Probability
1.
Probabilities from Tables of Counts

The table below contains information for sales of 4 bedroom houses in Auckland City in June, July and August, 2004.

Exercise 1






  Days on the market
	Selling price
	Less than 30 days
	30 – 90 days
	More than 90 days
	Total

	Under $300,000
	39
	31
	15
	85

	$300,000 - $600,000
	35
	45
	4
	84

	Over $600,000
	8
	4
	0
	12

	Total
	82
	80
	19
	181


Let 
C be the event that a house sold for under $300,000,

D be the event that a house sold for between $300,000 and $600,000 (inclusive),


E be the event that a house sold for over $600,000,


F be the event that the sale was made in less than 30 days,

G be the event that the sale was made in 30 to 90 days (inclusive), and

H be the event that the sale was made in more than 90 days.
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1.
For a sale selected at random from these 181 sales, find the probability that the sale was:
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(a)
under $300,000
_______________________________
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(b)
made in less than 30 days
_______________________________
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(c)
under $300,000 and made in less than 30 days
_______________________________

(d)
under $300,000 or made in less than 30 days
_______________________________
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_______________________________
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(e)
$300,000 or more
_______________________________




_______________________________

2.
For a sale selected at random from these 181 sales, find the probability that the sale was:
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(a)
over $600,000
___________________________
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(b)
made in 30 to 90 days (inclusive)
___________________________
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(c)
over $600,000 and made in 30 to 90 days (inclusive)
___________________________
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(d)
over $600,000 or made in 30 to 90 days (inclusive)
___________________________
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(e)
over $600,000 and made in more than 90 days
___________________________
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(f)
over $600,000 or made in more than 90 days
___________________________

(g)
made in at least 30 days
___________________________
3.
The following is a student’s answer to Question 1(d).
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= 0.9227 (to 4 d.p.)
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Describe why this answer is not correct.


________________________________________________________________________


________________________________________________________________________


________________________________________________________________________

4.
(a)
Consider the event 
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 (That is, house sold for under $300,000 or the sale was made in 30 to 90 days (inclusive).


Fill in the gaps:
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= P(    ) + P(    ) – P(              )


(b)
Consider the event 
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 (That is, house sold for between $300,000 and $600,000 inclusive or the sale was made in more than 90 days).



Fill in the gaps:
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= P(    ) + P(    ) – P(              )


(c)
Fill in the gaps: For any two events A and B
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5.
Look at your answer to Question 2(e).


(a)
Comment on the events E and H.
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________________________________________________________________________


________________________________________________________________________


(b)
E and H are called mutually exclusive events or disjoint events.



Fill the gap: For any two mutually exclusive events A and B
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Discussion Exercise






  Days on the market
	Selling price
	Less than 30 days
	30 – 90 days
	More than 90 days
	Total

	Under $300,000
	39
	31
	15
	85

	$300,000 - $600,000
	35
	45
	4
	84

	Over $600,000
	8
	4
	0
	12

	Total
	82
	80
	19
	181
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For the 181 house sales in the above table, what proportion of the houses that sold for over $600,000 were on the market for less than 30 days?

________________________________________________________________________

________________________________________________________________________

________________________________________________________________________

2.
Conditional Probability

Exercise 2







  Days on the market
	Selling price
	Less than 30 days
	30 – 90 days
	More than 90 days
	Total

	Under $300,000
	39
	31
	15
	85

	$300,000 - $600,000
	35
	45
	4
	84

	Over $600,000
	8
	4
	0
	12

	Total
	82
	80
	19
	181


1.
For the 181 house sales in the above table:
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(a)
What proportion of the houses that sold for under $300,000 were on the market for less than 30 days?



______________________________________________________________________
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(b)
Given that a house sold for between $300,000 and $600,000 (inclusive), what proportion were on the market for more than 90 days? 


______________________________________________________________________
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(c)
If a house was on the market for less than 30 days, what proportion sold for over $600,000? 


______________________________________________________________________
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(d)
Of those on the market for more than 90 days, what proportion sold for under $300,000? 


______________________________________________________________________

2.
For the 181 house sales in the above table:
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(a)
What proportion of the houses took more than 90 days to sell?



______________________________________________________________________
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(b)
What proportion sold for under $300,000 given that they were on the market for 30 to 90 days (inclusive)? 


______________________________________________________________________
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(c)
What proportion took less than 30 days to sell or sold for between $300,000 and $600,000 (inclusive)?


______________________________________________________________________
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(d)
Of those that sold for over $600,000, what proportion were on the market for more than 90 days? 


______________________________________________________________________
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(e)
What proportion sold for between $300,000 and $600,000 (inclusive) and took from 30 to 90 days (inclusive) to sell? 


______________________________________________________________________
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(f)
What proportion of the houses took 90 days or less to sell?


______________________________________________________________________
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(g)
What proportion of the houses that were on the market for more than 90 days sold for over $600,000? 


______________________________________________________________________


(h)
What proportion sold for over $600,000 and took more than 90 days to sell? 
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______________________________________________________________________
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3.
Comment on your answers to Questions 2(d) and 2(g).


________________________________________________________________________


________________________________________________________________________


________________________________________________________________________

4.
(a)
Fill in the gaps:



Probability a house sold for under $300,000 given that it sold in less than 30 days
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(b)
Fill in the gaps:


Probability a house sold for between $300,000 and $600,000 (inclusive) given that it was on the market for between 30 and 90 days (inclusive)
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(c)
Fill in the gaps: For any two events A and B,
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P(A | B) = 
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Discussion Exercise
Table of counts







  Days on the market
	Selling price
	Less than 30 days
	30 – 90 days
	More than 90 days
	Total

	Under $300,000
	39
	31
	15
	85

	$300,000 - $600,000
	35
	45
	4
	84

	Over $600,000
	8
	4
	0
	12

	Total
	82
	80
	19
	181
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Table of proportions (probabilities)







  Days on the market
	Selling price
	Less than 30 days
	30 – 90 days
	More than 90 days
	Total

	Under $300,000
	0.2155
	0.1713
	0.0829
	0.4696

	$300,000 - $600,000
	0.1934
	0.2486
	0.0221
	0.4641

	Over $600,000
	0.0442
	0.0221
	0
	0.0663

	Total
	[image: image89.wmf]Ç

0.4530
	0.4420
	0.1050
	1
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(a)
Using the table of counts, calculate the proportion of houses that were on the market for less than 30 days given that the selling price was between $300,000 and $600,000 (inclusive).

________________________________________________________________________
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(b)
Using the table of proportions, calculate the proportion of houses that were on the market for less than 30 days given that the selling price was between $300,000 and $600,000 (inclusive).
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3.
Independent Events

[image: image96.wmf]Ç


If A and B are independent events then P(A | B) = ______________
Exercise 3






  Days on the market
	Selling price
	Less than 30 days
	30 – 90 days
	More than 90 days
	Total

	Under $300,000
	39
	31
	15
	85

	$300,000 - $600,000
	35
	45
	4
	84

	Over $600,000
	8
	4
	0
	12

	Total
	82
	80
	19
	181


1.
Recall:
C is the event that a house sold for under $300,000 and



F is the event that the sale was made in less than 30 days.
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Are events C and F independent?
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________________________________________________________________________


________________________________________________________________________
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2.
Recall:
E is the event that a house sold for over $600,000 and



H is the event that the sale was made in more than 90 days.

[image: image100.wmf])

P(Positive

)

Positive

HIV

(

P

)

Positive

|

(HIV

P

Ç

=


Are events E and H independent?
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Discussion Exercise
Fill the gaps: 
For events A and B,
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If A and B are independent events,
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So if A and B are independent events,
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That is, if A and B are independent events
P(                    )
= P(         ) x P(         )

Exercise 4
1.
For events A and B, P(A) = 0.8, P(B) = 0.5 and 
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(a)
Calculate 
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________________________________________________________________________


________________________________________________________________________


________________________________________________________________________


(b)
Calculate P(A | B)


________________________________________________________________________


________________________________________________________________________


________________________________________________________________________


(c)
Are A and B independent events? Justify your answer.


________________________________________________________________________

2.
For events A and B, P(A) = 0.3, P(B) = 0.4 and P(A | B) = 0.


(a)
Are A and B independent events? Justify your answer.


________________________________________________________________________


(b)
Are A and B mutually exclusive events? Justify your answer.


________________________________________________________________________

3.
Events A and B are independent. Also P(A | B) = 0.4 and P(B) = 0.6.


(a)
State P(A)


________________________________________________________________________


(b)
Calculate 
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________________________________________________________________________


________________________________________________________________________


________________________________________________________________________

4.
Events A and B are mutually exclusive. Also P(A) = 0.4 and P(B) = 0.3.

(a)
State or calculate P(A | B)


________________________________________________________________________


(b)
Calculate 
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________________________________________________________________________


________________________________________________________________________


________________________________________________________________________

4.
Tables of Counts and Probability Trees
Blood Group Systems Example: Example 4.7.3 from Chance Encounters (p 179)

There are a large number of genetically based blood group systems that have been used for typing blood. Two of these are the Rh system (with blood types Rh+ and Rh–) and the Kell system (with blood types K+ and K–). It is found that any person’s blood type in any one system is independent of his or her blood type in any other.

It is known that, for Europeans in New Zealand, about 81% are Rh+ and about 8% are K+. If a European New Zealander is chosen at random, what is the probability that he or she is either (Rh+, K+) or (Rh–, K–)?

Table of Counts Approach







   Kell system
	Rh system
	K+
	K–
	Total

	Rh+
	0.0648
	0.7452
	0.81

	Rh–
	0.0152
	0.1748
	0.19

	Total
	0.08
	0.92
	1



________________________________________________________________________


________________________________________________________________________


________________________________________________________________________


________________________________________________________________________

Probability Tree Approach














________________________________________________________________________


________________________________________________________________________


________________________________________________________________________


________________________________________________________________________


________________________________________________________________________

Imperfect Testing Procedures Example: Based on Case Study 4.6.1 from Chance Encounters (pp 174 & 175)
In 1992 a young American, on learning that he had tested positive for HIV, unfortunately committed suicide. The test, however, is not a perfect one.
Based on data in Table 4.6.5, Chance Encounters, p175,

For people with HIV: 
98% test positive

For people without HIV:
7% test positive
Suppose that 1% of the population have HIV.

Question: Of those that test positive for HIV, what proportion have HIV?

Table of Counts Approach








   Test result
	Disease status
	Positive
	Negative
	Total

	HIV
	0.0098
	0.0002
	0.01

	Not HIV
	0.0693
	0.9207
	0.99

	Total
	0.0791
	0.9209
	1





________________________________________________________________________


________________________________________________________________________


________________________________________________________________________

Probability Tree Approach














________________________________________________________________________


________________________________________________________________________


________________________________________________________________________


________________________________________________________________________
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The 39 houses that sold for under $300,000 and sold in less than 30 days have been counted twice.
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G
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P(A)





P(B)
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There are no house sales that are in both event E and event H.
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E and H are mutually exclusive events. Both conditional probabilities are zero. This is because if E has happened then H cannot occur and vice versa.
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= 0.4167
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= 0.4167





P(A)
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C and F are not independent because P(C | F) ≠ P(C)
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E and H are not independent because P(E | H) ≠ P(E)
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= 0.8





Yes, because P(A | B) = P(A)





No, because P(A | B) ≠ P(A)





Yes, because P(A | B) = 0





P(A) = 0.4  (by independence, P(A | B) = P(A)
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= 0.24





P(A | B) = 0
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= 0.4 + 0.3





= 0.7





0.81 x 0.08 (by independence)





Probability = P(Rh+, K+) + P(Rh-, K-)





= 0.0648 + 0.1748





= 0.2396
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Rh+ � EMBED Equation.3  ��� K+
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Rh- � EMBED Equation.3  ��� K+





Rh- � EMBED Equation.3  ��� K-





0.0648





0.7452





0.0152





0.1748





Probability = P(Rh+ � EMBED Equation.3  ��� K+) + P(Rh- � EMBED Equation.3  ��� K-)





= 0.0648 + 0.1748





= 0.2396





0.98 x 0.01 by intuition


or by P(HIV � EMBED Equation.3  ��� Positive) = P(positive | HIV) x P(HIV)





0.07 x 0.99 by intuition


or by P(Not HIV � EMBED Equation.3  ��� Positive) = P(positive | Not HIV) x P(Not HIV)
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= 0.1239





Disease status





Test result





HIV





Not HIV





0.01





0.99





Positive | HIV





Negative | HIV





Positive | Not HIV





Negative | Not HIV





0.98





0.02





0.07





0.93





HIV � EMBED Equation.3  ��� Positive





HIV � EMBED Equation.3  ��� Negative





Not HIV � EMBED Equation.3  ��� Pos





Not HIV � EMBED Equation.3  ��� Neg





0.0098





0.0002





0.0693





0.9207
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= 0.1239





0.92
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