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Statistics 120
Fitting a Straight Line
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The Problem

Given aset of points

(x1;y1); : : : ;(xn;yn);

how do we � nd astraight line

y = a+bx

which providesagood description of thegeneral trend
underlying thepoints?
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Line Fits Badly

y = 29 + x
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Line Fits Well

y = - 11 + 4x
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Fitting Criteria

• Any assessment of how well a line � tsaset of points
must bebased on how far the linedeviates from the
points.

di = yi − (a+bxi); i = 1; : : : ;n

• It makessense to use theabsolutedeviations |di| rather
than the raw deviations di.

• Therearemany different measuresof how well a line
� tsaset of points.
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Measures of Fit Quality

• Sum of AbsoluteDeviations

P(a;b) =
n

∑
i=1

| yi − (a+bxi) |

• Sum of Squared Deviations

Q(a;b) =
n

∑
i=1

| yi − (a+bxi) |
2

• Maximum Deviation

R(a;b) = max | yi − (a+bxi) |
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Least Squares

• Themost commonly used � tting criterion is that of
least squares.

• Thismeans that we � nd thebest � tting lineby choosing
a and b to minimise

Q(a;b) =
n

∑
i=1

| yi − (a+bxi) |
2

• The justi� cation for using this choice is that it produces
thesimplest statistical theory.
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Q(29, 1) = 25003.35
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Q(−11, 4) = 10490.95
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Finding the Best Slope and Intercept

• Thereareanumber of waysof � nding thebest � tting
slopeand intercept.

• Thesimplest method is exhaustive search.

• To carry out thismethod, wecompute thevalueof
Q(a;b) over a � nely spaced grid.

• The results can bedisplayed with a contour plot.
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A Contour Plot of Q(a,b)
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Precise Determination of a and b

• Thecontour plotsshow that thebest valuesof a and b
are in the region of −10 and 4:2, but it ishard to be
moreprecise.

• It ispossible to � ner and � ner grids to zero-in on the
best values, but it ispossible to derivean exact formula
for thebest values.

• Thiswill requireasmall diversion into mathematics.
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A Simplified Problem

• Supposewehavedatavalues yi; : : : ;yn and wewant to
locate thepoint which minimises

Q(a) =
n

∑
i=1

(yi −a)2

• Oneway to proceed is to simply plot Q(a) asa function
of a.

• In practisewecompute Q(a) at agrid of pointsand we
join up thedots.
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Formal Minimisation

• Q(a) is asmooth function of a, so it can beminimised
using calculus.

• Wewant thepoint where Q ′(a) = 0.

Q ′(a) =
d

da

n

∑
i=1

(yi −a)2 = 2
n

∑
i=1

(yi −a)

• Theequation Q ′(a) = 0 can besolved for a.

n

∑
i=1

(yi −a) = 0;
n

∑
i=1

yi =
n

∑
i=1

a;
n

∑
i=1

yi = na;
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The Sample Mean

• Wehave just shown that y is thevalueof a which
minimises the function:

Q(a) =
n

∑
i=1

(yi −a)2

• Thesamplemean is thesolution of a least-squares
minimisation problem.
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The Least-Squares Intercept and Slope

• Using methods from calculus it ispossible to derive
explicit estimatesof slopeand intercept.

α̂ = y− β̂x

β̂ =
∑(xi − x)(yi − y)

∑(xi − x)2 :
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Least Squares in R

• The function lm computes the least-squaresestimatesof
slopeand intercept.

• Given variablesx and y the least squaresestimatescan
becomputed with thestatements.

> res = lm(y ~ x)

> coef(res)

• coef(res) returnsavector with the intercept and slope
as its � rst two elements.
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The Position of the Least-Squares Line

• It isuseful to gain some intuition about the location of
the least-squares line in aplot of thepoints it is � tted to.

• Wewill do thisby creating aset of random numbersand
seeing where the least-squares linepasses through them.
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The Position of the Regression Line

• It isacommon misconception that the least-squares line
runsdown theaxisof symmetry of thecloud of points it
is � tted to.

• Even quiteexperienced statisticiansmake thismistake.

• Theslopeof the least-squares line is lesssteep than the
linedown theaxisof symmetry.

• The reason that the least-squares line isnot theaxisof
symmetry is that it isbased on vertical distances from
thepoints to the line, rather than theshortest distances.
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The Distances Considered In Least-Squares

Vertical Distance

Shortest Distance
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The Position of the Least-Squares Line

• Wecan show that the least-square line runswhere it
doesby dividing the rangeof the x variable into small
intervalsand working separately within each interval.

• There isnot much variability in y within each interval
so wecan estimate theposition of the lineby taking the
thepoint de� ned by themeansof the x and y valuesof
thepoints in each interval.
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The Term “Regression”

• In early studiesof population genetics, it wasnoticed
that the (adult) daughtersof the tallest women in a
population weregenerally not quiteas tall as their
mothers, and thedaughtersof theshortest women were
generally a little taller than their mothers.

• Thisphenomenon wasobserved for all kindsof
population characteristics, and it was thought that there
wassomedeep natural law at work.

• Thephenomenon wascalled “regression toward the
mean” and wasstudied using least-squares.

• Over time the two namesbecamesynonymous.
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The Term “Regression”

• In fact there isnothing deep happening here.

• Provided that the relationship between mother'sheight
and daughter'sheight isnot aprefect straight line, the
linewhich describes theaverageheight of daughtersas
a function of mother'sheight hasaslopewhich is less
than the lineof equal mother-daughter height.

• This isapurely mathematical phenomenon and is
completely unrelated to genetics.


