom organization), research suggestietdy embedded implicit beliefse

much more difficult to chang@ichardson & Placier, 2001)

A relatedperspective on teacher change posits that changes in classroom practices result
in increased student learning, whitienprompts changes in attitudes and bel{€sskey, 2002;
Nathan &Knuth, 2003) Proponents of thisiew suggest that beliefs significantly change only
after evidence of student improvement exists and subsequent to changes in practice. The
proponents of thigsiew acknowledge, however, that some change in attitude @f®eli
necessarily precipitates a change in pragtiaskey, 2002)suggesting that tharocess of
change may not bdnear.

Another viewof teacher change suggesis process is much more complicated tthen
described viewsight suggest. For example, researchers from the Cognitively Guided Instruction
(CGlI) teacher development program found little consistency between whether aeatdrege
in practice precipitated a change in beliefs or vice vidfsanema et al., 199a@n one of the
studies conducted tiis group, they found thatdd the 21 elemdry teachers enrolled in their

program changed their beliefs before their practices. For five of the teachers, their practices
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seemed to prompt a change in beliefs, and for six teachers, changes to beliefs and practice
occurred simultaneous(frennema et al., 199@pther studies suggest that teachers may enact

new practices in their classrooms without a corresponding change in beliefs, particularly when the
new practicesra seen as consistent with already existing beleets, Nathan & Knuthi2003) In
keeping with Fen@¥ehammentsfrom mdre tramagdacade ago, the

current body of work suggests that research has notgeétlpd the key for ascertaining why

some teachers chanteir beliefsor practicesvhereasothers do not and why some teactsees

able tochangeheir beliefs or practicemore than other teachers.

Research suggests thmtional, state, and local pokds that attempt to effect a change in
teachersd practices require many teaé¢lmers to a
Spielman & Lloyd, 2004)Many current teachers experienced teadh@rcted instruction as
studentgStigler & Hiebert, 1999) whi ch created what <can be call
the United StategStigler & Hiebert, 1999; Weissglass,9®. Historically, many policy attempts
to alter this culture failed to provide teachers with the direction or tools necessary for them to
make the recommended changes in their practidelsen & Ball, 1990; Spillane, 2002 ow,
then, can this culture be changed? o®ne nhgybp owtihl el
occur, if it occurs at all, in the context of identifying and discussing values and beliefs about all
school practices, listening to and grappling with views that are diffe@mtour own, and
working through feelings and attitudes that bihchangé (Weissglass, 1992, p. 198) seems
t hat changing the predominant #Aculture of scho
values and beliefs and to engage with otherstionaldiscourse about their beliefs. Such
reflection and discourse would need to occur over time and may eventually result in classroom
instruction that is reflective of transformed beliefs and values.

Weisglass(1994)proposes a model that addressesteaché® f eel i ngs and bel

the process of changest describedas shown in Fige 21. This model seems to capture some
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of the complexity and nonlinearitf the teacher change processl suggests thatdlelement of

emotional support ignored in other models may be important for teachers to accomplish change

Four essential components form the mddeduggesthat teachers continually need to learn about

content and pedagogy, reflemt their beliefs angractice, and obtain emotional support from

colleagues in planning for and enacting change. These processes culminate with the teacher

taking action to make changes in practice, which precipitates the need for further reflection and

emotional support, angb on.

Figure2-1: Model for

Obtaining

Information

L N

» Action -

Obtaining
Emotional
Support

Reflecting

and

Planning

Addr es si n glief§(&Vaissdiassr 1991, pFi8)e |

Whereaghe model posited by Weissgldssmportant because éaptures the nonlinear

pattern of teacher changead includes important components of chasigeh aseflection, the

need for emotional support, and actitre model is somewhat limited in that it does not suggest

how the change process begins. Clarke and HollingsW200R)offer a model of professional

growth that accounts for both internal and external stimuli that may precipitate the process of

changeas shown in Figure-2 Their empiricallyderived model casists of four domains of

change,
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t udes fwereaghetdbnain of eoasequanced s
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experimentation, wikh includes but is not limited to classroom experimentation, forms the

domain of practice. The model also depicts two mechanisnehémgeenactment and

reflection.Ate acher 6s
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external domain aligns with informatigathered from othersind the domain of practice aligns
with the process of taking actionatRer than considering reflection as a separate component of
change, eflection appears throughout the model of Clark and Hollingsworth, and emotional
support can be part of the change environment or action on the external domain if the teacher
deliberately seeks emotional support from others. The professional growth swidel i

consistent witlsuggestiongor changegrom the professional development and research literature.
Furthermorethe model is consistent with tlaeult learning theory known as transformation
theory (Mezirow, 1991, 2000) that forms the theoreticah&dor this study and is discussed in
detail in Chapter 3.

Literature in both professional development and research contains various suggestions for
creating an environment that is condudie¢eacher change. These suggestions include providing
opportunites forteachergo interact during inservice programs and purposefully planning
teachersd schedules to all ow (Weissgkass,fl994) i nt er act
Interaction gives teachers the opportunity to form support networks and provides an opportunity
for teaches to engage imationaldiscourse with colleaguéSaavedra, 1996; Weissglass, 1994)
Opportunity and time for teachers to reflect critically on their pra¢ieissglass, 1994)nd to
develop the skills and knowledge needed fongeaseem crucial for change to occur and
supports calls for extended professional development opportuitiesSenger, 1998999)

Along with the aforementioned forms of administrative and systemic support, teachers also need
access to resources for successful change to lagluman & Woolf, 2001)

In response to a need for change in teactiecaion related to teaching statistic
guidance exists to suggesteded prerequisite knowled@BMS, 2001) Additionally, various
organizationgprovidesuggesbns forappropriate pedagogical strategies and techniques for
teaching statistics, along with a logical progression of topics for cur(ewga Franklin et al.,

2007) These recommendations stem | argely ttsrom t hei
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instruction, rather than from the results of research on teaching and learning. Researchers paid
little attention to teacher so6 aprofessionalt andi ng of
development needs for teaching statistics prior to theselethe 1989 NCTM Standards
(Konold & Higgins, 2003) Si nce that time, cal lossof or resear
statistical concepts have been mé8leaughnessy, 1992; Shaughnessy, Garfield, & Greer, 1996)

but such research is not sufficiently reportBdtanero, GarfieldDttaviani, & Truran, 2000)

Calls have also been made to fiestablish effect
st at i(Batanero, &arfield, Ottaviani, & Truran, 2000, p.y#t little research conducted with

teachers of statistics has been repofBatanero, BurrillReading& Rossman2008. At the

current time, it makes sense to examine¢hening opportunities and support experienced by

current statistics teachers who exhibit robust understandings of fundamental statistical concepts in
order to provide timely information for the design of professional development programs to train
currentand future teachers of statistics. It also makes sense to examine these opportunities

through aheoretical framehat is consistent with teacher learning as described in the professional
development literature and adult learning thdorgllow for differences in how adults learn from

how children learn.

Concluding Remarks

Much research exists illuminate how students from the elementary grades through the
undergraduate level learn about statistical concepts, and in particular ressamth has gréwat
expandedvh at we know about students6é conceptions o
research, however, investigates students reasorfimgnally about variation and statistical
content more generally. Few repastsesearcliescribe how expts may think about or learn

statistical content . When the results of resea
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educatorsé expositions ab ouhowdvdr,asemse bfwhafitac et e d
means to deeply understand statatvariation emerge®iscussion oftie initial framework for
robustunderstandingf variation that arose from the synthesis of literature presentedshere
discussedn Chapter 4

As the absence of research devoted to how adv&moedersthink aboutor learn
statistical content might indicate, there is little work that directly informs howaramhd knowrs
learn about complicated conceptgh astatistical variation. The wealth of literature
surrounding teacher learning and teacher change, hovpeueiges insights into personal and
environmental factors that may affect teacher learning in general and thus affect teacher learning
about statistical variation in particuldme literature on teacher change in particular provides
insights into importancomponents of change in addition to suggestivents, activities, or
conditionsthat may trigger the process of change and the types of nonlinear paths among
components that teachers may take during their processmajeciAalearning theoryappropriate
for describing teacher learnisould be consistent with these literatbesed observations
Transformation theory, discussed next in Chapter 3, is consistent with the models presented here

and provides explanatory ptistivabvariatiboror t eacher soé6 |



Chapter 3

Conceptual and Theoretical Grounding

Transformation Theory

Transformation theory is a theory of adult learning that haeexplanatory power for
learning that results in teacher change. Primarily credited to Jack Mekileniam &
Caffarella, 1999)the theory is based on constructivist assumptions, including the assumptions
that meaning resides within each person through personal constructions and that personal
meanings are acquired and confirmed through soceaotion and experienc@derriam &
Caffarella, 1999; Mezirow, XH). Mezirowbs theory of transfor mat
of Malcolm Knowles(e.g.,Knowles,1984, who provided the foundation for most curretidies
in adult educatioiiCranton, 2006)Knowles acknowledged that adults may learn in ways
differentfromschoegh ged chi Il dren. Al though some schol ar s
of adult education, Knowles referred to his work @s@ceptual framework that can serve as a
basis for theoryKnowles, Holton lll, & Swanson, 2003Building from Haberma®(1971, 1984)
distinctions between two learning domains and the transformative nature of learning for the
development of transformation theory, Mezirow describes adult learners in a manner consistent
with the characterization of adults as s#itected individuals who learn from experience
(Knowles, Holton Ill, & Swanson, 2008erriam, 2001; Mezirow, 1985 he transformation
theory of adult | ear ni mfdearnirgfiadult veothenfwhocemolldde z i r o w
in a community college pgram after a significant period of time away from formal education
(Taylor, 1997) As wi t h Me zstudymeldles someagathers whdhadsto learn

staistics years after they completed their last formal undergraduate or graduate course.
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Forms of Learning

Although Mezirow and others who are conducting research to validate or refine
transformation theory may vVvi(dmekMezhowwatdheory as a
Associates, 2000jhe main elements of the theagmainc onst ant t hroughout Me:
discussiongsincludingMe zi r owds characterization of | earnin
learningand describekearnings @At he process of wusing a prior i
revised interpretation of the meaniMegronpf oneods

2000, p. 5)

Learning Through Meaning Schemes

Mezirowbds (1991) first f aneaninggshemésépad3)ni ng i s
Meaning schemesonsist of specific expectations, knowledge, beliefs, attitudes, and feelings
(Mezirow, 1991}hatare the habitual, implicit rules that we use to interpret our everyday
experiencegCranton, 2006)Because meaning schesmare baseah common expectations,
people are often unaware of their meaning schemes as they interpret their exp@vienites/,
2000) Learning through meaning schemes involves differentiating among or elaborating upon
preexisting meaning schemes.

To examine an example of learning through a meaningsehemc onsi der an i nd
meaning scheme for the statistical concept of standard deviation. In general, researchers have
found that many students and adults understand statistical cosgelptashe mearpurely
procedurally(e.g., Mokros & Russell, 1995; Pollatsek, Lima, & Well, 198flan indvidual
understands the standard devia@gsracomputation, then without calculating values, that

individual would struggle to describe how adding an outlier to a set of univariate data might
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affect the standard deviatiowhat that individual needs is aaboration of his or her existing
meaning scheme. By using dynamic software to explore how changing the value of an outlier
affects the values of the mean and standard deviation, that individual may develop a dynamic
conception that coordinates change#he relative density of values about the mean with their
deviation from the mean, a conception suggested by some researchers as necessary for
understanding standard deviati@elMas & Liu, 2005, p. 56With the development of this
dynamic conception, the individual s meaning s
as conceptual aspects of stamdadeviation Althought hi s exampl e il l ustrates
possible meaning scheme &iandard deviation, there are other measures of variation in
statistics, each of which would also be associated with different meaning schemes.

Meaning schemes aremtained withirmeaning perspectiveshich consist of the web
of interwoven assumptions and expectations through which the world is viewed (Cranton, 2006).
A meaning perspectiveonsists of broad predispositions formed from culture, personatity
prior experiences ani@ used to interpret current experienfdezirow, 2000) Perspectives are
expressed throughpint of viev. For example, a mathematics teacher may have a personal
theory of learning that assumes meaning is transmitted to learners by the matiexattority
in the classrood alearning theory that is consistent with the transmission model of teaching.
This personal theory, of which the individual may not be aware on a conscious level, most likely
formed subconsciously from year s(Lati,d%basan t he
student. This individuask likely to exhibit his or her point of view about learning through his or

her teaching, which most likelg teacher centered and lecture driven.
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Learning New Meaning Schemes

AlthoughMe z i r o w0 sof learningsitvolviesmaking changes to existing meaning
schemes, a second form of learning involves the learning of new meangmgescto
complement and expand upon an existing meaning perspectiviead to a new meaning
perspectiveConsidean i ndi vi dual 6 s me anthatgay oestanostct i ve f
entirely of knowledge about summary statistics values to desaiiaionin a data set. When
learning about sampling and experimental design, the individual might form a meaning scheme
for different types of variability, such as sampling ability or measurement variability. These
new meaning schemes then become associated wit
for variation, with learning resulting in new knowledge about variatithoughan individual
learns from both the dbaration of and the creation of meaning schemes, these forms of learning
result in changes tehatthe individual knows and nethythe individual knowgKegan, 2000Q)

neither of these two forms of learning results in transformational learning.

Learning by Transforming Meaning Schemes

Mezirowbs t hi rldarningby transtorhing b meaming schegneccurs
from reflectingon assumptions and results related to a particular meaning scheme when existing
values or beliefs agar to be inadequate for currencumsanceqgMezirow, 1991) Think about
an indivi du apediw fonsetistics amchhis prdmeaning scheme for variatién
specifically that i ndivi du arhadpersdnedyihaéd gene@bout s
assumptions and beliefs about statistics consistent witbothewhat traditional view of statistics

astheichurni ng out [ of ] (Kdrpagdia, $98Cap. 415¢ivendhe!l t echni qu
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complexity and multifaceted nat of variation, however, that individual may encounter

circumstances that precipitate reflectiontboseexisting beliefs about variation. That individual

may reject the belief that variation consists merely of dry technapesransform his or her

meaning scheméor variationinto amore encompassingew of variation. At the same time, that
individual 6s bel i ef s a bionhemesahirgpdarspectivecf@ i n gener
statistics, may not change. Mezir¢¥994)acknowledgeshat transformations to a small
percentage of an individual s meaning schemes
eventsa less common experience is the learning that results from the transformation of a

meaning perspective, or a perspectivagfarmation.

Learning by Perspective Transformation

Transformational learningesults from transforming a meaning scheme or from
transforming a meaning perspective, a fourth form of learning often referred peespactive
transformation(e.g., Cranton, 2006Df t en an i ndi vi dual 6s transfornm
scheme within a meaning perspective precipitates the transformation of other meaning schemes
within the same meaning perspective. A sequence of tramef meaning schemes within a
particular meaning perspective can provoke transformation of the meaning perspective that
encompasses the meaning schefiezirow, 1991, 2000)Transformation of a meaning
perspective is the fourth and most powerful form of learning identified by MeZ#000) A
perspective transformation occurs when an individual reflects on the specific presuppositions
upon whch a current meaning perspective is based and for which these assumptions and beliefs
are now seen by the individual as incomplete or inydiezirow, 1991) Mezirow(1991)refers
to these incomplete or invalid assumptionsliatorted assumptionsithough the negative

connotation associated withthetefind i st ort ed, 0 has caused others
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assumptions adunquestionetlor Aiunexamined (Cranton, 2006). No matter how the
assumptions arabekd, perspective transformation is the process by which meaning
perspectives, consisting 0fu nticallyiassimilated assumptions, beliefs, valzesl
p er s p e(Crantom, 2096 p. 2pbecome transformed to give new meaning to an old
experience. The result is that the meaning per
better (Cehtdn2@06,p.@20 These transformed meaning per
to generate beliefs and opinions t hMezirowi | I pr o
2003, p. 59)making the transformed meaning perspective better than the original perspective. As
mentioned earlier, an individual emalpbythes pecti ve
accumulation of transformed meaning schemes within the same meaning perspective, or that
individual 6s perspective transformation can be
refers to as disorienting dilemmd@Mezirow, 1990) A disorienting dilemma seems to equate
with what is referred to a¥erturbatio® or Aicognitiveconflictd in other research literatute.g.,
Leikin & Zazkis, 2007; Polettini, 2000)

To illustratetransformations of a meaning perspectivejcs i der an i ndi vi dua
perspective for statistics. That individual may believe that statistics eym@esubject of data
manipulation, display, and calculation. Events may occur that prompt the individual to question
assumptions about various statistical concepts and subsequently to transform the meaning
schemes for those concepts, as in the examp@delo variation. This accrual of transformed
meaning schemes may trigger an eventual perspective transformation for statigtich
statistics is viewed as a problesnlving process that allows decisions to be made from data
Alternatively, that samandividual may attend a professional development workshop in which the
individual experiences statistics actively as the study of the collection, organization, and analysis
of data within a particular context. Attending this workshop may trigger a difiogedilemma

such as being confronted with analysis that requires considering artistic aspects of statistics in
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addition to scientific aspects to draenclusions, whiclmay eventually lead to a perspective
transformation.

Much of the literature on traformation theory focuses on the types of events that lead to
a perspective transformation on designing adult educationgomompt an individud mspection
of distorted assumption8s the examples used throughout the preceding sections might suggest,
indications of transformed meaning schemes with respect to variation or transformed meaning
perspectives with respect to statistics are important to identify because they are associated with
significant learning. Of particular interest are the eventsttigger the transformations of
meaning schemes and meaning perspectivesimportance of perspective transformations
warrants a more careful examination of perspective transformations, and in particular, the

different types of perspectives that may laasformed.

Types of Meaning Perspectives

In his writings about transformation theory, Mezir(l®91)concentrated on perspective
transformations with regard to three types of meaning perspectives: epistemic, sociolinguistic,
and psychological. Although these meaning persgecivill be discussed separately in the next
few sections, the perspectives areaierlyd e mar cat ed. An i ndi vidual 6s

perspectives comprise the individual 6s worl dvi

Epistemic Perspectives

Epistemic meaning perspectives pertain to kndgée including what an individual
knows, how the individual gains or gained that knowledge, and the way the individual uses or

acts upon that knowledg€ranton, 1996) One way an individual 6s epi
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beliefs can be dierted is if the individual assumes that all knowing can be verified empirically
and that there exists a correct solution for every proligtohener & King, 1990; Mezirow,
1991) Within educationa teachemay have one particular view for the defining features of
effective teaching. Unl ess that teachedr 6s assu
that teacher would not be open to alternative pedagogical techniques that are not characteristic of
those in his or her meaning perspec{i@eanton, 1996)Teachers can also have distorted
epistemic assumptions if they have a nareow limited view of teaching and learning. One
example of a teacher with a limited perspective would be someone who has a particular preferred
learning style, believes that this learning style should be the learning style of everyone, and
teaches towardsnly this learning styl¢Cranton, 1996)A third example of a distorted epistemic
assumption can result from an individual who views socially derived phenomena as beyond one
per s on dM™ezicow,n991)m response to this assumption, for instance, a teacher might
adopt district administratorsé belGramtbns about t e
1996)

General examples of Mezirowdés (1991) four f
meaning schemes, learning new meaning schemesinigdy transforming meaning schemes,
and learning by trafisrmingame ani ng per spective) that can chal
meaning perspectives are displayed in T&kle Table3-1 alsoincludes descriptions of the four
forms of learning for saclinguistic and psychological perspectives &atukls examples related
to each of theneaning perspectives for the two domains of learning identified in transformation
theory, the instrumental and communicational dom@ezirow, 1991) Theseother types of

perspectives andomainsof learning arediscussedn subsequent sections
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Table3-1: Learning Related to Meaning Perspectives

Learning Throug}

. Meaning Instrumental and
Type of Learning Perspective Communicational Domains of Learning
Learning though existing meanischemes differentiating among or elaborating upon currg
expectations, feelings, atiides, or judgments pertainingéo
Epistemic empirically testable problems within a particular epistemic meaning perspective (instrume

or based upon what otlsesay about an issue related to a particular epistemic meaning
perspective (communicational)

Meaning
Schemes

Sociolinguistic

what is factually related to social norms and empirically testable within a particular
sociolinguistic meaning perspective (instrumental) oseghent to hearing what others say
about social norms within a particular sociolinguistic meaning perspective (communicatio

Psychological

empirically testable knowledge of oneself and how one came to form that image of self w
particular psycblogical meaning perspective (instrumental) or subsequent to hearing wha
others say about oneself within a particular psychological meaning perspective
(communicational)

Learning of new meaning schemes &

Epistemic

relatedto factual knowledge (instrumental) or related to the perspective of others
(communicational)

Learning New

Sociolinguistic

pertaining to factual information about social noiinstrumental) or related to the perspectiy
of others (communicational)

Meaning
Schemes

Psychologich

pertaining to knowledge of oneself how that knowledge complements or expands upon a
existing psychological meaning perspective or that leads to a new psychological meaning
perspectiveigstrumentgl or the learning of new meaning schemes of oneslklfed to the
perspective of others (communicational)

that complements or expands upon an existing (epistemic, sociolinguistic, psychological)
meaning perspective or that leads to a new (epistemic, sociolinguistic, psychologiaalpg
perspective
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Learning by
Transforming
Meaning
Schemes

Learning by transforming meaning schemes, such as those that result from transémening
testing what is viewed as factué@l

Epistemic

along with examining the validation for this view (instrumental) or thoserésult from
transforming what one views as factual by examining the views of others as well as integ
the views of others (communicational)

Sociolinguistic

and related to social norms along with validation for this view (instrumental) or tretsesult
from transforming what one views as a social or cultural norm by examining the views of

as well as transforming onebs views bas
(communicational)
Psychologicalland r el at ed oneselicaiorg With validatemfer this Yiew (instrumental) or tho

that result from transforming a particular view of oneself by examining the views of others
well as transforming oneds Vviews based
(communicabnal)

Transformationa
Learning

Learning by transformingn (epistemic, sociolinguistic, psychologica#rspectivesuch as
transforming perspectives

Epistemic

about why particular knowledge is (or is not) important (instrumental) or transforming
perspectives about the validity and utility of a perspective based upon the conclusions dr
using anotherés point of view (communic

Sociolinguistic

about why knowledge related to social norms is (or is not) important (instrumental) or
trarsforming a sociolinguistic meaning perspective about the validity and utility of a social
based upon consideration of the concl us
(communicational)

Psychological

about why knowl ed g erpereeptiantofeself ist(oois roth imgbdanti m
(instrumental) or by transforming persp
based upon consideration of the concl us

(communicational)




52

Sociolinguistic Perspectives

An individual 6s sociolinguistic meaning per
historical context in which thperson lives and participates. His or her meaning perspectives
includesocial norms and cultural expectations of ethihe individual may beonsciously
unawargCranton, 2006) Di st ortions in an individual 6s soc
the way that individual ds soci et yMezrow!l t ur e, an
1991) Related to education, a teacher may not questiore of the negative ways educators are
portrayed in the media, or the teacher may feel constrained by the educational system in which he
or she teaches but never questiocnloselyexamine the systefCranton, 1996)The underlying
distorted beliefs could be that the media accurately portrays teachers, and the educational system
in which the teacher participates is the best system for educating youth. Sociolinguistic
perspectives often include metaphors that do not register withinicosshought processes, but
which may affect behavidtirectly. One such perspective is the teacher who has an image of
students as fAblank sl ates. o0 This teacherds vie
learning, which may translate to a practicat is teacher centered and lecture driven. This
met aphor can provide a glimmer of the teachero
(Cranton, 1996)In many cases, metaphors for sociolinguistic perspectives reveal an image of
di storted assumptions. Gener al examples of | ea
sociolinguistic perspectives are displayed in Table B addition to assumptions and beliefs
related to knowledge and society, individuals also form meaning perspgeaiigat their inner

beings, which relates to the psychological meaning perspectives.
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Psychological Perspectives

An individual 6s psychol ogi cal meaning per sy
concept, feelings, and peselfsragetlantany2006)r ai t s t o f
Distortions in psychological assumptions, when recognized, can cause individuals intense pain if
there are inconsistencies with the way the individual views himself or h@visdfrow, 1991) A
teacher may have a distorted psychological beliefaraspt i on i f t hat teacher ¢
influenced by personal negative childhood school experiences. An example of a teacher with this
di stortion is a teacher who subconsciously avo
behavior with the child, sed on a subconscious reaction to a
teacher as a studegi@ranton, 1996)Additionally, a mathematics teacher may see himself or
herself as the mathematical authority in the classroom and thus havé@agelof being the
most knowledgeable person in the c¢classroom. | f
guestions, h o w e vimage may be guestianedandsihseGuentlyscieahgied or
transformed. General examples of the fourfoonrfs | ear ni ng t hat can chang

psychological perspectives are displayed in TakHle 3

Perspectives and Learning

Thethree types of perspectives interrefate f or m a persondés knowl ed
reason, when meaning scheme or meaning§eectiveof any type is transformed, it can affect
meaning schemes apérspective of othertypesAl t hough this study focuse
epistemic meaning schemes and perspectives for variation and statistics, dilemmas triggered and
resolved with resgct to sociolinguistic or psychological perspectives can cause a teacher to

guestion assumptions, beliefs, and perspectives related to their epistemic schemes and
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perspectivesis a result, an awareness of different types of perspectives can informdearnin

related to the specific epistemic perspectives of interest. As an exaegglesider a mathematics

teacher who sees himself as the mathematical authority who$mag is questioned and

transformed subsequent to critically reflecting on a precosiousu dent 6 s questi ons.
teacher transformed a psychol ogical meaning pe
have impacted epistemic meaning schemes and perspectives for the teacher based on factual
information related to the questioffhat teacher may accumulate factual information in answer

to the studentds questions or may | earn by ingq
perspectives behind what prompted the question

in the instrunental domain of learning, the communicative domain, or both.

Domains of Learning

Table 31 displays characteristics typical of learning for the four forms of learning
identified by Mezirow and displays learning within two distinct domains: the instrumental
domain of learning and the communicational domain of learning. Both instrumental learning and
communicational l earning can result in changes
psychological perspectivelsearning rarely occurs indistinctly single domain of learningnd
can be triggered from dilemmas for any of the three types of meaning perspectives.

When an individual experiences a disorienting dilemmanolergoes succession of
meaning scheme transformations within a meaning pergpetitat individual may not possess
the knowledge needed to resolve the dilemma or to transform the meaning perspective.
Additional |l earning is needed for t(X9&phsf or mat.i
classifications for knowledge generation, Mezir(i®91)identified two broad domains of

learning in which adultenay acquire the necessary knowledge for transformation. The
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instrumental domain of learning pertains to technical learoing,e ar ni ng t hat concer
we contr ol and mani pul at e o0 u(Mezieow\199t,p.73madht , i nc
the communicative doain of learning pertains to practical learning, or learning related to
understanding others, both through attempting
communi cating oned6s own meanings. Most adul t |
instrumentalearning occurring subsequent to communicative learning, for example. Although

learning typically involves aspects characteristic of both domains, these two domains of learning

arediscussed separately.

Instrumental Domain

Learning in the instrumental daim results in technical knowledge, or knowledge related
to empirical, tasb ased problem solving. 1t is |learning p
do somethingd that can be validated empiricall
factud information related to a problem, examining alternative strategies for solving the problem
in the most efficient and effective manner, and testing the envisioned course of action empirically
to solve the problerfCranton, 2006; Mezirow, 1990) Thi s | earning extends :
current technical knowledge and deepens the knowledge in existing meaning persgectives,
shown in the descriptions of learning depicted in TakldBegan, 200Q)Action within this
domain is based upon empirical knoweffecdge and 0
rel at i ezsow,1993,@. 73)Learning occurs when an individual reflects on the
contextual oprocedural assumptions used to guide problem solving and when the assumptions
lead to strategies and tactics that are more efficient in producing thé effeserelationship

(Mezirow, 1990, 1991)Learning can also occur upon examining and critically reflecting upon

the importance of instrumental knowledge. Most adult learning from experience falls within the
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instrumental domaifMarsick, 1990) Consideisomeonavho may learn a new technique for

modeling data, such as the use of tiseeies models raer than least squares regression for

modeling data collected over time. This method then becomes a partpéibmt6 s meani ng
perspective for data analysis. Because most learning falls within the instrumental domain, most
learning is associated withalinstrumental domain. Mezirow (1991) considers the learning that

occurs within the communicative domain to be more significant than instrumental learning, since

i t i nunderstarding thie meanifigalics in originallof what ot hers communi

(Mezirow, 1990 p. 8)

Communicative Domain

Learning in the communicative domain is learning that occurs through discourse and is
validated through consens{iezirow, 1985) Learning in the communicative domain may occur
when an individual attempts to understand the meaning of what others communicate either
verbally or in written form with respect to values, feelings, and beliefs. It also can occur when an
individual attempts to make his or her own values, feelings, and bbbaisderstood or when an
individual attempts to integrate the points of view dfers into his or her own perspectives
(Mezirow, 1990, 1991)n this domain of learning, the focus is on the justification of beliefs
through understanding, desiing, or explaining values, feelings, and beliefs and reaching
consensus on the validity of the beli@®&iddapah, 2005; Mezirow, 1991)earning in the
communicative domain potentially has the great
psychological meaning perspecti@4arsick, 1990)as depicted in TableB By interacting and
communicating with others, an individual may need to view an experieteans of a different
meaning scheme, necessitating one of the first three forms of le@veagow, 1990) The

individual also may reflect critically on the assumptions of others in relation to his or her own
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assumptions to transform a meaning perspective. Continuing with the previous extaple
someonaevhose meaning perspective for datelysis expanded to include tirseries models,
consider a difference in belidfetweerindividuals about the most appropriate techniqusng
linear regression models or tirseries modeldp analyzea particular set of data. In such a case,
communiationbetweertheindividuals could ensue, with eagersonattempting to understand
the analysis beliefs @he other In this manner, a change in meaning schemegsoccur for one

or bothindividuals for thoseparticularstatisticaltechniques.

Elementsof Transformational Learning

Learning in the instrumental domain results from reflection on the content of problem
solving through questioning the problem, context, and premises about the importance of the
problem(Cranton, 2006; Mezirow, 1985)earning in the communicative domain results from
interacting withand sharing values and beliefs with others, often in the context of problem
solving, and while questioning the validity of existing assumptions and bliefaton, 2006;
Mezirow, 1985) As mentioned previously, learning in both the instrumental and communicative
domains is interdependent and interrelatedinand i vi dual 6s | earning and 1
individual 6s technical and practiconeehtank nowl edge
procesf problem solving, often while engaging in dialogue with others about the problem,
typically results in meangschemes that are changed, created, or transfdiviezirow, 1991)
An even more powerful form of learning may result from an individual critically reflecting on the
premisef problem solving, that is, questioning the importancerdfe validity and utilityof
the problerssolving contat and proces®often while engaging in dialogue with othé@anton,

2006; Mezirow, 1985)Critical reflection can result in a perspective transformation and begins by
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critiquing the presuppositions upon which beliefs from prior learning are(Maktirow, 1990,
1991)

Most current professional development efforts focused on educational reform are
undertaken to bring about a change, or transfo
few individuals have liked transformation theory directly to their descriptions of teacher learning
and chang¢Cuddapah, 2005}he applicability of transformation theory can be seen in
researchersd descriptions abou(l999)satedhatm. For ex
reforms Acall f or O&vesangwtradsboenptidd mMangegeaxs her sd i deas ab
understandings of subject matter, teaching, an
Aitransfor mati ve | redaarealize giencevanduratdelmatibseeducatoq u i
reformersdé6 visions of curriculum and teachingo
Zeuli positthat many mathematics teachers would need to examine and change their beliefs about
mathematics, teachjnand learning and seek to enhance their understandings related to each.
Transformation theorprovidesthe mechanisms behind transformed learning. To examine the
processes associated with perspective transformations in teaching, it makes sense thdook at
processes in conjunction with the processes comtama model for teacher change. In
particular,the model of professional growth described by Clarke and Hollings\{z00®)aligns
well with elements of perspective transformation

In his initial research, Mezirow identified ten phases for perspective transformation, but
recent research suggests that not every otfeesé ten elements is necessary for a perspective
transformation to occuyiTaylor, 1997, 1998, 20007 his same body of research also suggests that
the transformation process is less linear and more recursive than originally envisioned
Mezirow (Merriam, 2001; Taylor, 1997, 1998, 2008greement does appear to exist on the
three main phases of transformative learning that result in a perspective transforeni¢itah:

reflection rational discourseandaction(Cuddapah, 2005; Merriam & Caffarella, 199Bable
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3-2 displays thee three elements for perspective transformation, along with the corresponding

elements originally posited by Mezirow. The table also shows how the elements of Clarke and

Hol I i ngmavibe It hfosr prof essi onal growth correspon
transformationWhereaghe table gives the impression of a linear process or sequential steps for
perspective transformation and teachehange hange,
may not occur in this order. Elements related to the three main phases of transformative learning

in combination with elements from Clarke and H

areexamined in the next section.
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Table3-2: Comparisorof Perspective Transformation ¥ Professional Growth

Main Elements
of a Perspective
Transformation

Mezirowds EI
Perspective Transformation

Corresponding Elements of Clarke 3
Hol lingsworthos
Growth

Critical Disorienting dlemma or External stimuli or culmination of
Reflection sequence of transformed meani{ internal reflections
schemes
Self-examination, accompanied | Reflecting on the personal domain
by emotions (knowledge, beliefs, and attitudes)
and/or the domain of pract
Critical assessment of Reflecting critically on the personal
assumptions related to epistemi{ domain and reflecting critically on the
sociolinguistic, or psychological | domain of consequence (salient
perspectives outcomes)
Rational Recogniton that others have Acting on and reflecting on the exterr
Discourse experienced similar discontent | domain (sources of information)
with their perspectives
Exploring new roles, relationshig Acting on the domain of practice
and actions through engaging in| (professional experimentation) and
rational discourse with othefs | acting and reflecting on the external
learring in the communicative | domain (sources of information)
domain
Action Planning a course of action Reflecting on the personal domain, tH

domain of pactice and/or the domain
of consequence

Constructing the knowledge and
skills needed to enact the plan
learning in the instrumental
domain and possibly in the
communicative domain

Acting on and reflecting on the exterr
domain and reflecting on thegsonal
domain

Experimenting with new roles

Acting on the domain of practice

Building a sense of competence
and selconfidence for new roles
and relationships

Reflecting on the domain of practice
and the domain of consequence

Reintegration into li based on

the transformed perspective

Acting on the domain of practice
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Critical Reflection

Perspective transformations typically begin with one or more events that precipitate a
disorienting dilemma or an examination of presuppositions for which ¢ynreblemsolving
processes do not provide resolution to the problem at (Mediam & Caffarella, 1999)
Although Clarke and Hollingsworth do not specify the need for a disorienting dilemma to
stimulate professional growthedachers typically hasome motivation for pursuing professional
devel opment that results in change. That moti v
experience of a disorienting dilemma or transformed meaning schemes, or the motivation may
come externally fromreformf f or t s wi thin the individual 6s sc
Internal motivation proceeds in a manner similar to the process described by transformation
theory; external motivation, however, requires
reflect on practice and on assumptions and beliefs about teaching and learning.

A second characteristic ofitical reflectionis self examination, which is often
accompanied by strong emotiaipezirow, 1991) Mezirow (2000)acknowledges that becoming
aware of previously implicit presuppositions and recognizing d f@echange can present a
threatening, emotional experience for many adults. As a result, some individuals resort to
accepting the status quo or succumbing to the perspective of an authlogitgathers proceed
to critically assess their epistemiccaminguistic, or psychological assumptions through critical
reflection(King, 20@®; Mezirow, 1994, 2000Clarke and Hollingsworth incorporate the need for
teachers to reflect on practice and for teachers to reflect on assumptions and beliefs about

teaching and learning for professional growth throughout their model.
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Rational Discourse

Upon engaging in critical reflection, an individual may take consolation in the fact that
others have experienced similar discomfort when examining their assumptions and beliefs
(Mezirow, 1991) In advance of preparing a plan of action to resolve a dilemma, an individual
may explore opons for new roles, relationships, and actions by either engaging in rational
discourse with others or internally engaging in rational discourse. Through discourse, the
individual can examine the experiences of others and gain insights into both hi@enher
assumptions and the assumptions of others. The resultant learning falls mainly within the
communicative domaitMezirow, 1991, 2000)It is in this phase that the establishment of
trusting relationships with others may play a role, since open and frank discussions can occur
(Mezirow, 2000) Obtaining emotional support can take the form of support from colleagues who
simultaneously engage in a change psescor through rational discourse with colleagues
pertaining to assumptions and beliefs about teaching and learning. Although Clarke and
Hollingsworth do not explicitly address the role of others in rational discourse, their model of
professional growth t@s into account information gained from external sources, which does not
preclude information gained through rational discourse with colleagues. Additionally, the support

of others could be one part of the change environment in which the teacher pasticipa

Action

To bring about resolution to a dilemma, an individual may plan a course of action and
then go about constructing the knowledge and skills for enacting the plan. The resultamg learni
falls mainly within the instrumental doma{Mezirow, 1991) Acting on plans for change is a

maj or el ement of Clarke and Hollingsworthos
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develops a sufficient knowledge base, the teacher may experiment by taking on newinailds to
competence and setbnfidence with the new roles and relationsltfiszirow, 2000) The final
result is thathe individual lives life based on a newly transformed perspéctivperspective

that is more inclusive, open, and discriminatiihtgzirow, 2000) Taking action to make changes
in practice may precipitate the need for further reflection and emotional support, which may

suggest the need for increddenowledge in preparation for further action.

Conditions for Perspective Transformation

Much of the research on transformation theory has been focused on validating and
expanding the theory; less research has been conducted to investigate under tf@miscand
perspective transformation might be likely to oc€Laylor, 1997, 1998, 20005everal adult
educators have speculated about some of the conditions they believe are conducive to enabling
perspective transformations. Theseditions include some or all of the following for teachers:
dissatisfaction with current practice, occurrence of a disorienting dilemma, critical examination of
beliefs, support and freedom to pursue alternatives, support and opportunity to engageain ration
discourse, readiness for change, and openness to alternative perspéciintm, 2006;
Cuddapah, 2005; Merriam, 2004a) A t eacher 6s experience with a
teaching or | earning or a t eacrkeondiienstdainsag at i sf a
precipitate the teache(Céstonclpd)t iAc a&le aecxheemibrsa trieart
change might also increase the likelihood of engaging in the difficult task of critically examining
beliefs. Critically questioningreviously unexamined assumptions and beliefs about teaching and
learning, particularly through discourse with others, may motivate a teacher to listen to and
consider alternative perspectives. Administrative support and emotional support from peers may

ceate Asafeo conditions under which the teache
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have speculated that lotgrm work with a mentor, faculty developer, group of faculty members,
or network of teachers from multiple districts can sustain toamsftive learning in teachers by
providing the emotional support needed for perspective transformation.

Professional development workshops in many districts are of short duration and focus
strictly on technical knowledgéhey result in little meaningfueacher changéesimone, Porter,
Garet, Yoon, & Birman, 2002)n contrast, researchers who examined programs designed to
effect change found that the most successful programs were thopeothided longterm
support and assistance to teacl{8tselds, Marsh, & Adelman, 1998)o facilitate the change
process, teachers need support to battle through the emotional strain that accompanies the
examination ofuinderlying beliefs. Teachers also need to engage in rational dialogue with
colleagues and take action to learn the new content and strategies required for transformed
practices. Current prevalent professional development practices for teachers of gi2deftel
appear to be unfocused and disconne@@athen & Hill, 2001) These programs do not seem to
provide a focus on creating conditions that are indicative of transforr@teoking and
transformatiorsustaining activities, and mostimportanlyc t i vi ty t o support te
examination of beliefs and engagement in rational discourse.

In contrast to traditional professional development endeavors, Whitelaw, Sears, and
Campbell(2004)pr ovi de an exampl e of a program that wa
transformations. They studied instructorsoé | ea
facul ty memb e r Bhéprdgramn ihvited teachess to @xamine their teaching
practices under the umbrella of incorporating technology into practice. The program itself
focused on technical knowledge. Teachers worked in pairs to explore the technology and to
dialogue about hovhe technology could be used. For some pairs, this dialogue resulted in
practical knowledge. The researchers found that those pairs whieggaifed significant learning

recognized the value of examining their beliefs about teaching, engaging in diaitgtieew
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partners, and exploring how technology use could support their beliefs. Additionally, several
participants experienced a misalignment between their expectations for the initiative and their
experiences while participating in the initiative. Thuthers contend that this misalignment
provided an opportunity for participants to engage in critical reflection on their practice through
the triggering of a disorienting dilemma.

There are also other professional development opportunities that are laviail@achers
and that may precipitate a change in practice. Within mathematics and statistics education, there
exist several independent educational organizations, such as the National Council of Teachers of
Mathematics. These organizations provide otmal and informal learning opportunities for
self-directed learners, including workshops, conferences and public@tlensam & Caffarella,
1999) Such workshops and conéaces provide teachers with opportiggto exchange
information with dhers and to examine educational publications and materiatsivitiesthat
may prompt critical reflection and discouf&&anton, 1994)Similar venues for prompting
critical reflection and discourse are available in foredlcational settings, such as graduate
classes or degree programs offered by colleges and univefisidetam & Caffarella, 1999)

Lastly, proponents of adult education suggest that emotional maturity is required for a
perspective transformatido occurMezirow, 2000) Although therds some question about
whether precocious teens may experience perspective transformations, transformation theory is
considered by many to be strictly an adult theory of learfiiaglor, 2000) Mezirow (1985)
defines an adult as fione who fulfills adult so
dr ected persono (p. 17). Associated wit-h emot.
reflective as well as to engage in rational dialo@Leddapah, 20050therge.g.,Knowles,
Holton, & Swanson, 2005uggest that only adults have the types of experiences and resources
necessary to be able to critically examine previously uncritically assimilated assumptions and

beliefs, and only adults have the desoreesolve any contradictions between beliefs and
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experiencegMezirow, 1991) The main factors that seem to distinguish transformation theory

from |l earning theories used to investigate stu
emotional maturity and acknowledgement of the rolerobtion in transformational learning

coupled with the realm of experiences needed for critical reflection. In addition, @hgers

Merriam, 2004dbs uggest that a fAmat ur e(p.6®ivreguiredbfdr cogni t i
transformational learnifgjc ogni t i ve devel opment that may exte
of cognitive developmenAs the preceding descriptions suggest, viewing teacher learning

through the lens of transformation ¢ng is consistent with current explanations for teacher

change.

The SOLO Model

Transformation theory provides explanatory powemfbat prompts adults to construct
the knowledge and beliefs necessary to function at advanced cognitive levels as wdibas fo
adults construct that knowledg&'hereagransformation theory does provide explanatory power
for adultlearning, it offers only global perspective of learning and gives little insight into the
intricacies of an i ndiduhe domgdx,bénterretatecoweboi g per spec
knowledge, assumptions, and beliefs associated with the meaning schemes that combine to form
these meaning perspectivésrelation to this study, transformation theory may provide insight
into how professional developmé can provoke individual s const
understandings of wvariation by examining cl ose
contribute to their development of that understanding. Ensuringetiatierdiave robust
understandings of variah to answer the second research question of this stuwdyever, can be

accomplished best by examinitepches 6 under st anding through a | en
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transformation theory. The Structure of the Observed Learning Outcome (SOLO) (Riggys!

& Collis, 1982, 1991provides such a lens.
Establishingeache suidderstandings of variation can be accomplished by examining
their responses to interview tasksingthe SOLOModel (Biggs & Collis, 1982, 1991)The
SOLO Model is an empiricallgerived, nedPiagetian model of cognitive development that
assumes individuals actively construct knowledge through interaetitimnghe world around
them(Pegg & Tall, 2001, 2004}hus sharing similar constructivist assumptions with
transformation theoryUnlike transformation theory, howev&QLOallows forbotha global
analysis of longerm growth and a local analysis of conceptual grq®dygg & Tall, 2001,)thus
enabling description dfothcognitive development artie complexity and cogency of the
knowledge that results from learnif@antwell & Scevak, 2004}t is in the latter sense that
SOLO is considered for this study.
Collis, Romberg, and Jurd4k986)describe the dual phenomena that the SOLO Model
addresses and mention two descripiaitially used by Biggs and Collis for the phenomena:
Hypothetical Cognitive Structure and the Structure olL#mrned Outcomes or ResponsEse
Hypothetical Cognitive Structure is the tool for describing cognitive development, and the
Structure ofthee e ar ned Outcomes or Responses is the tof¢
structure of response to a task, with the response not necessarily indicative of develapment.
Biggs and Collis (1982)bserve, the SOLOleveflsd e s cr i be a partai cul ar per
part i cul ar Antindivideabmay nespon@t8 g task using a lower mode of reasoning
even though the individual is capable of reasoning at a higher ioé. of the research in
mathematics education and in statistics education alludes devetopmental nature of the
SOLO Model while using the model to describe t
mathenatical or statistical task&or this study, SOLO is used to examine the structure of

teachersoé responses esausefulens threugh whiehlto deserstkskstoa n d p
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elicit understanding and to exami neBeaanseitndi vi d
can be used to describe developmental levels, SOLO offers a way to describe varying depths of
understandingn this study, the varying depth is not that of one individual across time, as it
would be in developmental research, but rather the varyingsieftimderstanding at one time
across individuals.

The SOLO Mode(Biggs & Collis, 1982, 1991gonsists of five modes of functioning
t hat <corr es po redevalopnoeata stagestthe seRsorangter tikdnic, concrete
symbolic, formal, and postformalmodé&sach mode of | earning reveal s
that a | earner uses wh e (Bigds & €dlli§, 198 p. 158vdGth el e ment s
each successive mode increasing in the degree of abstraction needed to reason within that mode.
Thought processes in each successive mode are qualitatively more complex than thought
processes in earlienodes.

This study focuses strictly on the formal mode of reasoftegsoning within the formal
mode can be used to generate speculations that both incorporate and transcend particular
situations; characteristic of this mode is reasoning that doesquitereeference to a particular
concrete setting. Although some adults never develop sufficient understanding of concepts within
particular areas of study to reason in the formal mode for those areas, thinking in the formal mode
is seen as representative the type of thinking exhibited by undergraduates and professionals
(Biggs & Collis, 1982 Groth & Bergner, 2006 Secondary statistics teachers in particular should
be able to think and reason about variatiothenformal mode. Not only does the SOLO Model
provide a means to examine individual responses on a global level, SOLO also affords the use of

a finer grain of analysis by examining learning cycles within each ifiRetgy & Tall, 2005)
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Levels of Response

There exists essentially a cycle of three levels of response, or levels of thinking, to
describe cognite growth in the formal modemistructural, multistructural, and relatiorfBliggs
& Collis, 1991) The underlying cognitive structure of a response may reveal differerim faci
i ndi v respanadAtdhe unistructural level, an individual focuses on one relevant aspect that
lies in the formal mode, whereas at the multistructural level the individual focuses on more than
one relevant aspect without integrating the aspects. At the reldgorhlthe individual
integrates all relevant aspects to reveal coherent structure and meaning. The three levels within a
mode form a cycle of cognitive growfRegg, 2003)with the cycle being hierarchical in nature
and generally accepted as developmental in néRagg, 2003)

Recent empirical studies identify more than one cycle of levels of response that a learner
exhibits within a mode before gsibly reasoning beyond that mgd&allingham, 1997; Pegg,
2003; Watson, Collis, Callingham, & Moritt995) Pegg and Tall2001)provide one of the few
descriptions of the SOLO Model that acknedgdes the possibility of multiple cycles of levels
within a mode. They suggest that multiple cycles within a mode occur after

the individual meets new stimuli and begins to react first to one aspect, then

another, to give multiple responses, which begihé related together, then the

whole structure is conceptualized as a new single structure. This structure can

retain chareteristics of the initial cyclgPegg & Tall, 2001, p. 2)
This single new structure characterizes the unistructural level in a second cycle of levels within a
mode.Given the complex nature of variation, it seems possiblérttiaiduals may be able to
reason relationally about aspects of variation in the formal mode while not integrated reasoning

among aspects, suggesting that relational reasoning about variation in the formal mode might

encompass more than one level of reasp
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The SOLO Modelas a Tool forEliciting Understanding of Variation

To date, researchers have used the SOLO Model to exploreddsua di vi dual s o
understanding and reasoning about variability in the consyatdolic andkonic modes
(Reading, 2004; Watson, Kelly, Callingham, & Shaughnessy, 280@)w statstics education
researchers have used the SOLO Model to exaanidedescribeeasonig in the formal mod
(e.g., Groth & Bergner, 2006), andaithematics education researchers fdeseribeds t udent s 0
reasoningn the formal mode for mathematical topicsewveralareasof mathematic¢e.g., Pegg
& Tall, 2005; Serow, 2006) he body ofstatistics education reseamsiork consists of analyzing
studentsd responses to form descriptions of
of reasoning withirm mode or to distinguish reasoning between modes. In these studies, either the
participants were unable to reason in the formal modieaiasks did not elicit reasoning
indicative of the formal mode. Mathematics education resear(egrs Collis, Romberg, &
Jurdak, 1986have used an alternative process with the SOLO Model to reverse the usual order
from response to level classification to address the latter situation. The alternative process is used
to write tasks that elicit responses refileetof SOLO levels within the wde intended to be
studied or that distinguish between mo¢esllis, Romberg, & Jurdak, 1986; Rider, 2008his
alternative processas usedn this studyto design tasks to elicit reasoning in thenfat mode
along withempirical verification of responséo confirm the asks elicited formal reasoning. The
process also was ustanalyze responsés describe reasoning and understanding about
variation in the formal mode

Figure 31 provides a simplied graphical representation fibre first cycle of levels of
understanding variation using the SOLO Model. This figure shows that an individual can have an
integrated understanding for each perspective of variation in the formal mode. The first cycle of

unistructural, multistructural, and relational levels within the formal mode is a cycle of levels

u
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within each perspective of wvariation, with the
cycle for each perspective and the arrows representing tio¢hieyical development of an

understanding of variation and increased sophistication in reasoning from each perspective. For
example, an individual who provides evidence of relational reasonihgv{fRin the design

perspective displays integrated reasgninith statistical problersolving elements related to

design. In contrast, unistructural reasoning) ftbm the design perspective is evidenced by

reasoning about a single problem solving element related to design, and multistructural reasoning

(M,) is evidenced by reasoning about multiple elements without integration of the elements.

First Cvcle of Levels for Understanding Variation in the Formal Mode
Relational Relational Relational
Reasoning Within the Reasoning Within the Reasoning Within the
Design Perspective Data-Centric Perspective Modeling Perspective
JO5} Uy U
First C}'Cle M1 M1 M1
of Levels l l l
R R R

Figure3-1: SOLO and the Cycle of Levels for Each Perspective

The second cycle of levels in the formal mode (the ayciee bottom half of Figure-3)
requires itegrating the three perspectives to reveal a holistic understanding of variation. The
|l evel s subscripted with a A206 depict this seco
development and increased sophistication towards relational reasoningeecspestives. An
individual who reasons relationally from each perspective and integrates reasoning from the three
perspectives is reasoning at a relational levg) ifRthe second cycle of levels in the formal
mode. Relational reasoning across perspestis indicative of robust understanding of variation.

Relational reasoning within only one perspective is indicative of unistructural reasogjng (U
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the second cycle, and relational reasoning within more than one perspective without integration
betweerperspectives is indicative of multistructural reasoning) (iiMthe second cycle.

Although individuals who reason at the unistructural and multistructural levels in this second
cycle exhibit relational reasoning from one or more perspectives, they dahibit reasoning
indicative of an overall robust understanding of variatidre interview tasks and the lines of
guestioning related to each task in this study were designed to elicit reagbaoirigyariation in

the formal mode antb allow determinatio of levels of resoning in both cycles of levels, thus

providing a view of robust understanding of variation as relational reasoning across the three

perspectives.
Understanding Variation in Formal Mode
Eelational Felational Relational
Reasoning Within the Reasoning Within the Reasoning Within the
Design Perspective Data-Centric Perspective Modeling Perspective
J05 U, L85
First C}’Cle M1 M1 M1
of Levels l l l
K B Ry
Uz
l Felational Feasoning
Mz About Vanation
l Across Perspectives
Ry
Feasoning Indicative
of Robust
Understanding
of Variation

Figure3-2: The SOLO Model and Robust Understanding of Variation



Chapter 4

Reseach Methods

I n addition to investigat i magprgoadcthibtedy s6 conc
is to understand the nature of experiences that secondary mathematics teachers believe
contributed to their development of robust understandings dftitativariation. To examine the
fundamental nature of these experiences and to obtain a holistic description of the nature of the
experiences, | use phenomenological mettibtisistakas, 1994¥or which the phenomenon
under study is secondary mabudtedesstaridingsoft eacher s o
statistical variation. A major requirement for phenomenological study is that the topic and
research questions be of social significafMeustakas, 1994}he perceived need fstudents to
become statistically literate and to have statistically literatd&zasuggests the significance of
this study.This study can contribute to tifeturedesign of programs that advance the
development of atatistically literate society. Irhis chapterl describan detail the processes
thatl used to conduct this studgpecifically, | describe the processes used to select participants,
to coll ect dat a, and to analyze data in order
establish that teachers experienced the phenomenon under study as well as to identify
characteristics of experiences identified by teachers as important for their learning during the

course of experiencing the phenomenon.

Participant Selection

In order to study the phenomenon of coming to understand variation, gertgcimust

have experierted thephenomenoiiMoustaka, 1994) To ensure the highest probability of
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finding teachers who have robust understandings of variation, | established explicit criteria for
i ndi vi du atd teedpartigdadtipddMearriam, 1998) The resulting purposeful sample
consisted of 1@igh schooktdistics teachers from across the coundrgifferent group of three
teachers participated inpae-pilot study and another three teachgasticipatedn apilot study.

To establish the selection ppbtonsidered teachers who have been active in THedeol

Boardoés Adv ah(aR Statiftits rogame n t

Background Information

The AP progranallows secondary students teceivecollege credit for courses taken
during their high school yea(€ollegeboard.com Inc., 2007&8)o potentially receive credit in
statistics, students take the ARafistics exam, which consists of multiple choice and free
response quésns. Each year, secondary ARaBstics teachers and college statisiticstructos
meet in a central location (th® Reading i t e) t o score studentsd free
Peck, Personal communication, May 21, 2007).

The College Board requires that sedary mathematics teachers have a minimum of
three years of experience in teaching AP StatistitsesFquivalent before they can attend the AP
Reading(Collegeboard.com Inc2007¢, although exceptions have been made when the demand
for readers has exceeded the available pool of readers. As part of the application jeadess,
provide information about the@ducational experiences asubmit a curriculum vita and cae
syllabus(Collegeboard.connc., 2007¢. Subsegent to examining the application materials, the
Chief Reade&¥ a college statistics professor who has served various roles at the AP Reading and
who is hired to & exterads ifiviiabonsttoethetReadinglfR. Peckafdrroer o
Chief Reader, peomial communication, May 21, 2007)he teachers who attend the Reading are

thereaders
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At the conclusion of each AP Reading, readers are evaluated and must exhibit proficiency
in evaluating student responses for statistical completeness and correcheeswiied back to
the AP Reading in subsequent years (R. Peck, Personal Communication, May 21, 2007). To
evaluate student responses for students from multiple states and céurgsipsnses that include
both conventional and unconventional metl@dsades need to have and exhibit flexibility in
their understanding of statistics. Attending the AP Reading also presents a unique learning
experience for teachers. As noted by one-first me AP St at hegreatestgaintthata d e r
readers will take awafyom an AP Reading is an increase in their own knowledge and skill
within thei(@eesBOHen fiel dso

With the selection criteria for AP readers and the educational benefit from attending an
AP Reading, secondary teachers who attend the AP Reading pass a screening process that
suggests some level of competence in the area of statstidheyparticipate in potentially
powerful professional developmeiiiable leaders pass through additionalscreening process.
To become a table leader, a teacher typically must serve as a reaielyéars, currently teach
AP Satistics or an equivaht course, anexhibit characteristics of leadersHR. Peck, Personal
CommunicationMay 21, 2007). They alsoust be recommended By existing table leader or
serve the AP program in a particular type of leadership(@#degeboad.com Inc., 2007d In
general, table leaders hateight statistics for a minimum of six yearsd exhibit their statistical

knowledge through the selection process for readers and table leaders

Selection Criteria

With AP amaa d erbdwiealth okbadkgroural éxperienctsese teachers are
more likely to exhibirobust understandings of variatitrana random sample &P teachers

(e.g., R. Peck, Personal Communication, May 21, 280@)thus are more likely to have
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experienced the phenomenon of intedeatkey consideration for participant selection in
phenomenological studies (Moustakas, 1984} that reason, AP readeand teacher leaders
formed he population of interest for thigudy. In particular,gachers who attended th@06 and
2007 AP StatisticsReading as readers or table leademmprisedhe initial group of teachers
considered fothis study.Of the 16teaches ultimately selected for participatipa5 attended a
minimum of two AP Readingsincluding oneteachemwho attended nineOn average, teachers
attended 4.6 AReadings, with a median of 4 AP Reading of the teachersurrently serve or
servedn the past as table leaders at the AP Readliingaverage.167 years of service as a
table leader, with a median Sfyears of service.

To achieve a participant pool that represented some diversity in experiences, | selected
teaches who differed inlie number of years they taught statistics. My belief was that individuals
who have more recently begun to teach statistics may be able to recount the activities and actions
that contributed to their current understanding of variation better than vetachens whereas
veteran teachers may have a greater variety of activities and actions that contributed to their
understandings. Theaches in this study taughtatistics for agew as 3years and for asany
as 30 years. The mean number of yearstéaahes taught statistics at the time of data collection
was 10.75 years, with a median of 9.5 years.

Secondary considerations for participant selection included seléeticiges with a
variety of educational backgrounds and statistical experiences. télactyersvho have served as
readers and table leadérave attended aonducted professional developmdntmany cases,
attendance is seihitiated and less formal than an undergraduate or gratlagkestatistics
course. Professional development whidgss are likely to include pedagogical strategies for

teaching statistics along with discussions relatesidtistical content. My belief vgathat

% One of the teachers in the study is not an AP Statistics reader; however, she was recommended by an AP
teachedleader because of her partiain in leadership institutes and her leadership in providing
professional development in statistics for teachers at local and state levels.
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selectingteaches with a variety of professional development backgrowmldd helpto isolate
characterists of effective professional development. Tlttdeaches attended betweento 30
professional development sessions, inclusive, in statistics, with a mean of 9.44 sessions and a
median of 6.5 sessions. Niteaches conducted professional developmendtatistics, with the
number of sessions varying fromtd 60, inclusive. The mean number of sessions conducted was
22.56 sessions, and the median was 23 sessions. The mean and median values, however, are
deceptive because fiteaches conducted 23 or moprofessional development sessicasithe
remainingfour teaches conducted or fewer sessions.

In addition to displaying a variety of professional development experiences in statistics,
teachers irthis study have anixture of formal, courseelated eperiences in statisticehereas
no teacher witla statistics degreparticipatel in thisstudy, oneteachehas a minor concentration
in statistics, and sevaaaches completed three or more formal courses in probability and
statistics at the secondanndergraduate, or graduate level. Only tesechemever completed a
formal probability or statistics course. Two of the pilot stteiches had minors in statistics.
Twelveteacherdave undergraduate degrees in mathematics or mathematics educatten, and
have graduate degrees in mathematics or mathematics education. teeehed have
undergraduater graduatelegrees in other fieldincludingmarketing and advertisinghemical
engineering, counseling, psychology, and varying exceptionallivesteaches have
undergraduate degrees in science or engineering and completed coursework to obtain secondary
mathematics certification. By selectitgaches with a wide variety of informal and formal
educational experiences, my belief was that | couldisatharacteristics of both formal and
informal experiences that may have contributettéahes 6 devel opment of robus
understandings of variation.

| selectedeachers using general characteristics typically considered in phenomenological

researchincluding gender (Moustakas, 1994). | selectgdat numbers afnale and female
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teachergrom fourteen different states across the continengkd States and Washington D,
includingteaches from theNorth, East,South, West, andMidwest,in an attempto select

teacherghat obtained their undergraduate and graduate degrees from different universities, taught
in different school systems, and experienced different professional development programs. Three
teaches have assumed leadership roles in thee@elBoard organization in ways beyond table
leadership, and seven have statist&lated publications, including textbook and textboelated
publications, magazine or wddased articles and activities, and workshelated publications.

Serving in leadeship positions or publishing statistioslated work provides additional learning
opportunities foteachesd opportunities not necessarily duplicated in other criteria used to select
participants. As the diversity of e a ¢ éxpeniescés might suggestymaingoal was to have

teaches with as many varied learning opportunities as possible.

Selection Process

To seleciparticipants| began by contacting a tabader to obtain the names anthail
addresses of current and past table leaders and rdagieig.email communication, | contacted
approximately 125econdary teachers in the continental United States who attended the 2006 and
2007 AP Readings and who voluntarily included theinaél addresses on a ligénerated at the
AP Reading. Teachewghowere interested ihearing more about the study included contact
information in their responsés the email. | called or emailed approximately 45 teachevegho
expressedhterest, described the study to them, and ascertainedetheliof interestWhen
teachers stated a preference fona&l, | emailed the introductory script approved by thei€f
of Research Protections. | read the scrifveryone elseAs part of my conversations with
teachers, | received recommendations and contact infornfatitiree additional teachers, who |

then contacted in the same manasdescribed. After my initial contact, if a teacher expressed an
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interest in participating in the study,-heailed a passworgrotected questionnaire and asked him
or her to return t completed questionnaire to me as soon as possible. The questionnaire,
displayed in Appendix Awas the primary tool | used for participaetecton.

To obtain participants who represented a wide variety of experiences, | waitaiew
guestionnairesantil | received fifteen. Initially | believed that | would have sufficient diversity of
experiences with ten participants; fifte@sponseseemedo besufficient for making
preliminary choices. From this pool of fifteen teachers and with input froth@nmathematics
education researcher, | selected male and female participants who exhibited diversity in years of
teaching mathematics in general and teaching statistics in particesas; as readers atable
leaders; formal degree work; and experieneé&h attending or conducting professional
development. In particular, | selected a pool of participants with a variety of experience
configurations while ensuring that not all of tleaches had the same experiences. If two
teaches had a similar configration of experiences, | gave priority to teacheiin closer
geographical proximity to me.

An example of the types of decisions | made while selecting participants can be
illustrated with the experiences of BlgkEden, and a gentleman not selectadpiarticipation.

These three teachers were among the fifteen who initially expressed interest in the study. The
gentleman not assigned a pseudonym had 29 years of teaching experience and taught statistics for
eight of those years. He attended five AP Regs] had undergraduate and graduate degrees in
mathematics education, attended approximately 40 professional development sessions related to
statistics, and conducted five professional development sessions in statistics. In comparison,

Blake attended atal of seven AP Readings, one for which he was a table leader. He has an
undergraduate degree in mathematics and a graduate degree in mathematics education. He

attended approximately 30 professional development sessions related to statistics. Edeor taught f

“ Blake, Eden, and all other participant names are pseudonyms.
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30 years, including statistics for 10 of those years. She attended seven AP Readings, conducted
two professional development sessions, and served as a statistical consultant for her high school.
Arguably, when Blake and Eden are considered togethéretferiences overlap with the
unnamedy e nt | e ma n 6 $0 a Enggeatent. Additooraby, Blake and Eden add unique
experience$o the study experiences thatotentially affectedheir statistical understandings.
Eden has an undergraduate degrezhamistry, with a minor in physics. Blake has been teaching
statistics for 18 years, including seven ydafore the AP Gtistics course existeahd is a table
leader Eden and Blake added unique characteristics to the study, while also having experience
similar to those of the gentleman. Other participants also had experiences that overlapped with
those of the gentleman. Because they had unique experiences, Blake and Eden were selected to
participate in the study; because the gentleman had commonesxearihat were experienced
by others with additional unique experiences, he was not selected for the study.

From the initial pool of questionnaire respondents, | selected ten participants and e
mailed the teachers to inform them of their selection améljoest additional information from
them. Nine of the ten teachers returned a signed consent form to me and participated fully in the
study. After these ten individuals were contacted, | continued to receive guestionnaires. |
expanded the number of pargiants if an individual had a unique characteristic or experience
that may have related to statistics learning and that was not represented or experienced among
those teachers already selected. Additional experiences included engineering coursework, degree
work for teaching students with varying exceptionalities, degree work for an MBA, unique
statistical publications, leadership separate from the AP Reading and the College Board, and
leadership roles in AP statistics different from table leading. Addingcpants with these
experiences brought the total number of participants to sixteen. Three teachers participated in a

pilot study, and a total of thirty teachers returned signed informed consent forms stating a
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willingness to participate in the study. Thars who agreed to participate in the study and who
were selected for participation were compensated monetarily for their participation.
Seidman(2006)suggests two criteria for determining sample sizes for qualitatideest
sufficiently large yet not exceeding saturatibising these criterifor this study, the sample size
is sufficiently large to reflect the variety of experiences for teachers who experience the
phenomenon of coming to understand variation yet seiffity small so that the point of
saturation is not exceedelthese 16 teachers, eightile anceight femalestudied statistics both
formally and informallyandhada variety of experiences in learning and teaching statistics, a
variety of educational anclltural experiences, and a variety of leadership experien@d? in

Statistics.

Data Collection to Address Research Question One

To obtain information about teachersd conce
they have robust understandings afiation, | conducted a 96 120minute semistructured
content interview with eacbf the 16teaches. During the interview, teachers responded to a set
of tasks that required them to reason about variation frorrceataic, modeling, and design
perspetives. Each task statement was purposefully vague to tdethes to approach the task
from multiple perspectivesllowinginsights into aspects of variation most promirfenteach
teacher Each task was designed to all®aches to exhibit formal, bstract reasoning from
individual perspectives and integrated reasoning across perspectives through the process
associated with the design of tasks using the SOLO Model. As a collection, the tasks are
extremely operended and not the kind of tasks that ynegachers are likely to have encountered

previously; however, the tasks are approachable with introduleieey statistics knowledge.
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The SOLO Model in Relation to Data Collection

The SOLO Model provides a tool dfwamatonnvesti g
through analysis of their responsestteinterview tasks. The model aids in classifyititferent
levels of responsésresponses that provide insight into statistical understandings (Biggs &
Collis, 1982). The interview tasks and the linéguestioning related to each task in this study
were designed to elicit reasoning in the formal mode and to allow determiottawels of
reasoning foboth cycles of levels of the formal mode.
Figure 41 shows an abbreviated description of the féaiments (variational disposition,
variability in data for contextual variables, variation and relationships among data and variables,
and the effects of sample size on variability) from each perspectiventieatjed from analysis of
the pilot interviews ath thatweresubsequentlysed to establish levels of reasoning in the SOLO
Model® Integrated reasoning involving the four elements from a particular perspective is
indicative of relational reasoning within that perspective. In general terms, the foentdem
correspond with an expectation for and consideration of variation in statistical problem solving,
consideration and exploration of variation related to specific contextual factors, consideration of
variation to reveal relationships among data anchisées, and consideration of the effects of
sample size on data analysisdescription of the analysis that led to identifying these four
elements appearsn t he section titled fAData Analysis to
Discussion of how the intewiw t as ks wer e des iuglerstaddingad educe t e
variationuses the shorthand notation for elements of perspectives shown in Fidgufe.g., DP1,

DCP1, MP1, etc.).

® Chapter 6 contains detailed descriptions of esetment.
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Elements and Reasoning Indicative of Robust Understanding of Variation

Perspective

Design Perspective Data-Centric Perspective Modeling Perspective
Element
Variational DP1: DCP1: MP1:
disposition Acknowledging the existence of | Anticipating reasonable Anticipating and allowing for

vanability and the need for study

vanability in data

reasonable vardability in data

design when using models
Variahility in DP2: DCP2: MP2:
data for Using contextto consider Descrbing andmeasuring Identifying the pattem of
contextual sources and types of vanability varability in data forcontextual | vanability in data orthe
variables tomform study design or to vanables aspart of exploratory expected pattem of vanability

critique study design

data analysis

for contextual varables by

Variability and

DP3:

DCP3:

MP3:

relationships Controlling vanability when Explonng controlled andrandom | Modeling controlled or random
among data and | designing studies or critiquing vanability to infer relationships vanability in data. transfonmed
variables the extent to which vanability among data and vanables data, orsample statistics

was controlled in studies
Effects of DP4: DCP4: MP4:
sample size on Anticipating the effects of Examiningthe effects ofsample | Anticipating the effects of
variahility sample size when designing a size through the creation, use, or | sample size on the vanability of

study or citiquing a study mterpretation of data-based a sampling distnbution

design graphical or numerical

representations

First SOLO U —M—>R U — M >R U— M —*R;

cvcle of levels

Second SOLO
cvcle of levels

U,
+
Ma
v

R;

Figure4-1. Elements and Indicators of Robushdérstading as TwoCyclesof Levels in the

SOLO Model
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The Consultant Task

The first task presented to teachers was the Consultarft Shaskn in Figure 2.
Although | describe the task by attending to the design perspective first, the order of questions
used with any one teaaheas determined by the direction taken by the teacher in response to the
task statement. | anticipated that the task statement could elicit reasoning from any of the three
perspectives. By providing no information about how administrators selected ¢zaahgrs
could respond that no conclusion is possible because the samples might be biased, which would
lead into reasoning from the design perspective. Because the only summary measures included in
the statement were the average scores for each samphlergeeaould respond that they need
additional information about the data to form a conclusion, leading into reasoning from the data
centric perspective. Finally, by presenting information about means and asking for a comparison
between consultants, teah could respond by suggesting that they would conduct a test of

inference to form a conclusion, which would lead into reasoning from the modeling perspective.

To i mprove studentsdé test scores on st
digtrict require students to take practice exams. Two outside consultants create and sg
openended questions from these exams. Although both consultants use the same rub
score student responses, the administrators suspect that the consulanisteopret and
apply the rubric in the same way, resulting in differences in scores between the exams
by the two consultants. The consultant
administrators are trying to decide if they shibrdnew the contract. They decide to use tff
most recent practice exam to compare the scores assigned from each consultant and
whether there is a difference in the way the exams were scored. The administrators sq
exams scored by the firsbnsultant and 50 exams scored by the second consultant. The
that the average score for the 50 exams scored by the first consultant was 9.7 (out of
possible 15 points), while the average score for the 50 exams scored by the second ct
was 103 (out of a possible 15 points). What should the administrators conclude about
scores assigned by these two consultants?

Figure4-2: The Consultant Task

® The Consultant Task is an original task created by the researcher for the content interview.
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Design Perspective

Teachers tended to offeritiques of the data collection methods usedthy
administrators. In particular, when teachers noted missing informatnasampling
technique, | asked them to describe why the information was important, how the information
woul d enable them to answer t hesionatdeymconlddsawr at or s
in the absence of that information. Asking why additional information was important provided
opportunities for teachers to express recognition of the omnipresence of variability (DP1), to offer
concerns related to the effects of poirsources of variation specific to the context (DP2), and
to express a need to know how those potential sources of variation were controlled (DP3). By
consideing how the additional information would help and probing for justifications to support
resporses, teachers could reason about design elements in general tétnassicananultiple
contexts and provide information of their reasoning in the formal mode. Limstygh attention
to whatconclusions could be drawn strictly from the given inforomtfurther insight of
teachersd variational dispositions could be ob
After teachers commented on the design implemented by the administrators, | asked them
to describe and defend the design they would h
guestion. Through this question, teachers were given an additional opportunity to reason about
the DP1, DP2, and DP3 elements offered in their critiques as well as an opportunity to consider
additional controlling strategies (DP3) and to describe the sftdctample size in their proposed

desigrs (DP4).



86

Data-Centric Perspective

When teachers addressed how they would anal
began by requesting information about the variation in scores to complement the given
information about centers. | asked them to describe why they needed information about variation,
which offered insights into their variational disposition (DCPpyrovided values for measures of
variation anddotplotsof the dateseparately andnly afterteaders requested the information
The summary values and dotplots are shown in FigidieFMom the summary measures, | asked
teachers to describe the distributions they would expect to see associated with the given summary
values to inform how they describeariation and interpreted standard deviation (DCP2). When
teachers examined the dotplots, they tended to
summary measures and dotplbasked teachers to estimate values for the mean and standard
deviationof the data displayed in the dotpbotd to explain how they estimated the valges
inform how they used data to reason about variation (DCP2). | also asked teachers to reason
about what the administrators could conclude from the given information, alfoeled them to
reason about variation within each distribution (DCP2) and to compare variation between

distributions using summary measures and graphical representations of the data (DCP3).

"The discrepancy in Consultant Twob6s scores appeare
of a score of 15. The summary measures forsCol t ant Twods scores were calcu
150. The dotplot of Consultant Twobés scores only di
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Figure4-3: Summary \alues andotplots for Sample Examcres

Teachers had additional opportunities to reason about variation from theedtia
perspective by addressing all four elements of the@at&ic perspective in response to
guestionsuch aghose asked of the original data fbe corrected sumary measures and dotplot
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Figure4-4. Corrected Summary Values and Dotplots for Sample ExaomeS

As a second part of the Consultant Task, | asked teachers to despéiotedlifferences
between sizd5 samples and either si30 or size50 sampleso ascertairtheir perceptions of

the effects of sample size on variability (DCP4). | then gave teachers the scores of 15 exams
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randomly selected from those scored by each consultartsked thenagainto determine

whether there appeared to be a difference in the way the consultants scored the exams. The scores
are displayed in Table-3. Because trse sampl@ata werepresented in tabular fim and

available in lists on @l-84 graphingcalculatorif teaches expressed a desire to use a calculator,
teaches chose summary measures, graphical representations, or strategetanalyzing the

data andeasoing about issuesf representing, measuring, and describing variation (DCP2) for

each consultant and cmmparevariation between the two consultants (DCH3jrough the

variety of situationsand questions presenttime Consultant Taskeachersouldrepresent,

measuredescribeand reason abouariationin multiple ways.

Table4-1: Exam Scores for Randomly Selected Exams Scored by the dngulfants

Consultat 1 Consultant 2
8 14
4 13
3 11
7 13
6 9
4 12
3 11

10 7
8 6
3 8
15 1
5 12
3 13
5 10
2 11
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Modeling Perspective

As part of their comparison of scores foe two consultants, many teachdiscused
formal inferentialcomparison®f thetwo groups, which provided opportunities for reasoning
aboutdistributions to model thpattern of variability in the data (MP2) and to model sampling
distributions for sampl statistics from samples of a given size (MP3)so asked teachers to
respond to questions related to their expectafimnadditional samplesf different sizeselected
from the same populatiqiiP4), which informed how thelyalance the ideas of saple
representativeness and sample variabjRybin, Bruce, & Tenney, 1990Vhe way teachers
expressed their conclusions provided insight into their variational disposition (MP1). Although
teachers had the opportunity to reason from the modeling pévepiecthe Consultant Task, the
Caliper Task waspecificallydesigned telicit reasoning about variation from the modeling

perspective.

The Caliper Task

Figure4-5 and Figured-6 show the graph and question initially presented for the Caliper
Task® By failing to mentionany kind ofcontextfor the datal anticipated that teachers would
initially reason from the design perspective or from the modeling perspective. Teachers who first
attended to considerations for making a prediction exhibited reasoomdghe modeling
perspective, whereas teachers who expressed a need to know the context of the data to consider

the nature of or expected pattern of variability for the data reasoned from the design perspective.

8 The Caliper Task is an original task created by the researcher for the content interview.
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Figure4-5: Initial Graph for the Caper Task

Imagine that one of your students asked you to look at this graph of data their lab partners collecte
during a science | ab. The studentds partnerxg
andy. The student asks you how theynight use this graph to predict a value fory, given a value of 4
for Xx. What would you say to the student?

Figure4-6: Initial Question for the Caliper Task

Design Perspective

Teachers who expressed a need to know the context were asked to attieutaasons
behind their requestand to justify the legitimacy of their concemagated tocontext. Responses
to these questions tended to provide informat.i
or how the teacher used context to considenariability expected in data for each variable and
in the relationship between variables (DP2). The small sample size offered additional
opportunities for teachers to reason about the effects of sample size on data variability, as did a
larger sample msented later in the Caliper Task (DR4)aveteachers information abotite
context after they reasoned about the datentontext The data in the scatterplate
measurement data for an object manufactured to have a specified length measutedetecen

as the explanatory variable. Tberresponding responsevalsei a st udent 6 s Ver ni er
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measurement of the same object to the nearest thousandth of drasiatteachers to describe
reason$ehindwhy the data did nagxactlymatch the péern of the known theoretical

relationship between inches and centimeters, which provided additional opportunities for teachers
to reason about sources of variability in the given context (DP2) and to offer suggestions for how

design strategies could hasentrolled the variability from those sources (DP3).

Data-Centric Perspective

When teachers speculated about various models the student could use to make a
prediction from the given data, | encouraged them to describe the conditions under which each
regponse would be appropriate and to describe how the student could decide which model was the
best to us¢o make grediction.Theirresponsesuggestd how teachers focum the aggregate
of the data to reason about the pattern of the variabilitydrd#ia (DCP2) and how they ufige
correlation, the coefficient of determination, or a residual plevtuateeach model (DCP2) and

selectthe best model (DCP3).

Modeling Perspective

In order to make a predictionfgi n r esponse t onmangtesxhensdent 6 s
offered a function they would use to model the data. In addition to asking how they formulated
the model, | askeatcherdo defend their choice of model, to describe the goodndbsiof
modekbfit, and to articulate their predictiotoag with why their prediction made sense.
Articulating their predictions allowed me to o
variability (MP1). Defending their choice of model and describiogdmess of fit informed how

teachersdentified patternsf variability in the data and model use to explain variability in data
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(MP2) as well as how they reasoned about random variability by examining deviations from the
model (MP3). If teachers suggested models that were not linear, | asked them how tihé&y @oul
line tothe data to inform their considerations about transforming data to improve fit and explain
more variability (MP3).

After | told teachers the context, | asked them to reconsider their responses and their
reasons for any changes in thegpenses in light of the context. In particulasisked probing
guestions to eliciteasoningabouthow context affected model selection (MP2) asasoning
relating tothe amount of variability allowed in predictions (MP1). To establish how teachers
reasmed about the effects of sample size on bivariate data)(MBgked questions similar to

those for the original scatterplot in response to the scatterplot shown in &igure

Stacked Cellection 1 [ Scatter Piot 18 ]
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Figure4-7: Scatterplot Resultingrbm a Larger Data&d

In addition b describing and justifying a model to best fit the bivariate data, | asked
teaches todescribea reasonable model to fit the uninaei distributions formed at the seven
discrete centimeter measurements to gdthvéner information about the extent tdiwh context
influencegpattern expectatiofMP2). | also askedeaches to consider the pattern of variability in
univariate distributions under conditions that would produce different lines of heghifih

informed the meani ngdd hfeiyt acGNMB8) at ed with

figo
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If the content interviewook no more than sevenfive minutes at this point,dsked

teachers to descrilzhfferent measures of variatiatisplayed in thdinear regressionutput

shown inFigure 48. In particular, | asked teachers togen about the coefficient of

determination in light of the apparent deviation of data from the line. | also teslatbs to

reason aboug, the standard deviation of the residuals. Asking these questions provided

information about how teachers reasoniedut summary measures for bivariate dapaovided

a residual plot iteachersndicated they needed one in order to reason about goodness of fit.

Regression Analysis: Inch versus Cm

The regressicn eguation is

Inch = 0.00032%9 + 0.3%4 Cm

Predictor Coef SE Coef T P
Constant 0.0003239 0.0008014 0.55 0.584
Cm 0.393590 0.000243  1586.27 0.000
§ = 0.0748784 E-5g = 94.7% B-Sgiadj) = 94.7%
REnalysis of Variance

Source DF 55 M5 F
Begressicn 1 14108 14108 2516267.73
Beaidual Errcr 139992 785 0

Total 139999 14393

F
0.000

Figure4-8: Regression Output for the Datasplayed in Figure &.

The Handwriting Task

The Calipe Task was designed for teachers to reason from the modeling perspeudive,

the Handwriting Task was designed to elicit reasoning from the design perspective.réte a

parts to the Handwriting Taskas shown in Figure-8 and Figure 4.0. The firstpartrelating to

° The first mrt of the Handwriting Task stemmed from an idea posted on the AP Statistics electronic
discussion group by Joshua Zucker on October 13, 2006 . The second part of the task stemmed from an
idea posted by Floyd Bullard on October 11, 2006. Both ideas degdirfiom an article published in the

Washington Post on October 11, 2q@8essler, 2006)
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the quote shown in FigureQttypically was not discussed if less than ten minutes remained in the
interview. Figure4-9 presents a quote from a newspaper ariiclghichthe author describes

parts of an experimentatudy but fails to dscribe key featura¥ the study| asked teachsto
describethe apparent or missirfgatures they would expect their students to notice@nd
describeany featureshey noticedhat they would not necessarily expect their students to notice.
For eacHeature, | asked teachers to describe the importance of the feature and the benefit or
detrimentof the feature$o gain insight into the types of variables teachers would attribute to the
setting (DP2) anthe aspects of control thevould stress fothe given setting (DP3), including

aspects ofandomization and sample size (DP4).

Al n one of the studies, Vanderbilt Universi-Ht
writing, experimented with a group of first-graders in Prince George's Canty who could write only
10 to 12 letters per minute. The kids were given 15 minutes of handwriting instruction three times
week. After nine weeks, they had doubled their writing speed and their expressed thoughts were
more complex. He also foundcorrgsondi ng i ncreases in their s
2006).

Figure4-9: Excerpt to Critique Bsign

AWhen adu
0t hey st
(Pressler, 2006).

ts are given the same composition
I

I
I give laomwemuagl adgs offorwriideéatgi o

Figure4-10: Excerpt to Create &sign

In the quote displayed in Figureld, the author conjectures that a relationship exists
between handwriting quality and compositenores assigned by adultasked ¢achers to
describe how they would design a study to test the stated conjectueachsrs created their
desigrs, | asked them to explain the decisions they made and their reasons for making those
decisions. The questis targeted issues of replication, randomization, and control in relation to
variation to gather i nf or niteeirexpeaatioa bf gaudationt eac her s
(DP1),consideration ofariationsourcegDP2), attempts to control variability EE3), and

reasoning abowgample size (DP4). If teachers did not mention sample size or blocking, | asked
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them to consider each as part of their design to provide further information about their
consideration of control in study design (DP3) and contratedito sample size (DP4).

As the preceding descriptions of the tasks and the lines of quagtiaated to each task
suggestaspects of reasoning from the design, -detaric, and modeling perspectives were
touched upon in several of the tasks, thgneroviding opportunities for teachers to integrate
reasoning about variation from the three perspectives throughout the entire psoblizg

sessiorand to reason about variation in different contexts

Data Analysis to Address Research Question One

The content interviews were the primary
conceptions of variation arfdr determining those teachers whose reasoning was indicative of
robustunderstandingof variation. To analyze the interview data, | used annobtasascripts of
interviews with each teachande x a mi n e d statisties couresyllabé® and content
focused excerpts frotheir context interviewsThe analysis consisted of multiple stages, with

each successive stage building on the previous one.

Pre-Pilot and Pilot Study Analysis

Prior to data collection for the 16 teachers in the study, | conducteepdqirstudy with
three teachers, followed by a pilot study with three teachpii®ted the contentinterview
schedule and taskgith AP Satistics teachers wheere not considered for inclusion in the study.
Some are friends who | hexknown for a number of years, and although it seenagpropriate

to includethemin the participant podbr the main studyl hypothesized thahcluding themn

1% Fiteen of the 16 teachers in this studied progtidi¢her paper or electronic copies of their AP Statistics
syllabi.

sour
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the pilot studies could inform the design of tasks without compromising the participant pool.

Othe pilot study teachers were ARafistics teachers who are not curhghtaderdn the AP

Statistics progranfu s i ng @&sitiechaefeirme d eicnt itohne PirSecless o0 secti o
Themainpurpose of the prpilot and pilot studiesvasto determinewhether theeontent

interview tasks and promptscowd i ci t evi de nc e abwidtvatiadodronmteer s 0 r e a

design, datzentric, and modeling perspa@sandelicit evidence of relatical-level reasoning

in the formal modeUsing insights abowvhat it means to understamdriationextrapolated from

existingexpository and research literatuhat mainly draws from my synthesis of the writings of

Frarklin and colleagues (2007); Garfield and Bévi (2005); Garfield, delMas, and Chance

(2007); Moore (1990); Reading and Shaughnessy (2004); Reading and Reid (2006); and Wild and

Pfannkuch (1999), created dist of indicatorsfor each perspectivihatsuggestedeasoning

indicative ofsomeonavho understandsariation Table 42 contains the original list of

indicators
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Table4-2: Initial List of Indicators of Robust kbderstanding

Perspective

Indicators

Design

D1: Anticipation of the omnipresence adnability and acknowledgement of natural

D2:

D3:

D4:

variability, particularly when designing a study and making conclusions from th
study

Anticipation of possible sources of variability (such as measurement variability
context of the study and descriptiof the differences in the magnitude of the effe
various sources may have on the variability in measured characteristics
Anticipation of the effects of sample size looththe variability d the sample and o
the statistics characteristic of thensple (statistics used to make inferences abou
parameters) for designing a study or in consideration of a study design
Acknowledgement of controllable and uncontrollable variability, such as explica
the benefit of using random assignment or randelaction of
observational/experimental units in the context of a particular study, and the ng
control to be able to isolate systemic variation from random variation

Data
Centric

DC1:Creation, use, or interpretation of various representationsgataighlight patterns

DC2:Calculation of summary statistics values or acknowledgement of the utility in hg

DC3:Estimation of measures of variability for a set of data based upon characteristiq

DC4:Use of summary statistics measures, including measures of variation, to make

in the variability of the data and to focus on the aggregate features of the data

summary measures for measuring the variability in the dateeause of and
interpretation of appropriate summary statistics (including measures of vasatib
asrange, interquartile range, and standard deviation for univariate sets of data
correlation and the proportion of variability for bivariate setdatf) to describe
holistic features of the distribution

data distribution, including shape, center, and the presence of outliers for univg
sets of data, arorrelation and the proportion of variability for bivariate sets of dg

comparisons and to examine the variability within and among groups

Modeling

M1:

M2:

M3:

M4:

Use of a normiadistribution to model patterns of variation for symmetric, 4s@khpec
data distributions (along with the corresponding use of other probability distriby
for nonnormal distributions) and use of the characteristics of a hormal distributi
(based orcenter and spread and the effects of sample size on spread) to exam
characteristics of the data, including invocation of the empirical rule to estimate
variability by using knowledge that approximately 68% of the data lies within of
standard deviatioof the mean, approximately 95% of the data lies within two
standard deviations of the mean, and approximately 99.7% of the data lies with
three standard deviations of the mean

Use of appropriate models or transformations to account for the vayiabitdata an
to isolate the signal from the noise (i.e., variation in the data from the signal or
expected pattern of data) for univariate or bivariate sets of data

Use of deviations from the model fit to variable data that deviates from the exp
pattern to describe the goodness of fit of the model

Use of models to make predictions or statistical inferences from the data while
allowing for variability with predictions or when interpreting results

Prepilot and pilotcontent interviews wervideorecorded, transcribed, and annotated

prior

variation to the indicators in Table2dto determinevhether the tasks evoked reasoning aligned

t

o

analysis. Analysis consisted of

mat c h
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with indicatorsandto determine if additional indicatorseecdto be added to the tabl@ne of

the changes to the interview scheduteurred subsequent to analysisGnsultant Taskata

with respect to the indicator listed as DC1 in Tabl: Zhe indicatorficreation, useor

interpretation of various representations of data to highlight patterns in the variability of the data
and to focus on the aggregate features of thedkaiggestshat teachers miglreate or use

multiple data representatiottsanalyze dataHoweve, the originataskgaveteachers dotplots

for both size50 samples and siZeb samples, witimostteacherseacting byreasoning strictly

from the dotplots. Figure-41 displays the dotplotssed in the pilot studider thesize 15

samples. To providelggher probability for evoking reasoning about multiple representations,
the data wrepresented in tabuldorm for themainstudy(seeTable 41), with the result that

some teachers created and interpreted dotplots, boxplots, and summary measudstaf the

Figure4-11: Original Presentation of SizEb Samples in the Consultant Task

Analysisof prepilot and pilot datalsoled tothe development o& frameworkconsisting
of a set of lists of observabiedicatorsfor perspectives crossed wikbur considerations or

aspects of variabilityhat transcend perspectives, hereafter referredeéteasents(See Table 4



