
4.8 Constraints on the Component Functions

Constraining the component functions is very important for some models because often one wishes to
force some of the component functions to be equal or zero. For example, if one fitted eye data to a
bivariate logistic model, then one might wish to constrain ��������� (eyes are exchangeable). Another
example is the proportional odds model where there is a parallelism (or proportional odds) assumption�
	 ���� ��������� ��	�� ������ ��� ��������� � .

Casual users of VGAM will be able to get by using the !#"�$%"'&'&)(�& , (�*#+-,."0/21�('"43#&�( and 5�(�$%6 arguments
provided in those family functions which anticipate its use. This is discussed in detail in the following
section. Users wanting to constrain component functions in more elaborate ways need to understand the
underlying details given in Section 4.8.4. It should be noted that the arguments !#"�$2"�&'&)(�& , (�*2+�,#"4/21'(�"03.&�(
and 5'()$%6 merely provide a convenient short-cut for the method described in Section 4.8.4.

4.8.1 The 7�8.947.:�;�<
=';'>#: and ?.;�<
8 Arguments

Many VGAM family functions have one or more of the arguments 5'()$�6 , /262@-/%A%(�$.+B(B!%A , !#"�$%"'&'&)(�& and ()*#+�,#"4/%1�(�"03.&)( .
These provide a convenient way of enforcing a common type of constraint on that particular model.

The default values of the arguments !."B$2"'&�&�('& and (�*2+�,."0/21'(�"43#&�( may or may not apply to the inter-
cepts; this depends on that particular family function. For example, setting +�C�D%C.&�"�A#@4E%(GFH!#"�$2"�&'&)(�&)I)JLK never
affects the intercepts in a cumulative logit model, whereas setting 3�@�/#6�DLMONH6)$PFQ()*#+�,#"4/%1�(�"03.&)(�I�JLK does apply
to the intercepts in a bivariate logistic model.

The first type of constraint supported by VGAM are 5�(�$%6 and /262@�/�A%(�$.+�(4!%A . They are roughly opposites
of each other. The former allows any number of linear predictors to be modelled with an intercept term only.
For example,

R4S)TQUWV�XZY\[2]%^`_%acb)deU'fhgid�j�Vlk�['men)o�bBS�k�o-_)T0k-p0qh^srBk�jBd0pBt�u4u

fits the model
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Thus the estimated odds ratio is simply �� ���e�'�
� �� 	 �����B� . The argument 5�(�$%6 is often applied to models
where one of the parameters is often treated as a scalar unknown rather than being modelled with respect to
the covariates. Parameters such as odds ratios, correlation coefficients or powers are common examples.
In general, 5�(�$%6 can be assigned a vector whose (integer) values lie between 1 and � inclusive. Note that
a null model corresponds to 5�()$�6�I����i� , though this won’t work in practice.

4.8.2 The >L��<.���2��;.� , ;��
=B 
��7.¡.;2�'¢���; , etc. Arguments

Input for the !."B$2"�&'&�('& and (�*2+�,#"4/21'(�"03.&�( arguments are different from /#62@-/%A�()$.+B(B!�A and 5�(�$%6 . They may
be assigned a single logical value or a formula. They are best illustrated by way of examples.

1. !."B$2"�&'&�('&)I)J means the parallelism assumption is applied to all terms (or equivalently, to all columns
of the model matrix), except possibly the intercept.
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2. £.¤B¥2¤�¦'¦�§'¦©¨«ª�¬®�¯±°²�³ means the parallelism assumption is only applied to ´¶µ , ´¸· , and the in-
tercept.

3. £.¤B¥2¤�¦'¦�§'¦©¨²¬®�¯«°¹%³ means the same as £.¤�¥%¤'¦�¦�§�¦º¨«ª�¬»%¯«°¹%³ because the ‘response’ is
ª�¼)½%¾ by default.

4. §�2¿�À#¤4Á2Â'§�¤0Ã.¦�§º¨«ÄÅ¬Æ%¯ applies the exchangeability constraint to all terms except for ´Çµ and the
intercept.

5. §�2¿�À#¤4Á2Â'§�¤0Ã.¦�§º¨«ÄÅ¬Æ%¯¹È�É applies the exchangeability constraint to all terms (including the inter-
cept) except for ´ µ .

6. §�2¿�À#¤4Á2Â'§�¤0Ã.¦�§º¨«ªÅ¬ËÊ�Ì�%¯WÍÇÎ'Ï�¨%¯#ÐºÈ�É applies the exchangeability constraint only to the smooth
term Ê�Ì��¯PÍ\Î�Ï¹¨²¯#Ð . Note that one doesn’t have to worry about white spaces etc. when typing
in the terms to match (but you do have to worry about white spaces when using the ¿�Ñ4Á
Ê0Ò�¥2¤�Ó�Á%Ò.Ê
argument; see Section 4.8.4); nevertheless the term must be typed in exactly. Typing §)#¿�À#¤4Á%Â�§�¤0Ã.¦)§
¨¹ªÅ¬ÔÊ�Ì�%¯2ÐºÈ�É will have no effect.

It can be seen that special care must be taken regarding the intercept term when a constraints argument is
assigned a formula. The user in such a case must specify explicitly whether or not the constraint applies to
the intercept term. Recall that, by default, an intercept term is included, and it can be dropped by adding a
È#É to the formula.

A final note is that the formula must be simple: Õ and È)LÉ etc. are not handled.

4.8.3 The ÖO×-Ø Term and Constraints

The specification of Î�Ï / ÊÙ£.¤�¥ in Ê�ÌÙÐ under Ú'§)¥%Ñ , £#¤�¥2¤�¦'¦)§�¦ and §�2¿�À.¤0Á2Â'§�¤4Ã#¦�§ is simple: the successive
values of Î'Ï / Ê-£.¤B¥ correspond to successive unique component functions of that variable. For example,

Û4Ü�ÝcÞWß�àZáãâ#ß�ähåçæ4è4é)ê#ß�ëhåcì-í4í#åïî�ðcñ)òeÞ�ó�ôiò�õ�ßHö-ä'êe÷)Ý-ñ4ÜBö4Ý�î�ø�ö0é�ù'í4í

fits the model

úxûBü�ýxþ2ÿ��������	��
�� �������������������������
! "#�	�$ &%� 
úxûBü(')��*+
,�  � µ ��� �- � µ ��� �. 

where
� �/�����

has 4 degrees of freedom (1 degree of freedom denotes a linear fit). If the length of Î'Ï / Ê-£#¤�¥ is
less than the number of unique component functions of that variable then the values are recycled.

4.8.4 More Complicated Constraints

VGAM supports a wider range of constraints than offered by Ú�§�¥%Ñ /£.¤�¥%¤'¦�¦�§�¦ / §�2¿�À#¤4Á2Â'§�¤0Ã.¦�§ through the
¿BÑBÁ
Ê�Ò'¥%¤%Ó�Á�Ò�Ê argument. Constraints have the form

0 � 12�43 � �65 � �879797:�;5=<� 12�
H
� 3?>� �

H
� 5@> � �879797$�

H
< 5@><

(4.7)

where
1

is a vector of known offsets, H
�  

H
�  9A9A9AB 

H
<

are known full-column rank constraint matrices,
5C>D is a

vector containing a possibly reduced set of component functions and
3E>�

is a vector of unknown parameters.
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Note that starred quantities in (4.7) are unknown and to be estimated. With no constraints at all, H FHG H I�GJ9J9J G HK�G I L and M?NF GOM F GQP�R�S I�T�FVU J9J9J U R=S LWT�F�XZY . Like the [@\ , the []N\ are centered. The default value of
the ^`_ba offset vector c is 0, i.e., no offset at all. The following are some examples of (4.7), none of which
have offsets.

1. ( deI�G8dVf ; e.g., exchangeability in the bivariate logit model)

d I G g Iih�j S I�T�I P�k I X h�j S I�T�f P�k f XdVflG gmI h�j S I�T�I P�k.I X h�j S I�T�f P�knf XdVolG g.f h�j S fpT�I P�k.I X h�j S fpT�f P�knf X
Then

H FHG H I]G H fHG
qr
s autautt a

v9w
x .

2.

deIyG gmI h�j S I�T�I P�k.I X h�j S I�T�f P�knf XdVflG g.f h�j�S I�T�I P�k.I X h�j�S fpT�f P�knf XdVolG g.o h�j�S fpT�I P�k.I X h�j�S opT�f P�knf X
Then

H FHG I o , H I�G
qr
s autautt a

v9w
x , H fHG I o)z

3. ( d�{�P x X G|g}{ h d=P x X ; e.g., parallelism in the proportional odds model)

deIyG gmI h�j S I�T�I P�k.I X h�j S I�T�f P�knf XdVflG g.f h�j S I�T�I P�k.I X h�j S I�T�f P�knf XdVolG g.o h�j S I�T�I P�k.I X h�j S I�T�f P�knf X
Then

H F G I o , H I G H f G
qr
s aaa

v9w
x z

4.

deIyG gmI h�j�S I�T�I P�k.I X h�j�S I�T�f P�knf XdVflG g.f h�j�S I�T�I P�k.I XdVolG g.o h�j S fpT�I P�k.I X h�j S fpT�f P�knf X
Then

H F G I o , H I G
qr
s autautt a

v9w
x , H f G

qr
s a`tt tt a

v9w
x z

5. For d~I�G8dVfHG J9J9J G8d�L use H F?G H I�G J9J9J G HK�G	��L . �
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VGAM allows the input of the constraint matrices H �:� H ���9�9�9��� H� through the �V�����:�����~���~�n�$� argument. (The
default value of ���e��� signifies no constraints at all). Like �V�$�~���������}�:� , �V�����:�����~���~�n�$� must be assigned a� �e�:� containing (constraint) matrices or functions that create them. Each of these must be named with the
variable name, or term in the case of �=��� . For example, the constraint matrices for Example 3 could be set
up by

�������9� �������9��¡�¢�£!�9¤e¥��$¦���¢�¡§£e¨ª©�¨§£B«¬¨�¢V:�9¤�¥��$¦e��¢=¡�£~¨ª©=¨!£�«:«
and then invoked with something like ®e¯e��°��¬±�±�±�²³�V�����:�����~���~�n�$�¬� � ���:�+²´±�±�±§� . Similarly, for Example 1,

�&¤6�µ¤�¥��$¦e��¢=¡&�¬¡�£~¨!£~¨ª¶=¨ª¶}¨ª¶�¨!£�«�¨·©=¨¸�«�������9� �������9��¡�¹e¡&º§»��V¼�¦���¼�½$��«V¹!���¾¤m¨�¢�£§���p¤m¨¿¢V:���p¤n«À$ÁV¥§¤Â¡�Ã$Ã$Ã�¨¸��Ä�»e���$¦V¥��§»$���B�����V�:���.¨³Ã$Ã:Ã¾«
If any explanatory variable is a factor then only the name of the factor (not any of its levels) needs to appear
in �����=�����~�~���e�}� .

When using the �V�$�=�:�����e���~�n� argument with functions such as ����� , Å������ etc., one must be very careful
to get any white spaces right. For example,

�������9� �������9��¡�¹e¡&º§»��V¼�¦���¼�½$��«V¹!�$Æ��B¥�Á�¡Ç©�«¬¨¹&½�Ä���È=¡�¢�£~¨ª©�«V¹§�9¤e¥B�$¦e�!¢�¡§£~¨Z©=¨§£B«¬¨¹��¬¡�¢V�¨�Æ$É$��©�«V¹§�9¤e¥B�$¦e�!¢�¡§£~¨Z©=¨§£B«$«À$ÁV¥§¤Â¡�È�Êb½�Ä���È�¡Z¢�£~¨ª©�«ÌË6�¬¡Z¢.¨�Æ$É$�$©�«¬¨ÍÃ:Ã$Ã�¨���Ä�»e���$¦V¥��§»$���B�����V�:�9��«
will not work, but

�������9� �������9��¡�¹e¡&º§»��V¼�¦���¼�½$��«V¹!�$Æ��B¥�Á�¡Ç©�«¬¨¹&½�Ä���È=¡�¢�£~¨E©�«V¹§�9¤�¥��$¦e��¢=¡�£~¨ª©=¨!£�«�¨¹��¬¡�¢V�¨#Æ$É �Î©�«V¹!�9¤e¥��$¦���¢�¡�£~¨�©=¨!£�«:«À$ÁV¥§¤Â¡�È�Êb½�Ä���È�¡Z¢�£~¨ª©�«ÌË6�¬¡Z¢.¨�Æ$É$�$©�«¬¨ÍÃ:Ã$Ã�¨���Ä�»e���$¦V¥��§»$���B�����V�:�9��«
will. If you are unsure, type something like

¥���Ãª��Ï�¥�¦V¥V�9�V¼�¦�¡ZÈ4Êb½�Ä���È=¡�¢�£~¨ª©�«ÌË;��¡�¢.¨�Æ$É:��©�«$«
to see how to get the white spaces correct. It is necessary to get it exactly right because the names of the�����=�����~�~���e�}� list are matched with the character representation of the terms in the formula.

The specification of Ð�Ñ / ��Òn��� in ���B� under constraints is simple: the successive values of Ð�Ñ / ��Ò¬�V� corre-
spond to successive columns of the constraint matrix of that variable. If the length of Ð�Ñ / ��Ò¬�V� is less than
the number of columns of the constraint matrix then values are recycled. Here are some further examples:

1. Suppose in Example 1 above that we wish to fit Ó�Ô ��Õ�� with 4 degrees of freedom, ÓeÔ×Ö Õ�� with 3 de-
grees of freedom, ÓeÔ ��Õ Ö with 5 degrees of freedom and Ó~Ô×Ö Õ Ö with 4 degrees of freedom. Then Ø���pÙ�Ú�²ÇÐ�Ñ��¬�.�pÛ]²¾Ün���(Ý	���pÙ~ÞÂ²¾Ð�Ñ��¬���§ßm²ÇÛ}��� .

2. Suppose in Example 2 above that we wish to fit all terms linear except for ÓnÔàÖ Õ Ö which has 4 degrees
of freedom. Then Øá���&Ù}Ú�²ÇÐ�Ñ��}Ú��4Ý	���&ÙeÞm²ÇÐ�Ñ����.��Ú�²¾Û@²BÚ���� , or equivalently, Ø�Ù�ÚÎÝO���pÙ~Þm²!�.��Ú�²¾Ûn��� .

3. Suppose in Example 3 above that we wish to fit Ó Ô ��Õ�� and Ó Ô ��Õ Ö with 4 degrees of freedom. Then Ø���pÙ�Ú��-Ýâ�=�&ÙeÞ¬� .
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