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[Important note: This document and code is not yet finished, but should be completed one day . . . ]

1 Introduction

This document describes in detail VGAM family functions for time series. Classical time series analysis is a
big topic and there is a huge literature. It is based on normal errors. Software is plentiful for the classical
case.

This document describes two non-standard time series models. Firstly, in Section 2, software for fitting
time series models to data coming from the exponential family. This is a large increase in generality. As
implied below, the estimation of GLM-type time series naturally fits in within the VGAM framework. Secondly,
in Section 3, reduced-rank vector autoregressive models are described.

Many of VGAM’s features come from BDCFE2GFH and BDIJE�GFH so that readers unfamiliar with these functions
are referred to Chambers and Hastie (1993). Additionally, the VGAM User Manual should be consulted for
general instructions about the software.

2 The GARMA Model

This section draws heavily on Benjamin et al. (1998). Other references are Benjamin et al. (2003), Zeger
and Qaqish (1988) and Li (1994). Li (1994) proposed the moving average version, while Zeger and Qaqish
(1988) proposed the autoregressive version.

For K;LNM�O�PRQ=MTSTSTSFMVU , the previous information set WXL�P�YFZ�LNMTSTSTSJM[Z�\]MVK"L_^,\?MTSTSTSJMVK`\TMVa,L_^,\]MTSTSTSFMVab\Tc is assumed
to belong to the exponential familyd�e K"Lgf WhLjikP l?m`npo K"LrqJL,sht e qFLjiuwv0x L y{z e K"LVM uwv0x L|iF} (1)

where qJL and
u

are the canonical and scale parameters respectively, and
x L are known prior weights. The

mean a,L~P�� e_� L�f WkLji�P�t�� e qJLri is related to the linear predictor �9L by the link function � .
A general model is given by � e a,LNi�P��"L~P�Z��Lw� yA�?�

where the additional component � � allows autoregressive and moving average terms:

�?� P ���T� \ u �J� e K L_^ � M[� L_^ � M � i y ���T� \ q �J� e K L_^ � MVa L_^ � i (2)

where � and � are functions representing the autoregressive and moving average terms respectively.
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Model (2) is too general for practical applications. The model that the VGAM family function B`I;�"E�I�G]H fits
is � e a,LjikP��"L~P�Z��Lw� y ���T� \ u �.� � e K L_^ � ibskZ��L_^ � ��� y ���?� \ q � YT� e K L_^ � i�s�� L_^ � c*S (3)

Equations (1) and (3) together define the GARMA(�'M[� ) model (GARMA stands for “generalized autoregres-
sive moving-average models.”)

Estimation and inference details are outlined in Benjamin et al. (1998). Here are some notes about the
VGAM family function B`I;�=EwI�G]H :

1. For certain link functions � it may be necessary to replace K L_^ � with some other value K��L_^ � to avoid
numerical problems with � e K L_^ � i , e.g., �¡ "¢ e_£ i . The argument ¤;¥"¦w§©¨DI=¦D¨ is for the log link: if KpP £ thenK is replaced by some value z , where

£«ª z ª Q is ¤;¥"¦w§©¨DI=¦D¨ .
2. Recursion is needed for the moving average term.This makes things a lot more complicated! For this

reason, BDI"�"EwI�GFH currently only fits �¬P £ models, i.e., autoregressive models only.

3. For binomial data the links are C­¥9B¯®=¨ , °D�`¥"±w®©¨ and ¤;C9¥9B`C9¥­B . For Poisson data the link is C­¥9B³² (for the
natural logarithm.)

2.1 Other Topics

2.1.1 Input

The response is assumed continuous, counts or binary. The ‘right’ link function is chosen to reflect this.
Input for the binary case is the same as ´�®J¦�¥JE�®;I³C�G]H .
2.1.2 Convergence

Currently, initialization is quite poor, and could be improved. A limited amount of experience has shown that
half-stepsizing is often needed for convergence, therefore choosing ¤©�µ®=¨³¶'·J¤;¥³²­¸'· is not recommended.

Successful convergence often requires very good initial values. The argument ¤"¥³²­¸µ§©¨DI;�9¨ in B`I;�"E�I�G]H
can be used for this purpose; the argument ¤"¥³²­¸µ§©¨DI;�9¨ in ¹`BDCFE2G]H cannot be used because of technical
reasons.BDI"�"E�I�GFH should be used with ¹³BDCJE�GFH rather than ¹`B`IJE�GFH because of the step-sizing feature.

2.1.3 Over-dispersion

Scale parameters have not been implemented yet.
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3 Reduced Rank Regression for Time Series

Consider the multivariate autoregressive AR( º ) model

» L~P ¼�½ � \�¾ ½ » L_^ ½ yA¿ LVM ¿ L�À eÂÁ M�Ã>ibÄÆÅ¯ÇDlTnwl]Å¯Ç¯l]Å­È[�¡ÉwMÊO�PRQ=MTSTSTSFMVU�M (4)

where
» L is Ë Ì�Q and ¾ ½ is Ë ÌÍË and to be estimated. As the number of lags º increases the

number of parameters involved grows rapidly. Ahn and Reinsel (1988) proposed the nested reduced-rank
autoregressive model where ¾ ½ is replaced by a matrix of rank Î ½ . One has the Î ½ s being a nonincreasing
sequence and ¾ ½ P A½ C �½ and ÏgÐ"ÅD¢"l e A½ i�Ñ{ÏgÐ"Å¯¢"l e A½0Ò \[i . It is nested because with Î ½)Ó Î ª Ë and A½ P A
the special model

» L�P A Ô ¼½ � \ C �½ » L_^ ½ y{¿ L is obtained. Ahn and Reinsel (1988) gave a canonical form,
computational details. and showed that a Newton-Raphson-like algorithm could be implemented using
standard software for generalized least squares regression.

Model (4) lies out of the RR-VGLM framework because each ¾ ½ is of reduced rank, not the combined
matrix

e ¾ � \ M ¾ � Õ MTSTSTSFM ¾ � ¼ i � ( P ¾ � , say). Nevertheless, the VGAM family function �³�¯I"�*G]H has been written to
implement this model. It takes in a U{ÌkË matrix response and the explanatory variables should just be
an intercept term. The argument Ö�I©¦`×w§ in �³�¯I"�*G]H specifies the ranks and must be of length º . See the
tutorial example below. For more information about VGAM family functions for reduced-rank regression, and
notations, see the other documentation.

In practice Ã has to be estimated. We use

U ^,\ÊØ� L � \�Ù¿ L Ù¿ � L S
3.1 Other Topics

3.1.1 Notation

Ahn and Reinsel (1988) use B½ instead of C �½ here.

3.1.2 Input

The response is a U�Ì:Ë matrix. Any explanatory variables are ignored (except for the intercept term).

3.1.3 Convergence

Currently, initialization uses random numbers and is quite poor. For reproducibility of results use §"²;¨2Ú�§=²³²­Û�GFH .
Convergence is slow (much slower than a second order rate) because Ã is estimated. The default of�9�¯I;��GFH is to take a half-step instead of an ordinary full Newton-Raphson step—we found this necessary for

the grain data below.
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4 Tutorial Examples

4.1 GARMA

We look at the interspike data described in Zeger and Qaqish (1988). It concerns the interspike times
collected from neurons in the motor cortex of a monkey. Zeger and Qaqish (1988) used an inverse link
function but we will use a log link; the results are similar.Ü/Ý[ÞTßTà0á]â[ãJÝVäFàåçæNè�é0êìë=æíêTîìé?é~æVï©æðé0é�ñ0òóë=æôî0òìò?êìñ0õöò?÷ éóë0ë�òTîóé?é�ñ0õìé?ïåræVõ0è�÷0õ�ñ?îìñ0ï�î0õì÷?ï�ñ�éöò?éöñ?ñìò?÷:æVï0ë6æNï0ë�ñ?îìî?ñì÷0÷�î0ïìé?ïìëTò éåø÷?ò0èöë?ò�î?îó÷Tñì÷?ïöî0õ�ñ�ê�î�ëö÷0ë�÷?éì÷0ë éùæVõöî0êúæNéö÷?éì÷?÷úæ[îìî0éåûñ?ñ�è�÷0éö÷?õöî�ëüæNë�î0êúæN÷ îó÷?ïúæVêùæVòìî0ê õìî0ê�î�ïúæVòùæ[îùæVõùæVêåøò?÷0èüæ|ë�î0÷ùæVê�î?î�æVêúæNõ�î0éöî0ò�î0÷öî�ëì÷Tñöî?îìî0õ�î�êúæVòì÷?ïö÷0ëúæVòåøõ©æNè�î�ïìëTõöî0õö÷TñýëTõ�î0ñöñ?ñýë]îöî0õùæVéÜpãFþ?ÿ�ß��ÂÝ[ÞTßTà0á]â[ãJÝVäFà����]þ?Ý��	��
�� ï � æ[î0ï�
 � þ��Tâ�� æ ���]ÿgÞTß�� æ ���]þ����������gãJÝNäFà��� ����]à�á!���" �]þ��#�����#$[Þ?ßTà0á�%��[ãJÝVäFà'&FÝ��©à(�)�"â 
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Figure 1: Observed and predicted interspike times from a second-order Markov model. The horizontal line is the
predicted level from a GLM without time dependence.
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L à���áFâ0ÿgÞ+7Tà]â?Ý�A� ��?þTâ <M Ý[Þ æ�N M à�AFÝ��gÞ ÷�N M ���þ?ÿ�.��O�� 
 % é 4 ñ0é?ï�ë % î 4 æVñ�ëTé % ï 4 ë]ñ?î0é0ë�æ 4 î0÷©æ«ê 4 ê?ê©æVõ
G ÿ�à����FÝ�
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gà�ãTß 
 ÷ 4 òJæV÷?÷©æ ï 4 ï0ë=æ0æVò?ï õ?ï 4 æVõ0ë?ë�Âþ���. æ�
>ï 4 ÷0÷?òTî0÷ ï 4 ï?÷?ï0ò?éTî!æVï 4 õ?éTî0é�Âþ���. î�
>ï 4 îgë=æVê?ï ï 4 ïTî0õ0ê?ò0ë�ê 4 ï?õ?÷?õ
�� #���]à0á�ÿ���þTÝ[Þ]à���á ãTáTà�A]Ý�
gß]ÿ�á]â <íæ
�����©à ÿ���þ?Ý[Þ]à���á ãTáTà�AFÝ�
gß]ÿ�á < þ?ÿ�.��O�� 

R Ý0â[ã]à0áFâ0Ý0ÿgÞ L ��á��/�©à0ßTà�áS�Tÿ�á-.��gá#���-���/�=Ý0þ�� < æ
T ÿ�.�%?þTÝVä]àTþTÝ#EFÿ0ÿ�A <¬õ?÷?÷?ï 4 é?éTî ÿgÞ õTñ ATà�.0áTà?à]â ÿ��C�?áTà?à�A]ÿ/�
�� #���]à0á�ÿ��S$gßTà0á���ßFÝ0ÿgÞFâ < æVõ

The plot of the data and fitted values is given in Fig. 1. This looks similar to Figure 4 of Zeger and Qaqish
(1988). In comparison, Zeger and Qaqish (1988) obtained 0.0217, 0.336 and 0.283 as their regression
parameters. They had O -statistics of 8.22, 3.97 and 3.51 respectively.

4.2 Nested AR

We mimic the analysis presented in Ahn and Reinsel (1988) who considered data consisting of monthly
averages of grain prices in the United States for wheat flour, corn, wheat and rye for the period January
1961 through October 1972. The units are dollars per 100 pound sack for wheat flour, and per bushel for
corn, wheat and rye. The model » L~P ¾ \ » L_^,\ y ¾ Õ » L_^ Õ yA¿ L
was fitted, where ÏgÐ"Å:U e ¾ \�i*PWV and ÏgÐ"Å:U e ¾ Õ i*P Q was chosen. This lag ºAPYX model can be parameterized» L~P A ��Z\[ C� \ » L_^,\ y D Õ C � Õ » L_^ Õ�] yA¿ LVS
We haveÜ^ Jâ���.?á��TÝ[ÞS�/áTà���A:4ûß��#�Fþ0àD�/��4�46_�A��gß���_� Jâ���.?á��TÝVÞ54ûß��?ß!�	�@E]à���ATà�á���& 
Ü*�Tà���á+� â�à�`�� æNõ?é©æ " æ _ æ[î � æVõ?ò?î " æVï _ æ[î ������� æ _ æ[î�
Üpã���á��O�	��á���
�� ë � ë � î � î�
 " ï 4 æ �a�K�0á]ÿ�b���
;� ë � æ�
�
Ü*�]ÿ�á��rÝ ÝVÞ æ=<ûëK
Ic" ãFþ0ÿ�ß��F�Tà���á��� Jâ���.0á��TÝ[Þ å �rÝ è �3���TÝVÞ���Þ��/�Jà]â��B Jâ���.?á��TÝVÞ 
9å Ý è � ß��0ã]à����Vþ	�����Tþ��������������]þ���������� 
" ãFÿ?Ý[ÞTßFâ��B�Tà���á��� Jâ���.?á��TÝVÞ å �rÝ è �¬ã�
#E����#d�� 
"-e

This produces Fig. 2. Now the results of Ahn and Reinsel (1988) can be obtained by as follows.
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�? R ����ß?á]Ý�
�à]â��lAFÝ�.�� ÷�
å?åræNè?è:< å � æ|è å � î�èÍå � ÷0è å � ë?èåçæ � è æ ï ï ïå î � è ï æ ï ïåû÷ � è ï ï æ ïåøë � è ï ï ï æå?åûî�è?è:< å � æ|èåçæ � è æå î � è ïåû÷ � è ïåøë � è ïÜpãTáFÝ[ÞTßD�F�FÝgß�>/�"Ý?â�
�?0ÿ/�©à�.��#E���ß��@A]Ý�.�� ÷K
b�E]à���ß:4B�]þ0ÿ� Tá 
0ÿ�á0Þ b�E]à��gß á��Tàb�ETà���ß:4B�Tþ?ÿ� Tá î 4 ëTõ à�% ïTî ï 4 ï0ï?ï©æVêTñ ï 4 ï?ï?÷?ê0÷?é % ò 4 ñgë à�% ïTñ
�ÿ�á0Þ æ 4 êTñ à�% ï0ë�ï 4 ï0ïTî?îJæV÷ ï 4 ï?ï?ï?õ0ê?õ�ò 4 ò?ò à�% ï0ëb�ETà���ß ÷ 4 ê0ë à�% ï?÷ ï 4 ï0ï?ï?õ?ê?õ ï 4 ï?ï?é?ê0õ?ï æ 4 ñJæ à�% ï?÷á��Tà % ò 4 ñ�ë à�% ïTñ ï 4 ï0ï?ï?ò?ò?ò ï 4 ï?ï©æ[ñFæ?æóî 4 ò?ò à�% ï?÷ÜpãTáFÝ[ÞTßD�F�FÝgß�>/�"Ý?â�
�? L EJÝ����gß?áFÝ�
�àTâ��mAFÝ�.�� î�
å?åræNè?è:< å � æNè å � î�è å � ÷0è å � ë?èåçæ � è�ï 4 õ?ê?é0ë % ï 4 ë]î/ï 4 ñ0ò?é % ï 4 ë]ñ0é?éå î � è�ï 4 ï©æVïTñöï 4 ê?ï ï 4 ï0ëTò % ï 4 ï?ï?õ?õåû÷ � è�ï 4 ï?÷?êTñ % ï 4 î?ñ~æ 4 ïTî0ï % ï 4 æVï©æVïåøë � è % ï 4 ï?ï?êTî % ï 4 æVò ï 4 æVé?ï�ï 4 òTî0÷?éå?åûî�è?è:< å � æNè å � î�è å � ÷0è å � ë?èåçæ � è % ï 4 ï?ê?ï?ï�ï 4 õTî0õ % ï 4 éTîöï 4 î0÷?éTñå î � è�ï 4 ï?ï©æV÷ % ï 4 ï©æ[ñöï 4 ï©æ % ï 4 ï?ï?÷?õåû÷ � è % ï 4 ïTî0é?ï�ï 4 ÷?ïTî % ï 4 î0ï�ï 4 ï?ò?é?õåøë � è % ï 4 ï©æ[ñ0÷�ï 4 æVò?ò % ï 4 æ[îöï 4 ï0ë]ñJæ
The results differ slightly from Ahn and Reinsel (1988), possibly because we have used O�P Q y º�MTSTSTSJMVU
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instead of O�P Q=MTSTSTSJMVU . That is, we have ignored the first º observations for simplicity.
Finally, the canonical variables are also returned. This transformed series n L whose components o � Lare arranged such that with increasing values of the index p , less past information on n/L is necessary to

explain the present value of subvector o � L . They may be plotted as follows.ã��gá��O����á���
�� ë � ë � î � î�
 " ï 4 æ ���K�?áTÿ�b���
�� ë � æ�
�
�]ÿgá��rÝ Ý[Þ æ=<ûë	
IcãFþ?ÿ�ßD�F�Tà���áD���FÝgß�>��=Ý?â�
�?�q å �rÝ è �����TÝVÞ���ã��Tâ[ßTàD�/�/q	����Ý�� â�à�ã������ 
 �ß��0ã]à��	�Vþ	�����]þ����������	���]þ������	��� 
ãFÿTÝ[Þ?ßFâ��F�Tà���á��a�FÝgß�>/�"Ý?â�
�?�q å �rÝ è �¬ã�
#E����#d�� 
e
This gives Fig. 3. The y-limits do not correspond to the original series because it was centered. The

y-limits corresponding to the original series can be obtained by usingG�r,§;I;B9�DID®J¦Ys5t�s�¨*G]§=¥`C"¹D²bG[¸�®©¨�u©E,®`§­¤;v;w;×yx­H³H³H{z!|�®!} instead. See Ahn and Reinsel (1988) for more informa-
tion.

Exercises

1. Zeger and Qaqish (1988) fit spike number as a covariate (they called it “Model B”). Try doing this,
both with a log link and inverse link.

2. [Hard] Extend B`I;�"E�I�G]H to handle moving average terms. Note that this will require recursion.

3. For the grain data, the full model can be specified by �³�DI;��GVÖ�I©¦`×�§=¶�¤�G�~�|�~�H9H . Fit this model. Is there
much agreement between this full-rank model and the reduced-rank model? Show that the standard
errors of the elements of Ù¾ \ and Ù¾ Õ are approximately 25% smaller than those of the full model. Hint:
use the result that � U e Ù� s � i converges in distribution to � eÂÁ M H � e � i ^,\ H ��i where H is the matrix re-
turned in uJE�®³§9¤;v��;E�I;¨³��®!� and

� P e � � \ MTSTSTSJM � � ¼ i � with
� ½ P��"l�� e ¾ �½ i . Hint: use E�²`I©¦�GT§"²µH��JEµ²`I=¦�G]§=²9¸�H

where §"²­¸ is the vector of standard errors of the full model etc.
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Figure 2: Monthly average prices of Grain series, January 1961–October 1972.
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Figure 3: Canonical variables of the Grain Price series, January 1961–October 1972.
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