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Abstract

We consider random walks in i.i.d. random environments in Z% where only the first dy
coordinates of the environment are random and the probability of a step in each of the d
dimensions is d~!. We show in some particular kinds of random environment that if 3 is the
annealed expected value of the first coordinate of the walk after 1 step, then the annealed
speed v; in the first coordinate is monotone increasing in 31, when d is taken sufficiently large
compared to dy

1 Introduction

Since the pioneering work of Solomon and others in the mid 1970s to early 1980s, random walk in
a random environment (RWRE) has enjoyed somewhat of a revival in recent times as a number
of interesting results have been obtained. Many of these results relate to laws of large numbers
and invariance principles for i.i.d. random environments that are uniformly elliptic (transition
probabilities are bounded away from zero). While the behaviour of one-dimensional RWRE is
quite well understood, not much is known about RWRE in high dimensions. A notable exception
is the influential paper of Bolthausen, Sznitman and Zeitouni 11]) in which laws of large numbers
and central limit theorems are obtained for RWRE in dimensions d = dg + d;, where dy > 1 is
the number of coordinates in which the environment is random and d; > 5 (so the environment is
partially random).

In this paper we consider monotonicity properties of the speed for random walks in partially
random environments (RWpRE) that are special cases of thosea(bjgnsidered in [1]. Such properties
have not been extensively studied in the literature, although |5] gives an asymptotic expression
for the speed of RWRE as a perturbation of simple random walk. Under certain conditions on
the joint distribution of the components of the random environment (essentially, independence or
complete dependence), we prove that for RWpRE such that at each site, either the left step or
right step is not available, the speed to the right is monotone increasing in the probability that
the rlght step is available. The proof makes use of two main ingredients. The first is the result
of T T 1] that ensures that the speed exists. The second is the expansion of TBT which is valid for all
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annealed RWRE, but is most useful in the case d; > dy when one has good control over the terms
in the expansion.
Our notation for the general set up for RWRE is as follows:

e P is the space of probability distributions (pm, : [2d]) where each p; > 0 and ZZ 1pi =1

e Given a probability measure p on P, the random environment is an i.i.d. collection of random
probability distributions w = {w, },eze each with law u, i.e. w € Q = pL equipped with the
product measure P = ;2"

e The random walk in the random environment w is the Markov chain {S,, },,>¢ with state space
Z% and law P, such that P,(Sy = 0) = L and fori = 1,...,d, Py(Sps1 = Sp+e|S,) = wi' ™"

and P,(S,41 =S, — ei|§ ) = wgﬂ Here and throughout, S, = (So,...,S,) and e, ...eq are
the standard basis vectors for RA.

e The so-called annealed law P is given by P =P x P, i.e.
P(S, = 7) = / P dP(w).

We restrict ourselves to the situation where wll = (2d)~! for every i > 2dy, and w21 + WP =
(2d)~! for every i < dy, P-almost surely. The latter condition is not essential, but simplifies our
analysis. The former is more or less essential as we use simple random walk estimates in the proof
of our main result. Unless otherwise specified, we also assume that our RWpRE begins at the
origin P-almost surely.

Given a random walk path 7, (such that P(S,, = 7j,,) > 0) we define a conditional probability
measure Pprim by L . . e:lawwithhist
P (Sn = Y) = P(Sptm = Tim © Y1Sm = 1), (1.1)
where 17, o i/ denotes the path obtained by adjoining the paths 7, and 3. Necessarily yo = 7,
so in particular under P the random walk starts at 7,,. Roughly speaking, the results in this
paper are obtained by proceeding as if we can ignore the conditioning, and estimating the size of
our error in doing so.

In Section 2 we discuss the issue of monotonicity for the speed of RWRE as a function of the

sec-transprob

annealed expected drift at the origin, and state the main result of the paper. In Section 3 we

examine the annealed transition probability and its derivative. In Section 4 we Toview the relevant

results from T3T including the formula for the speedbd We bound some of the quantities appearing .
sec-pl sec-derivpil Sec-proo:

in this formula, and their derivatives in Section 5 and Section 6 respectively. Finally in Section 7
we prove the main result as a consequence of the given formula for the speed and its derivative.

2 Discussion of monotonicity and the main result

sec-mono

It is fairly natural to wonder if the velocity of a random walk in a partially random environment
is monotone increasing in the expected drift at the origin. Experts in RWRE know that this is
not the case. In fact it is possible in 1 and high dimensions (probably all dimensions) that the
expected drift at the origin and the limiting speed of the RWRE have opposite sign. For example,
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consider the case dy = d = 1 where the random environment w is defined by i.i.d. copies {X,},ez
of a random variable X € [0, 1], such that wl!l = X,. If we take P(X, = 1) = .25 = 1 - P(X, = .25)
then the (annealed) expected location after the first step is E[S;] = .25 + .25 — .75% < 0, but the
positive density of sites at which it is impossible to go left ensures that n=1S,, — v for some v > 0,
P-almost surely.

Consider a RWpRE where dy = 1 and d; > 0. Again the random environment w is defined by
i.i.d. copies {X,}sez of a random variable X € [0,1], such that w!) = X,. Let Fx(v) = P(X < v).
Consider a second i.i.d. random environment defined by {X,},ez¢, such that F(v) < Fx(v) for
each v. It is easy to couple the random environments and random walks {S, },>0 and {S, },>0 in
those environments such that at each time n, S = S for 4 > 1, and S/ > SW. That is, the
position of the walks {S,,},>0 and {gn}nZO differ only in the first coordinate and S is never to
the left of S. In particular this implies that if the velocities v[!l = lim,, ., n™'SI! and o' exist
(and are non-random) P-almost surely then ol > ol Tt is also worth noting that there may be
parametric families of environments where monotonicity holds, even though there is no stochastic
domination. For example, let 3 € [0,1] and P(X = 1£) = 28 = 1 —P(X = 152). We expect that
the speed of a random walk in this environment is monotone increasing in 3 when the dimension
d is sufficiently large.

A natural question to ask is whether this monotonicity in the velocity of the first coordinate
remains when dy > 2 and Fi(v) < Fx(v) in the first coordinate. In general the answer should
be no, as the limiting velocity really does depend on the joint distribution of the coordinates of
the random environment. Consider for example the case dy = d = 2, with X, and X, being
independent with identical distribution given by P(X, = 1) = 8 = 1 — P(X, = 0). The random
walk in the two-dimensional i.i.d. random environment given by (X,/2, X,/2) has limiting velocity
zero in each coordinate, for all 8 € (0, 1), since the random walk eventually gets stuck on a finite
set of sites. On the other hand one expects that the random walk in the two-dimensional i.i.d.
random environment given by (X,/2, X,/2) has a non-trivial asymptotic velocity in each coordinate
whenever (3 # .5. Similarly, in this paper we show that when d; > dy = 2, the limiting velocity
in the first coordinate is continuous and strictly increasing in § whether the distribution of the
random environment is given by (X,/d, X,/d) or (X,/d, X,/d) above. If one then assumes that
for fixed 3, the asymptotic velocities are different (say Uy x> Ux, x), then the continuity of the
velocities as functions of 3 makes it possible to show that for some 3’ < 3, v XX > VXX where X’

is independent of X and has Bernoulli distribution with parameter (. In this case the marginal
distribution of X stochastically dominates that of X’ but the monotonicity property does not hold.

The next natural question then seems to be: In the presence of stochastic domination in the
first coordinate, does the monotonicity property (for the velocity of the first coordinate of the walk)
hold when the first coordinate of the environment is independent of the rest of the coordinates
(holding the joint distribution of the other coordinates of the random environment fixed)? We
believe that the answer is yes. We prove this result in high dimensions, in the very special case
where the environment in the first coordinate is Bernoulli as above, i.e. from each site in Z¢,
either a right step or left step is not available, and the probability that the right step is available
at the origin is §. The main result of this paper, which also allows for some coordinates of the
environment to be completely dependent on the first, is the following theorem.

thm:main

Theorem 2.1. Let d = dy + dy where dy = djy + dj, > 2. Let X be a Bernoulli random variable
with parameter 3. Then there exists d.(dy, d§) such that for all dy > d. the following holds:
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For any random vector (Xgz11, ..., Xq,) supported on [0, 1]% that is independent of X, the first
coordinate of the speed v((3) of the random walk in the d-dimensional i.i.d. random environment
defined by
w2 =g X and WP = d71(1 - X), for i < dj,

WP —g71 X, and WP = d7H(1 - X;), for diy <1 < dy, _
Wil =2d)7Y,  fori > 2d,, (2.1)

s monotone increasing in 3.

The first condition in (2:1) allows for additional components of the random environment to be
completely dependent on the first, while the second allows additional components to be completely
independent. A more complicated dependence structure between the first coordinate and other
coordinates of the environment leads to ambiguity about what is meant by monotonicity as one
changes the distribution of the environment in the first coordinate. N

As we have already noted, a much more general monotonicity result than Theorem 2.1 certainly
holds in the case dy = 1 by coupling. A valid criticism of the above theorem is that the class
of models to which it applies is rather restricted. In particular the component of the random
environment for which monotonicity is being considered is a Bernoulli random variable. However
this is a natural setting in which to start investigating monotonicity properties in multidimensional
random environments, and it has the advantage that the annealed transition probabilities (given
the history) have a particularly nice form whose derivative with respect to (3 is well behaved.

3 The annealed transition probability.

sec-transprob

In this section we derive an expression for the annealed transition probability

e:anntransprob

pﬁn (nm nn+1> = P(STH-l = nn+1|§n = ﬁn) (31)
Firstly, observe that by definition,

19" iy misa) = E { 11 7o (i, nisr)

i=0 =0

, (3.2)

where p,(z,y) = w,(y — ) is the probability of a transition from x to y in environment w. This
implies that

E[H?:o P, 77i+1)}
E[ "o P, Th‘+1)] ‘

P (M Thns1) = (3.3)

For a directed edge b = (b,b), and a fixed path 7, let £, (b) denote the edge local time of the path
77 up to time n, i.e.

e:localtime

n—1
Cn(b) = L (0:77) = D Lo s1)=by- (3.4)
1=0
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Then

r n

E{ﬁ)pw(%mﬂ)} =K 1:[01;[(
=E_Hf{ (1 + L) (ro(8) = 1)) | = B| TIwu(6))®)
- o) n+1(b)} — H E[ H (pw(b>>£n+l(b):|’ (3.5)

€74 b:b==z zc74 b:b=z

L Lsmiy=by (P (1 Mie1) — 1))]

1
s

o

N

since we have an i.i.d. environment.
It follows that

ﬁ e B| e (ru8) 0] Mo B e (po () O i |
P (s Mogr) = = . (3.6)
.ot B| Ty (s (0)) o B| e (s (0)0)

All terms in the products over z in the numerator and denominator cancel, except for the term
where z = 71,. Thus, (3. 6) reduces to

E |: be:nn (pw(b))én (b)+I{(777L’77n+1)—b}:| e:t2

(3.7)
E | Magey, (p.(8))]

pﬁn (77m 77n+1) =

Equation (3t27) gives the annealed transition probability for a random walk in an i.i.d. random
environment in a general setting. For a unit vector u € 72, and a fixed path 7, let ¢/ (u) =

e:environ e:

L,(M, n + w). For an environment satisfying (2.1), (3. 7) is equal to

E| IT (P (1, 0+ €3)) 0= (G — (1,10 — Z>>€%<-Ei>“{nn+ww}]

|
=

)

P (s My 1) =

d
E[Wwwmm 0 — ol — e

=1

if Ny =nn L0 > dy

= M\H

1+§ 1012"(51) 1— X 5:101%( e;
L | ) B ) .

I Dy a5, ’ lfnn—&—l—nn‘i‘ei,lédo
E XZi:lén(ei)(lfxi i:11n<*€i)

[ b . 4.
1]E XZi21[;z(ei)(1_X 14> 0.0 (=)
5| X2 10 () (12 x) S0,

g .
E 1_0[ Xf"<el)+1{”ln+17ln+ei}(I_Xi)dn(_ei)_’_l{nnle—7]nez‘}:|

-i:d6+1

m s A My =M £ e, df <@ < dp.
El ] an(ei)(l—Xi)e"(ei):|

i:da +1

e:cases

(3.8)
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The first and last cases in (3a8) do not depend on (3, while the first does not even depend on
.- In each of the middle two expressions, at least one of the sums in the exponents has to be
zero, since at each location either all of the steps +e;, © < d; are unavailable, or all of the steps

—ei, © < dj are unavailable. Let L = 32;2, 0/ (¢;) and L = > ' (—e;). Then at least one of
L or L, is zero, and the middle terms of (3.8) are

E[XEiH1(1 - X)b |
E[X 5 (1 — X)b ]
P (s M — €5) =A™ = 7 (0o, 1+ €1).

—1

pﬁ" (s 1+ €3) = =d (I{L$>0,L;:O} + @I{LI:O,L;:O})

It follows immediately that the derivative 8%}977” (M, N + ) exists and satisfies

1 e:delp

0 - 1
%pn" (s 7 + U)’ < gl{ng:[):L;}I{u:iei,igdg} < gl{u:iei,igdg}- (3.9)

4 Results of the lace expansion

sec-fromexpansion

In the present setting of RWpRE, the velomty v 1= lim,_ n" 1S, has been proved Tﬁato exist
P-almost surely. By Proposition 3.1 of TBT the speed is given by

e:theta

= E[S] + i > xmp(z), (4.1)

m=2

provided this series converges. Here ,,(-) is a function (defined below) that depends on 3, dy, dj, d
and on the particular distribution of the X;, for i =dj+1,...,do.
The function 7, involves the following factors. For i > 1, let

Hi=1) (@) (i) ; ; e:Deltaidef
A;ﬂrl — (anL 141975, p"hi >(n]<,)7 77;,)+1)7 (42)
with jo = 0.
Define A,y = {(ji,-- -, jn) € ZY : L i =m — N — 1}, Ay =U,, Ay,y and

T (7,)

=Y E°|E7

5¥E“47n,PV

(
Z AW E"n)ﬂ[ 3 A® Eﬁﬁﬁiill[ S AN T } ..
1+1 ]2+1 N+1 {nﬁx):xn(l\m y}

1 ) (N) INtL
Tj1+1 Tjg+1 i +1

where Em denotes expectation with respect to a conditional probability measure P defined in

e:lawwithhist

We then define

e:piotherdef

= A0y, w ) = DAY y), and mly) = 3 Sy, (1)

N=1 =

A difference in transition probabilities (see (4.2}) with two different histories i) oy and

773‘2-_1 ', occurs precisely when one of the following holds:
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e the proposed step n]i 77; is equal to +e,, for some m € {d; —|— 1 .,dp}, and one of the
edges (1 ,17]> +em) for m e {di+1,...,do}, was traversed by 77] Uy, or

e the proposed step n]i 77; is equal to =*e,, for some m < df, and one of the edges
(773 ’77]2) +e,,) for m < do was traversed by njzjil.

e:cases

From (3.8)
1 e:Deltabound
| +1| - d { '. 777]2_»,_1) ﬁj(z 1+1}I{ (+1 77]) +em,m<do}’ (45)
Moreover, as in the discussion after (3.8}, the derivative a A(’ '+, exists and satisfies
@ -
‘8ﬂAJ 1| <d f{ ;Z)H ?7]> e, m<ds} I{LJ s >0l —0}+[{L+ o =L >0}:|‘d -
Sd_ I, I (4.6)

{njﬁl J(i) iem:m<d*} {(77](1>777](1>Jr1)€77h 1+1}7

where L7 ., and L i are the cumulative edge local times (defined below (3.8)) for the

concatenated walk 77, 1>+1 o7y

Strategy of the proof of Theorem 2 1. L We follow the analysis in T4 We fix d,dy,dj and the
distribution of (Xgsy1,. .., Xy, ), differentiate the right hand side of (4. 1) with respect to 3, and
prove that this derlvatlve is positive for all ﬁ € LO 1], when d is sufficiently large. From (4 1) and

:piot! rd’e

using the fact that 35, mp,(z,y) = 0 (recall (4°4)). we have

e:theta2

0, Qﬁ —i— i i S (yr — z)7h (2, y). (4.7)

m=2 N=1 %,y
Letting o™ (z,y) = Mﬂﬁff)(x,y) and assuming that the limit can be taken through the infinite
sums, we then have
691 2 o0 o0 e:derivl
D2 S S S ) (0 9) (1%)
aﬁ d N=1m=2 2,y

Since M (z,y) = 0 unless |z — y| = 1, we have that

0 o0 e:neededl

<22 D len( (4.9)

We conclude that aeﬁl is positive for any 3 at which 3%_ Yoc_y >, , [0 (@, y)| < 2d~'. This is

sec-pibd

what we shall prove in the remainder of this paper, which is organised as follows. In Sectlon D, we
start by proving bounds on 7). These bounds will be crucially used to prove bounds on ¢

sec-derivpi

Section 6.
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5 Bound on 7

sec-pibd
thm:main

Before proceeding to the proof of Theorem 2.1, we prove a bound on Y-, , >, |72’ (z,y)| for any
self-interacting random walk that satifies certain properties. The proof is an adaption of that in
T}Zlf]aml% the context of excited random walk, and makes use of Lemmas 5.1 and 5.2 below. For the
first of these lemmas we need to introduce some notation.

Let f;;, (75, 7) > 0,7 =0,..., N, be measurable functions from the set of (ordered) pairs

of finite random walk paths (70, ”, ﬁ;”) such that m < oo and 1%~V = n’ (the former is defined to

be the origin if 7"" = &). Recall that ET " denotes expectation Wlth respect to the annealed
law of RWpRE with given (finite) history 7" (i.e., conditional on the first m steps of the walk

. ; . 7i—1) C . . . . .
being 7t:°). We write Ebm " to distinguish expectation with respect to different laws (indexed

by 1), i.e., if [ # r then P and prim " may be different self-interacting random walk laws
(with the same given history).

Given f;v = (foio, frjrs---» fnjy)s B €{0,..., N}, and laws Pl’ﬁ%ﬂ), [ € N, we define

~(0) 7
M0 (fe) = 32 B | foua (@, 715 VE™0 | s, (s, 7)) - ZE B g (s ) -

JEAN
(N-1) e:bigaltpidef
;
E™N [ fy i TN ) (5.1)
S _ _ S : lﬁ(k i)
We further let Iy (fy) be identical to II%¥(fy), apart from the fact that Y75, E""x17* is replaced
_(k—1)
with Enﬂc 11 A crucial ingredient in obtaining bHcgunds on lace expansion coefficients is the
following result, whose elementary proof appears in T4T
lem:decomposition HOS8mono

Lemma 5.1 (Lemma 3.1 of MTS Let 79, ..., 7™ be any collection of N self-interacting random

walks defined on the same probability space (2, F, P). Suppose that f;;, > 0,i=0,...,N are such
that for each i = 0,..., N there exist constants K; > 0, and functions k; > 0 (with k_1 = 1) such

that
> kGO E™ " [fos, (750, 7)) < Kiki—1(m), (5.2)
Ji=0

for each m, uniformly in 70", Then

. N e:Pillbd
Iy (fy) < HKz (5.3)
1=0
:PiNbd - e:piecebound

The conclusion in (53) also holds for TIV(fy) if there exist K;, k; > 0 such that (5.2) holds for
i # k, and fori =k,

o0 ) Jk (k—1) e:altpiecebound
> (i) 2o B fiog (T )] < Kikipea (m), (5.4)
Jx=0 =1

for each m, uniformly in 70",
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Let Dy(x) = I[|z| = 1]/(2d) denote the simple random walk step distribution. Let f**(x)
denote the k-fold convolution of f with itself, where the convolution of (absolutely summable)
functions f, g on Z? is defined by

(f % 9)( Zf (5.5)

Then let Gy4(x) = 352, DiF(x) denote the Green’s function for this random walk.
Recall that d = dy 4+ dy where the environment is random only in the dy coordinates, and that
P(wny1 € {wn £ e;}|&,) = d™! for each i > 0. The following Lemma, in which

e:Eidef

&E(dy,q) = sup <q‘(i+1)GZ§i+l)(v) — 50,1)), (5.6)

veZd

for « > 0, immediately applies to our RWpRE with ¢ = El
lem:togreens

Lemma 5.2 (Diagrammatic bounds). For any self-interacting random walk & in d = dy + dy
dimensions with the properties that

e there exists ¢ > 0 such that P (Sn+1 e{S,tei> do}) > q for alln and 7,,, and

e the sequence of steps in the dy coordinate directions constitute simple random walk steps in
dy dimensions,

we have
00 . A\ | . ) . e:Gboundl
S U2 R pin(s; ) <itg G, o), 657
=0
o0 (] + Z)' ﬁm ‘ e:Gbound2
=t L

for i >0, uniformly in u € Z°.

Proof. Exactly as in the proof of T4ﬁfémma 3.2, replacing d 7 by ¢ “land d— 1 by d;.

O

Define
d 2 e:addef
Qqd, = dQGd1< ) . (59)

prp:pibound

Proposition 5.3 (Two bounds on the expansion coefficients). For RWpRE, we have

{doé’o(dl ,d1d—1) N =1 e:pibound
T, R )

2.2 Ima (@ y)l <

T,y m

’ . (5.10)
DGO e (dy, dyd ) (aga) VP, N >2.

It then follows from Theorem 1.4 of T T Proposition 3.1 of T3T and the fact that G5(0) < oo,
that (4 1) holds provided d; > 5 and agq4, < 1.
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Let
Fo.jo (7> Sio) =Ijo=01 (85,1 1€{85ykerr<do}}s (5fdﬁ)
12 (i, S5,) = Cllf{al isodd} D L(8,,.8,, 00 =m0}
Siyt1
Jigi( 77ma i) Z {05387, ) €{(msmiy1):0<I<m}}> fori>1, and
Sji1

We use Lemma gmldec%%ggfﬁer with the following lemma to prove Proposition B

lem:fbounds

Lemma 5.4. For RWpRE, with f;;, defined in 5 113

> (Go+ 1)E™[fo ] < E Z (o + DE™[f1;] < dé’l(dl,dld Y,
Jo=0 1=0
> 1 . 7 ,
Z Enm[fl,jl] S ggO(dla dld_1)7 Z (]l + 1)E77m [fl,]l] S ma’d,dla 1= 27 s 7N - 1a
Jj1=0 Ji=0
1 e:fbounds
S B < m -G, (0). (5.12)
JN=0
Proof. The first bound is trivial. For the second bound, since }g  Its;,,=n,,} = 1 and the
conditions that 5 > 0 and j is odd imply that 7 > 1, we have
oo 1 o0 ) ‘,
> (G +1) Ef" [fi4] < =7 >+ DE™[Iis=n0)]
7=0 Jj=1
1 &, . 1 1
=2 Y (G +1)P™(S;=mo) < 351(d1,d1d ) (5.13)
j=1

where the last inequality holds by (g.cgjmdévith i = 1. Similarly (5Glé>md;mth i = 0 gives us the third
bound.
For the fourth bound, using

I{(Sji7Sji+1)e{(nl7nl+1):0§l<m} Z I{Sjlfm} {Ss;+1=m+1}
=0

and proceeding as for the second bound we see that

[e's) m—1 e’}
1
YU+ DE™[fi;] < Z ZJ+1 )P (S5 =m) < maqga,,

e:Gboundl |

where we have used (5.7) with ¢ = 1 in the last step.
For the fifth, proceed as above to get

1 1
ZE”W [fx] §dmsup Z P (S iy =u) < md—Gdl(O),

“ jin=0 1
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e:Gbound1

where the last inequality holds by (5.7) with i = 0.

ibound e:piNxydef e:Deltabound

Proof of Proposition 5.3. 1t follows from (4:3) and (4.5) that for all N > 1,

e:Pif

S 1m0 ()| < Ta(fy). (5.14)

r,y m

e:fdef

where the functions f; ;, in fN are given by (Eé 11).

lem:de compo

If N =1 then applying Lemma 5.1 to (5. 14) with k1 = 1, Ky = = and K, = égo(dl,dldfl)
(i.e. the right hand side of the thlrd bound of 5 120)3 we easﬂy obtain the result.

lem: decompo{etﬁm

For N > 2, applying Lemma 5.1 to (5.14) Wlth ky =1, ki(43;) = (i + 1) for i # N, and

1 1 1 e:Ki-def

KO = g, K1 = ggl(dl,dldil), KN = EGdl (O), and Kz = Q4,d,, for 2 S 1 S N -1 (515)
1

(see the right hand sides of the remaining bounds of (5?5513, we obtain the result. O

6 The differentiation step

sec-derivpi e:piNxydef
From (4:3) we have

N oIl )

)
Y (2 Z Z Z Z ] (N) ( ) y}p (0 n<o> H H plim—1+1in (niZ’»m‘Zil) A;?H

jG.A N7 H(0) ﬁ§1)+1 ﬁﬁx)Jrl n=1in=0 e:pi-form
(6.1)
Recall that
- 8 (N) e:phidef
) =2 T 6.2
P (7,9) =55 (2,1). (6.2)

To verify the exchange of limits involved in taklng the derivative with respect to (3 inside the infi-

nite series defining the formula for the speed (Z leja it is sufficient to prove that -, , (y — )7’ (2, y)
is absolutely summable in m and N and that 33_; 3055 supgeio ) | Xay (v — 7)) (2, y)] < oo
By Proposition Brdand the fact that ly — x| = 1 for z,y nearest neighbours, the first condition

holds provided that
= 1) i

In fact we will see later on that this inequality is sufficient to also establish the second condition.
We now identify ¢ (z,y).
We write,

e:varphibreak

(z,y) = e (,y) + o2 (2, y) + oV (@, ), (6.4)

(N)

Pm

where (by Leibniz’ rule), oV (x,y), o2 (z,y) and ¢V'*) (z, y) arise from differentiating p? (0, ni”),
Hn=1) ()
712;1 H]n lpn]" ;i (771(:)7771(::L1) and Hn:l {:_1 A;n)ﬂa respectively.

in=0
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Let p™ be obtained by replacing p?(0,7\”) in (6. lljor&fith d-'I a bound on its

derivative) and by bounding A", by |AY”, | for all n=1,...,N.

For k = 1,...,N, let 4 be obtained from (6: 1) by boundlng AP by [AP ] for all n =
Hn—1) (k)

(n\O=+e, r<ds} (

1,..., N and by replacing ikzl it (nf:) , 77@(:)+1) with the following bound on its derivative
S PROEN0) el
{n,,—n " =xer,r<d} _(n—1) (k)
Y = I AT (i) (6.5)
1=0 el
i
ik #1

:del,

Recall ( 6§eand let x" be obtained by replacing A( o+1 10 (6p11§°rkm)y
e:chireplace

d-'1 (k) (6'6)

(k) I
{n M= k _j:er,r<d } {(nj(:)m]k+l)e{( (k—1) ’77<i1 1))0§l§j¢,1}}
and by bounding A( .1 for n # k by |A;Z)+
Letting 4™ = 520, 3 and y™ = S, x, we obtain that

Dl @) < p™ DD e (@ y) <4, and YD e (@, y)| < X (gﬂ
m zy p 2

lem:rhobound

Lemma 6.1 (Bounds on p™). We have p® < 2d5d=2Ey(dy, did™1), and, for N > 2,

2d* e:rhobound
= Odcjjzmgl(dla did™") (aga) ™. (6.8)
1

(N)

Proof. For N > 1,

) = 2dO Z e Enﬂo+1|: Z ‘A;?H
JEAN ng('i)Jrl
(N—2) e:summrho
Ean72+1[ Z ‘AJN [+1 En]N 1+1{ Z ‘A;I;?Jrl H ] < HN(gN)a (6'9)
ﬂj(xi?.u ";x)ﬂ

where go j, = 2d5d™ " I{j,—0y, and g; ;, = f;j, for i > 1 (see (e51613) and the 7 for ¢ > 1 are RWpRE,

while 7' is a 1-step simple random walk in the first dj coordinates only. This latter difference

is indicated by the dagger in the notation E™. Since we have already established the relevant
lem:rhobound lem:decomposition

bounds on the f;;, to complete the proof of Lemma 6.1 by applying Lemma 5.1, it is enough to
establish that

o0 ) . 2d*
Z (JO + 1)Egn[90,jo] < dO’
)
Jo
which is trivial. O
.Lemma 6.2 (Bounds on x™). We have x" < d8d72€0(d1, did™1), and, for N > 2,
Ga, (0 _ _
x™ < [d + (N —1)dy)] i { )51(d1,d1d Y (agq,)N 2 (6.10)

d?d,y
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Proof. 1If k > 1 then set ““) = fij, for all i. For k = 1 also define gbgf;-o by replacing dy by dj in
the indicator function in the definition of fo j,.
Observe that

X < e (6) (6.11)
The claimed bound on x| is then easily obtained by applying Lemma 5.1 to each of the & and
summing over k. O]

The following lemma can be proved as in Lemma 4.3 of T4T with trivial changes.

lem:togreens2

Lemma 6.3. Let P~ denote the law of a self-interacting random walk with history i,,, such
that the steps of the walk in di coordinate directions are those of a simple random walk in d;
dimensions (independent of the entire history of the walk) and such that the ["'-step is a simple
random walk step in the first dy coordinates only. Then, for ¢ > 0,

e:greensb2

S UEOS prviey =y <0 () G20 (612

!
= J- =1

Define

e:epsilonddef

2 2dG3(0)G
dody 4, (0)Ga, (0) +G2f(0)51(d1,d1d_1)]- (6.13)

2 2
RE: RE:
lem:gammabound

Lemma 6.4 (Bounds on v™). We have vV < 2dodid; *G2(0), v* < e(d,dv,d;) and, for all
N >3,

e(d,dy,dy) =

4dyd;

AN < e(d, dy, d5)(agq )N 2+ (N —2) T —— Gy, (0)GE(0)E(d, did ™) (aga)™ . (6.14)

Proof. We rewrite

(N> Z E®

jeAn

S ARl BB S AR,
J1+1 Je—1+1

(1) (k—1)

]1+1 njk71+1
ZE mjk 1+1[ Z |A§’IZ)+1|E7711€+1|: Z |A;Z:11)+1| Eﬁm 1+1[ Z |A;%)+1] }H”
) B )
e +1 k11 JN+1
. e:pigamma
< T (R, (6.15)

where h; ;, = fij, for i #k, hyj, = 2d5d™ fi.;, , and the 7@ for i # k are RWpRE, while 7 is a

RWDRE except that its [th step is a simple random walk step in the first df; coordinates. This is
H(o—1)

indicated by the left-right arrow with subscrlpt [i in the notation E~ k-1t 11 )

em: eCDmPOSlthD

When N = 1, then also £ = 1 and we use ( 6 123 with ¢ = 0, and Lemma 5.1 to get the required
bound.
When N >1and k=1 we use the same bounds as in the proof of Proposition Bre: except that
we have an extra factor 2d5d~" and use (6. 2r> with ¢ = 1 on the term £ = 1. This gives us a bound
(N)
on~; "’ (when N > 1) of

Adods [ d\® .5, G (0)
b (d) G(0)

)N—2 _ 4d0d(>§d e:kisl

(ad.d, i G32(0)Ga, (0) (aqa)™ 2. (6.16)
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ibound

When N > 1 and kK = N, we use the same bounds as in the proof of Proposition 53 except
that we have an extra factor 2djd~! and use ( 6: n) with ¢ = 0 on the term £ = NN. This gives us
a bound on v{" (when N > 1) of

2d d* e:kisN
12 Cr(O&(d did ) (asa)* (6.17)

sb2

Similarly when N > 1and 1 £ k # N (so N > 2), we use (6.12) with ¢ = 1 on term k to get a
bound on ;" of

Adyd; s d\ . Adyd; . . )
7, Car (0 (d, drd™) (aaa) ™™ (d) Gil(0) = =4 Ca (OCE & did™) (aga)™
(6.18)
Summing these expressions over k£ completes the proof of the lemma. O
Corollary 6.5 (Summary of bounds). For all d,d; such that agq, <1,
g i p(N) <d880<d1, dld_l) dSGdl (O)Sl (dl, dld_1> (%Ring)
2 N=1 - d ddl(l — ad,dl)
d & di& (d d d_1> G (0)5 (d d d_1> d e:CHI
hd (N) <20 0\t1, &1 dy 111, &1 d* 0 6.20
2 szzl X - 2d 2dd1(1 — CLd7d1) + 1-— ad7d1 ( )
d & ddydiGr ( ) de(d,dy,ds)  dGg, (0)G53(0) 2dod;; B e:GAMIA
_ (N) 0 ) 915, Yo 1 dq 0 ()g d. did 1 ‘ 6.21
2 ]\12:217 N d3 2(1 — agq,) (1—agq)? df 1(d, dyd™) ( )

lem:rhobemndhibound lem:gammabound

Proof. The results are easily obtained by summing each of the bounds in Lemmas 6.1, 6.2 and
over N. 0

thm:main

7 Proof of Theorem 2.1

sec-proof
T]:}G}[ Lemma B.3 of Tsfﬁ ngz)(o) is decreasing in d; for each 7 and thus so is a4 q,. As in Section 5 of
4

Y

J\
nad™) = () G0 -1 (7.1
1
which is decreasing in dy (recall that d = do + dy) for fixed do. It follows that €(d, dy, dj) is also
decreasing in d; and that all of the bounds in Corollary 6.5 ‘Z“and 5 1033 are decreasing in d;, and
converge to 0 as d; — oo for any dy, d. This completes the proof of the theorem. O

8 Explicit values of d,

secitable  yap:speedform

Table 1 was created by fixing d; > 5 and finding the largest d() for Wthh the numerical upper
bound on agq 4, is less than 1, and hence the speed formula ((4 1) and 4 7 3 is valid for those values
of dy, dj, d. Note that df is not relevant for our bound on ag g,
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d | dy | di
T<7|5
17 <171 6
28 | <28 | 7

tab:speedform

5 is known to be valid for d; = 5,6,7.

do|1]2]2]3]3]3|4]5
dg|1]1]2]1]2]3]1]1
de |7]9[12]12]16 |20 |14 | 17

tab:mono

Table 2: Values of d, for which Theorem 5" "olds for various combinations of dp and df < dp.

Table 3 was created by ﬁxmg do and d < d and finding the smallest value of d; for which
the numerical upper bound on (6. 19) (6. 20) +(6. 213 is less than 1, proving that monotonicity in
B holds for those values of dy, dj, d. Note that we require d; > 7 for G*3(0) to be finite.

To establish the results in both tables we have used rigorous upper bounds on Gj}i(o) for
1 = 1,2,3, generously provided by Takashi Hara. Upper bounds are sufficient since all quantities
of interest are increasing functions of the G (o).
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