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Introduction 

T h e  p r i m a r y  source o f  t h e  material used i n  t h i s  presentat ion is  T h e  A r t  -- - 

and ~ e c h n i q u e s  o f  Simulation, a book f rom t h e  Quant i ta t ive L i te racy  
Series. T h e  series was w r i t t e n  bv members o f  t h e  American Stat ist ical  As -  
sociation-National Counci l  o f  ~ e i c h e r s  o f  Mathematics Jo in t  Committee on 
t h e  Cur r i cu lum in Stat ist ics and Probabi l i ty  and funded in p a r t  by a g r a n t  
f rom t h e  National Science Foundation. These techniques are designed f o r  
use in middle school t h r o u g h  senior high school. T h e y  fea ture  stat ist ical  
topics t h a t  a re  important  t o  students, a wealth o f  hands-on act iv i t ies, real 
data sets and  act ive experiments which motivate s tudent  part ic ipat ion, and 
graphical  methods instead o f  complicated formulas o r  abs t rac t  mathematical 

. concepts. I n  par t icu lar ,  simulation i s  in t roduced as a technique f o r  so lv ing  
p robab i l i t y  and stat is t ics problems. 

Objectives 

Practical problems f rom t h e  v e r y  simple t o  t h e  most complex can be  solved 
(or  a t  least approximated) by us ing simple simulation. T h e  simulation p r o -  
cedure involves conduct ing  experiments which closely resemble an actual 
s i tuat ion i n  o r d e r  t o  p rov ide  answers t o  real  l i fe  problems. 

A hands-on approach i n  which t h e  students act ive ly  par t ic ipate i n  ob ta in-  
ing resu l ts  is  used. Beg inn ing w i t h  simple models where emphasis i s  placed 
on est imating t h e  p robab i l i t y  o f  an event, a gradual  progression eventual ly  
leads t h e  students t o  t h e  po in t  where t h e y  are able t o  app ly  methods i n -  
vo l v ing  stat is t ica l  in ference t o  d raw conclusions about t h e i r  resul ts .  S tu -  
dents a r e  t a u g h t  a step-by-step procedure f o r  app ly ing  t h e  simulation 
technique which helps them answer questions about t h e  behavior  o f  real 
processes under  v a r y i n g  condit ions. Many o f  t h e  applications discussed 
here  can read i l y  b e  adapted t o  t h e  computer, b u t  t h e  approach is no t  com- 
p u t e r  dependent.  

A Simulation Model 

T h i s  method consists o f  an e ight-step process which i s  out l ined below: 

Step 1 : 

State t h e  problem c lear ly  so t h a t  a l l  necessary information i s  g i ven  and t h e  
object ive is  clear.  
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Example: Two evenly matched baseball teams play each other f o r  a series 
o f  seven games. Estimate the probabi l i ty  t ha t  team I wi l l  w in  the  series by 
winning a t  least fou r  games f rom team 2. 

Step 2: 

Define the  simple events which form the basis o f  the simulation. 

Example: The  seven games form a series o f  seven simple events, each of  
which can be simulated v e r y  easily. 

Step 3: 

State the  under ly ing assumptions which simpli fy the problem so t ha t  a solu- 
t ion can be found. 

Example: We 
tha t  f o r  any 

make the assumption t ha t  the  teams are evenly matched so 
single game (simple event) the probabi l i ty  t ha t  team 1 wi l l  win 
so assume tha t  the games are independent so t ha t  the outcome 

of  any one game is not  affected by outcomes o f  the previous games. 

Step 4: 

Select a model f o r  a simple event by choosing a device t o  generate chance 
outcomes wi th  the  probabil i t ies as dictated by the real event. 

Example: Since the  probabi l i ty  t ha t  team 1 wins a game is 1/2, ' w e  can 
model a single game b y  tossing a coin and let t ing a head, represent a win 
f o r  team 1 and a ta i l  represent a win f o r  team 2. 

Step 5: 

Define and conduct a t r i a l  which consists o f  a series o f  simple event simula- 
tions t ha t  stop when the event o f  interest  has been simulated once. 

Example: Since teams 1 and 2 are t o  p lay a seven game series, tossing a 
fa i r  coin seven times would model a single playing o f  the series. 

Step 6: 

Record the observation of  interest  by tabulat ing the information necessary 
t o  reach the desired objective. Most often, th i s  simply requires a notation 
of favorable o r  nonfavorable f o r  each t r ia l .  Occasionally, a numerical out -  
come wi l l  be noted. 

Example: After tossing the coin several times, we observe the number of  
heads. If the  number o f  heads is a t  least four, the t r i a l  is classified as 
favorable t o  the  event t ha t  team 1 wins the  series. It might  be useful t o  
keep a record o f  the  number o f  games won by team '1 on each t r ia l .  
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Step 7: 

Repeat steps 5 and 6 a t  least 50 times. A n  accurate estimate o f  a probab i l -  
ity f rom empirical resu l ts  requ i res  a la rge number o f  t r ia ls .  If t h e  simula- 
t i on  is  done w i t h  t h e  a id  o f  a computer, t h e n  1000 o r  more t r i a l s  can b e  
r u n  w i thout  a n y  inconvenience. 

Example: Toss t h e  coin seven more times and record  t h e  number o f  heads. 
Repeat t h i s  procedure u n t i l  a t  least 50 t r i a l s  of seven coin tosses are  ob-  
tained. 

Step 8: 

Summarize t h e  information and d r a w  conclusions. We can estimate t h e  p r o -  
bab i l i t y  o f  an even t  o f  interest,  A, by evaluat ing: 

t h e  number o f  t r i a l s  favorable t o  A 

t h e  to ta l  number o f  t r i a l s  in t h e  experiment 

Example: We can estimate t h e  p robab i l i t y  t h a t  team 1 wins a t  least 
f o u r  games by evaluat ing:  

t h e  number o f  t r i a l s  w i t h  a t  least f o u r  heads 

t h e  to ta l  number o f  t r i a l s  in t h e  experiment 

A coin p rov ided  a simple way t o  generate outcomes in t h e  exper iment  above 
because it was necessary t o  use a device t h a t  would generate two  outcomes 
w i th  equal f requency.  Many o ther  devices could be used equal ly  as wel l  as 
long as the re  are two  outcomes w i t h  an ident ical chance o f  occur r ing .  For  
example, we could use a d ie toss and  c lassi fy  t h e  outcomes as e i ther  even 
o r  odd. 

Simulation When Probabi l i t ies D i f f e r  From One-Half 

I n  t h e  preceding example we generated t h e  outcomes o f  t h e  exper iment  by 
tossing a coin because each outcome had an equal chance o f  occur r ing .  
Now le t  us consider a simulation problem i n  which we have a simple even t  
where t h e  p robab i l i t y  i s  no t  equal t o  1/2. Obviously, t h e  coin is  no t  an 
appropr iate device in t h i s  case. However, t he re  are s t i l l  a number o f  easy 
ways t o  simulate t h i s  t y p e  o f  experiment.  One possibi l i ty,  i l lus t ra ted be -  
low, is  t o  use a random number table. 

Step 1 : State t h e  problem c lear ly .  

Joe r u n s  a bus  w i t h  e igh t  seats. On t h e  average 10% o f  t h e  people who 
b u y  t i cke ts  i n  advance do  no t  show up.  So Joe sells ten  t i cke ts  f o r  each 
trip. Estimate t h e  p robab i l i t y  t h a t  more than  e igh t  people show u p  w i t h  
t i cke ts .  

ICOTS 2, 1986: Beth H. Bryan



Step 2: Define the simple events. 

The simple events are whether a person holding a t icket  shows up  for 
the t r i p .  

Step 3: State the underlying assumptions. 

The probability that  any one person wi th  a t icket  fails t o  show u p  for 
the t r i p  is 10%. Whether any given ticketholder shows up  o r  not Is inde- 
pendent of what happens t o  the other ticketholders. 

Step 4: Select a model f o r  a simple event. 

Draw a number from a random number table. The number 0 wi l l  pepre- 
sent a ticketholder who didn't show up  f o r  the trip. 

Step 5: Define and conduct a t r ia l .  

Since ten tickets are sold' for  each t r ip ,  one t r ia l  wi l l  consist of draping 
ten random numbers representing the ticketholders fo r  one t r i p .  if the 
f i r s t  t r ia l  resulted i n  0 6 4 9 3 1 8 6 6 9 , then nine of  the ten ticket- 
holders showed up fo r  the t r ip .  

Step 6: Record the observation of interest. 

If nine ticketholders showed up, one person did not  get a seat. We then 
keep a tal ly of the number of ticketholders who did not  get seats fo r  
each t r i p  (tr ial).  

Step 7: Repeat step 5 G 6 unt i l  100 tr ia ls are completed. 

The results of 100 such tr ia ls are summarlxed below: 

Number not gett ing seats Number of t r ia ls  

Step 8: Summarize the information and draw conclusions. 

The data from step 7 show that  more than eight people showed up  74 
times out  of 100. Therefore the p r o b a b i l j t ~  that  more than eight t icket-  
holders show up  fo r  any one t r i p  i s  estima&$ to  be 74/100 = .74. 
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Conclusion 

Simulation techniques following the same eight step approach can also be 
devised fo r  situations where the number of simple events i n  a t r i a l  is not  
predetermined, i.e. the  length of  a t r ia l  changes from one performance t o  
the next, as well as more complex problems where the event o f  interest 
may have more than one characteristic. There are numerous examples of 
practical problems which can be simulated using this approach and which 
are interesting and motivating fo r  12 to  18 year old students. A part ial 
l is t ing could include predict ing the outcome of sport ing events such as 
basketball games, the results of  an election, the outcomes of games of 
chance, the  wait ing times i n  customer lines, and the event o f  passing o r  
fai l ing on multiple choice tests. Clearly, simulation is an ideal mechanism 
fo r  prov id ing the teacher wi th the opportuni ty t o  develop a systematic p ro -  
gression from estimating probabilities t o  drawing conclusions and making 
inferences. 
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