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Chapter 2: Probability

The aim of this chapter is to revise the basic rules of probability. By the end
of this chapter, you should be comfortable with:

e conditional probability, and what you can and can’t do with conditional
expressions;

e the ng,igion Theorem and Bayes’ Theorem;

wo First-Step Analysis for finding the probability that a process reaches some
- state, by conditioning on the outcome of the first step;

e calculating probabilities for continuous and discrete random variables.

2.1 Sample spaces and events

Definition: A sample space, 2, is a set of possible outcomes of a random experi-
ment.

Definition: An event, A, is a subset of the sample space.
This means that event A is simply a collection of outcomes.

FExample:

Random experiment: Pick a person in this class at random.
Sample space: Q2 = {all people in class
FEvent A: A = {all males in class

Definition: Event A occurs if the outcome of the random experiment is a member
of the setA.

In the example above, event A occurs if the person we pick is male.
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2.2 Probability Reference List

The following properties hold for all events A, B.

e P(0)=0.

e 0 <P(A) <1,

e Complement: P(A4)=1—P(A).

e Probability of a union: P(AU B) =P(A) +P(B) —P(AN B).
For three events A, B, C"

P(AUBUC) = P(A)+P(B)+P(C)—P(ANB)—P(ANC)—P(BNC)+P(ANBNC) .

If A and B are mutually exclusive, then P(AU B) = P(A) + P(B).

P(AN B)
P(B)

e Multiplication rule: P(AN B) =P(A| B)P(B) =P(B| A)P(A).

e Conditional probability: P(A|B) =

e The Partition Theorem: if By, B,, ..., B,, form a partition of 2, then

P(A) = Zm:IP)(A N B;) = iP(A | B;)P(B;) for any event A.

i=1 i=1
As a special case, B and B partition (2, so:
P(A) = P(ANB)+P(ANB)
= P(A|B)P(B) +P(A|B)P(B) for any A, B.
P(A|B)P(B)
P(A)
More generally, if By, Bo, ..., B,, form a partition of {2, then

__ P(A[B))P(B)) .
P(B;|A) = S (4| B)P(B) for any j.

e Bayes’ Theorem: P(B|A) =

e Chains of events: for any events A;, Ay, ..., A,,

P(A1NAsN. . .NA,) = P(A)P(As | ADP(Az | AsN AL .. P(Ay | Apoin. . N AL,



2.3 Conditional Probability

Suppose we are working with sample space
2 = {people in class}. I want to find the
proportion of people in the class who ski. What do I do?

Cowc\"'\/‘o :H:PLOIDU_ A Class Wl sl/a".) o~ Adivide [j_j He Fotad
“ﬁ:\oiiéi in ClaSS ,

//T,—J_ ﬂ>( % FHsle'os in class
Lion | = -
¥ : S) #f’“f’LL ' Class f—

Ay

Now suppose I want to find the proportion of females in the class who ski.

What do I do?
Counk l'\f' #-QEUVWJ\M in e clags Wlo Sl¢\|) a\,\‘{ o{_,{uIAL g\\j

*‘0‘"&1 i({;@v\o\kd A days.

]/P(Eriuumlz Sl@]f} - ‘,_:&(f’?"““’[L Skives in clogs
H el i clese 6—

By changing from asking about everyone to asking about females only, we have:

—

o /s d"eo\ h)U(U\HM to o sef ~‘fdr W(_g 0/\\:7 _
or: raalucw{ M ScW\rLe_ Sro\u fvwm Hee M 567 .M@ou h
Hae set o&— {-@J‘AM a)mb ,
—> or: Cof\oli)rr\cv\.u?t on He ovet g(F'E/"\“-JISB

We could write the above as:

&eMng l i in Aass
[P(S'/L'ls | f«uvuk(,z,) = :H: peet A

¥ sk In st

Conditioning is like changing the sample space: we are now working in
a new sample space of females in class.
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In the above example, we could replace ‘skiing’ with any attribute B. We have:

# skiers in class # female skiers in class

o) — P(skis | female) =
P(skis) 4 class ’ JP((S 818 || e 6)3 # females in class
SO: 47
p(B H R's ia class
_ HEs ndass,
) A i~ class
and

#fﬂj\z\ﬁlﬁ &/‘5 i'\ (/L&\.Sj
:H‘".q cless Wl are L,al’l,\‘_@ ond dﬁf/\/\akt
4:]?3?\ class LWlho are fE/V\“-’L{

P(B | female) =

Likewise, we could replace ‘female’ with any attribute A:

Hclast W e & o d A
#class Vo are A

P(B|A) =

This is how we get the definition of conditional probability:
P(R=dAY  P(BAA)
B = P(A T PRA)
P ) P @A)

By conditioning on event A, we have C L\AQjLA e Swv\f\{ \Y [sff\C& o
Hw sek 36' P\ ' 0/\\3.

Definition: Let A and B be events on the same sample space: so ﬂ,c_:_ﬁ_, R= L
The conditional probability of event B, given event A, is

P (gAY
P(ela)y- —
vt [?(P‘B

bas
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Multiplication Rule: (Immediate from above). For any events A and B,

P(Ane) = P(AIRIYPR) = P(RIA) P(A) = P(8rA)
M AOROD —

Conditioning as ‘changing the sample space’

The idea that -'COf\f‘\_FIHOr\.\:ﬁw =" C'L'W:j'\\"j e SC‘MF e Space ) can be
very helpful in understanding how to manipulate conditional probabilities.

Any ‘unconditional’ probability can be written as a conditional probability:

(&)= P(RIA)

Writing P(B) = P(B | 2) just means that we are looking for the probability of
event B, out of all possible outcomes in the set (2.

In fact, the symbol P belongs to the set ): it has no meaning without ).
To remind ourselves of this, we can write

[ Y
Then |’P(6)ZIP(8‘—Q-): l’P_ﬂ_(gv

Similarly, P(B | A) means that we are looking for the probability of event B,
out of all possible outcomes in the set A )

So A is just another sample space. Thus We Can MO\/\\?IA&J’( condafionak
Pm\ga\\al\lﬂu IP - ;\) Y Alee M\j oMeer P/\o\god\, \,.hej
~S Lo:g wS we Nwﬁ\mj& S)r\“j NS ke Ho seane Samfsle, SIDG\C»L 70[ .

The trick: Because we can think of A as just another sample space, let’s write

_ \ = N ot ./\0)( St dar A
)P( |P§\ ( ) \ r\o;)(,o,\ u\jL\ worle '
on

Then we can use P, just like P, as long as we remember to keep the
A subscript on EVERY P that we write.
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This helps us to make quite complex manipulations of conditional probabilities
without thinking too hard or making mistakes. There is only one rule you need
to learn to use this tool effectively:

ﬁ\ (B1c) = (8| Cnm./g(orm\jf\,g)c

(Proof: Exercise).

The rules: P(-|A) =Pa(-)
P,(B|C)=P(B|CNA) forany A, B, C.
+ T ——

C
IS
FExamples:

1. Probability of a union. In general,

B(BUC) = TPA_(@) + IT':C C) - "PA(B(‘ <)
By (630 = R (8) + B, (C) - By (B ) [/ZoULuB

Thus,

P(Buc [A) = P(BIA) + P(c|A) - P(BnCIAY.

2. Which of the following is equal to P(BNC'| A)?

/_\_/
(a) P(B|C N A). (c) P(B|CNAPC|A). ¥
P(B|C)
) “pray (d) B(BID)E(C | 4).

Solution: P (R~ c |A) = f?ﬁ (B"C> Lona .
:&(BNVFP[(C)@ 1
= P(8] can) P(cIA) Sh}}ﬁb

= onswu (¢ .
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3. Which of the following is true?
(a) P(B|A) = }J\— P(B|A). (b) P(B|A) =P(B) —P(B|A).

Solution: P (A pf)

P(BIA) = [, (B)
= - fﬁd@)

= 1 = P(BIA) - smswer ().

4. Which of the following is true?
(a) P(BNA) =P(A) —P(BNA). (b) P(BNA)=P(B)-P(BNA).

Solution: (B nA)= P(R[A)P(A) *

= 7 1 -PeImn3 P
P(A) ~ P(R1A)P(A)
= P® - P(enA).

= GnSwY (ﬂ\\,

. ” n
5. True or false; B(B|AN=1—[P(B|A)7 -

Answer: talse @ P (@]PB = ﬁ (@) Once we've j‘f iPﬁ‘)
We oo Shade with i\*( Doeeny malie sense to add Tl)ﬁ and
7 fogetr

fx

I

Exercise: if we wish to express P(B|A) in terms of only B and A, show that
P(B) —P(B|A)P(A
P(B|A) = (B) . (IP’(%)) ( ) Note that this does not simplify nicely!




R
-
NEW ZEALAND
22

Co LI‘SLLOO[QSL Sc'lgfm& .

2.4 The Partition Theorem (Law of Total Probability)

Definition: Events A and B are mutually exclusive, or disjoint, if A N = gb

This vaans A oand B camof bappen fogatbur. T A Lugpens
.\' w (% aﬂrwm I/\AﬂDM:j’ owa\ Vi vusa .

Y

'O O
If A and B are mutually exclusive, [P(/\u@) = [P(Pg\ + ]?(6)
For all other A and B, [P(f\u Q = IP(PI) + [P(@\ - P(ﬂm@\,

Definition: Any number of events By, By, ..., B;, are mutually exclusive if every
pair of the events is mutually exclusive: ie. ‘BL N @’\j = 51‘) agm_ M vy L, L;LJ

3 Ogl gkj%”
E; - O

Definition: A pa}rtition oii’_f'l_ris a Colkgo{%oq c‘é.- MM% X dnsive 2yenk
Whiose union is S .

That is, sets By, Bo, ..., By form a partition of ) if

BiNB; = 0 forall i,j with i A5, w®

k
and U&::&u&umumzzn -
=1

J |

L

By, ..., By form a partition of € if they have no OVU'{ﬂ\qo M
Cou0,CHve/(A1 cove “Lk rDoSS‘}L,\.e @M{'Come_f,
~—




A & & indegt.
P(AY= 05
P (AR = P(A)

N\
AL

L\\\\&
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R, CH
(oo [ & ]

FExamples:

CHEE

Any set A can be partitioned: it doesn’t have to be ()
In particular, if By,..., By form a partition of €, then (AN By),....(AN By)
form a partition of A.

Partitioning an event A

Theorem 2.4: The Partition Theorem (Law of Total Probability)

LQ)F @\ J @1_;-—" > @M P oc NJ'%HG/\ -Q_ TLU\ ~ O
vt A # ' Oa' éﬁ

P(A) = 3 Plhnal) - 2 P(AIB)R(e)
L - ASFanding B V\S;i\j

Both formulations of the Partition Theorem are very widely used, but especially
the conditional formulation > " P(A | B;)P(B;).
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Intuition behind the Partition Theorem:

The Partition Theorem is easy to understand because it simply states that “the

whole is the sum of its parts.”

( AﬂBli
P(A) = P(AN By) + P(AN By) +P(AN By) + P(AN By).

e IOANNANAN T — - N

2.5 Bayes’ Theorem: inverting conditional probabilities

Bayes’ Theorem allows us to “invert” a conditional statement, ie. to ¢ X]o reLS

PCeTAY A fums o P(A B

Theorem 2.5: Bayes’ Theorem

PCATBYP(R)

For any events A and B: HD (g l /313 = f@\A
P( A)

Proof: T
P(BNA) = P(AN B)
T Y
P(B|A)P(A) = P(A|B)P(B) (multiplication rule)
P(B|A) — P(AHLJ(BE(B ) o
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Extension of Bayes’ Theorem

Suppose that By, Bs, ..., B, form a partition of ). By the Partition Theorem,

Py - 2 P4 18P ()

Thus, for any single partition member B;, put B = B; in Bayes’ Theorem
to obtain:

Peglh) - IP(M&W(&) k)P(g\gJ)P(@J)E"
| - = PAIEIP(e)) o

. Yy
\ "Javu
LS (S

gy 43 J
P(B{]A) -7
Hﬂ& roLals, l"- U/M\/
63f wlTH!f\p&?; went
Special case: m = 2 ;Z\ '

Given any event—EB—the events B and B form a partition of €). Thus:

P (&1A) - FONBFE)
P(ale)P(&) + P(alR)P(B)

FExample: In screening for a certain disease, the probability that a healthy person
wrongly gets a positive result i The probability that a diseased person
wrongly gets a negative result is_0.002. The overall rate of the disease in the

population being screened is 1%. If my test gives a positive result, what is the
probability I actually have the disease? ' )




n | —»_ 0 = 4“@&9 W W‘*@ !fe"")r?\ - el
D D&& \ne E‘/e/\)ts__ P: éb\o\vﬂ LW\S —IS = i don't Low

el

P = fpositve ety N =B g nggabive best]

26
e .S easea

QI/\(F_OFMA’\_F\DK\ C{n\/(/\ J _
4t alse posihve ake v 0-057 = TP( P , , D ) =005
False negative (afe s 0002 => 2P ( N _| B) )=0007
O .ol

Disease ok s 1%, = P ( D D

D) Losleing £or [P(DIP)

o
Ba@u T = P(D1P) = ’P(P'@)”}“})J

PCP)

_ hfi:—?(?[b)%(»Ol
PP

. 1= PN 0 -0 3

PPISYP(YY + P(RPID)P(B)

g |- 00022 V% 0-0]

- "‘—n—.—_

% 1~0002 %001 1 0.05 4 0-19

= 016§
Cl}vz/\ o~ EOS%\’;WQ fest, MO Nron e :\6/ [/\O\V"Gj e diseage s
ol 168
_—
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2.6 First-Step Analy51s ﬂor calculatlng probabilities in a process

In a stochastic process, what happens at the next step depends upon the cur-
rent state of the process. We are often interested to know the probability of
eventually reaching some par icjular state, given our current position.

Throughout\this course, we will tackle
called D7\ U TJ

The idea is to consider all possible first steps away from the current state. We
derive a system of equations that specify the probability of the eventual outcome
given each of the possible first steps. We then try to solve these equations for
the probability of interest. -

First-Step Analysis depends upon condzitional probability and the Parti-
tion Theorem. Let Si,..., Sk be the k possible first steps we can take away
from our current state. We wish to find the probability that event £ happens
eventually. First-Step Analysis calculates P(E) as follows: NVeaws Lo as

RLEY = RIETSORE) v v REISO s
N= “Now™ = "Cuwrent stake” )?m () = PO IN) Shorfleand.

Here, P(Sy),...,P(Sk) give the probabilities of taking the different first steps
1,2,.. . k.

Example 1: Tennis game at Deuce.

Venus and Serena are playing tennis, and have reached
the score Deuce (40-40). (Deuce comes from the French
word Deux for ‘two’, meaning that each player needs to win two consecutive
points to win the game.)

For each point, let:
p = P(Venus wins point), q = 1 — p = P(Serena wins point).

Assume that all points are independent.

e

Let v be the probability that Venus wins the game eventually, starting from

Deuce. Find v. V= ]?(\/l,d M@\% | sterk &t bev\u’_> ,



ADVANTAGE GAME
VENUS VENUS

ADVANTAGE

GAME
SERENA q P> SERENA

p .
l/l&@, r@( sr Mabﬁj- T\/\.Q FOS—Q}QLL (F]K\S)f sh I SJRJ”Hr\ 0/
DQU\C@: 1 bf%o Verns wins Xt f)o"v\\’ (Fm;;i{\ﬂg f) : glof;{l Av
'2.) Strene wind nexd (ootufd"( o %\?SW(’- AS

GFons” ﬁ/: F(lebmq_) = TPD (Vl/\)\ ) Ll
Losrbonflasn] = Prv |4V (AV) + Iy (V)P (as)
B — -

/\_/—\_/—\_/'\—/—\_’_\
PRV | D) i~ Shdar A notabion ;

. \
\?(Maw_ o AV 1non sh?) Sh\rh\,j af D

TN NOQ D 9‘{‘L°5 UN‘E\,
,-\Obd) ‘gf,(f“‘"\’sx-' ‘\/ Uf\b
Aod =S Ak WL T tn
shte AV, of P"SJ

("

:fj(VWMV)P + P(vwla e, (P
N i

o

Now we need fo dq"/\A ﬂD(VL\J \Py\/) oA\ P(VL\J ] /}S)(
Nse §mt—chep Mﬁ\ljm ngxn.



P vuiAv) = P (VW) v

= P, (vu\vw)[P (Vw) + [PM (D> P%T%

\‘/ﬁf\_'/ P Vi chrt sk AV) *V
= 1 oxp ) Slade o H,\Ll,ﬁjmtjl
\ iP(\/\,J] Pf\@: p o+ gV @

Similorty, fP(Yw As)= R (Vi) @

B (1) 1, (S}, )

AS

POWIAY =
51/ + V*@o @

Stlshbhdke @ £ L) ik P L/O ©
v= (progv)p + (M@
V = |0 t Zpqv &in iﬁ?ﬁ;)
(l-2p) -

1-2ﬁ/




de/u&r Meflod ([/LS{, Hoxs o“&\.)

Kenh Yo &\ber- S}—(P m«b&{_s str KUC\‘\' D’C%f Ny
e(ioiﬁrcw\-

Some AN v Ofor V= \/D = '?(VE/\M LWINAS ’S‘}aﬁff JD)
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Note: Because p+ g =1, we have: 1-1 = (|D+ 7/) - P1+7/L+ Zf,?/

\ 1-2 pg, = fl - @7"
So the final probability that Venus wins tEe game is:
T
vV = _L = E < m V= ”) Veans 39MQ,L;D\05>
=2 pq, P +q/q‘?\ | i N

Note how this result makes intuitive sense. For the game to finish from Deuce,

either Venus has to win two points in a row (probability p?), or Serena does
(probability ¢?). The ratio p?/(p® + ¢?) describes Venus’s ‘share’ of the winning
probability. 7

S} A\ >=ID)
Alternative approach: two-step analyiic_)@z

The diagram above is a simple one, and we can see that the only way of winning
from Deuce is to take two steps away from Deuce. In situations like these, it is
worth considering whether a two-step approach is possible.

For a two-step approach, we look at the POSS]ELL f_f\irzs '76' S’}‘(Lfﬂ e can
Faloe ot O(g’ e Stake Dewnce .

Pair of steps Probability Outcome .
( par K Fon ) o A5 por [PCVUIOLJ'@A%
o§ Sheps
D—>AVS v ]DL Verns Wiag i
D= A3 Su §- Sevaiin| 6

DAV D pq, Rade e skt v
D 25> D P‘L 80\0[0.”‘09}’”*’

4
¥ (P“’HH“‘) f (oo | P«”‘“%




]Aj\tﬁ Aoes ~ Z“SH,\Q Wbﬁj Na é@r’ fs O{A\ﬁk\jfﬂw\?

‘D ‘D POSSHOLL PO\/‘.fﬁ Oaf SJ‘&FJ:
o\ —o— -
\éjﬁi} @ D —>Av > Vw
m’”ﬂlj/ D > AV =D
N SAS > D
A S
\f;&dg\/gj@ DS As >3SW

Ioﬁ e EN"J("‘HOR oV EO&EiLL& ]‘Qﬁr_j %@}ef\; o Lt cafey
bﬁmtz_) e 3% a 9§MFL:6L;&/L 3351"0\/\:
T Okcome g« poir o Shps Plereps) PV ] sheps)

\/Dw v o el
~ R XIN]
j L\ et

S 9" 5 v

I(? oW~ A/\ftjm/v\ I S \)M% A W(ﬁb MO Q COMIOUCML{»’LJ We

Ay i oy simphicy from o D-shep malysis: i
o wlA \\)"‘*5)( Wga Mf}jj o= QQMQ\XW:@A_ b

(—) NeLJ L-oo]o 4—
A Vi
Q@+ SUJ

__EOSSI\:,LQ. igmf:S % S]f’(ﬁlf OI/J'QO% P/Vw S’} o

b;ﬂs -0 or'.b - AV > D D
D 5Av 5AV ﬁ%‘ Av

(:,3_

D oS5Av-> v V) 1
B S As -5 su SW o
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Our approach to finding v = P(Venus wins) can be summarized as:

~ . o . L
Mo i) =v = 2o PO Lgtiy) Pletit)

bl
lon

Monb g
V= {L:kq:" + O#4  + V kP VPG
. Vo= |°1 + 2f>ni/1/
V((—lm/\ = fl' S
,—L Al %(@_ @

V= [=2pq

Example 2: Gambler’s Ruin.

This is a famous problem in probability. A gambler
starts with $2. She tosses a fair coin repeatedly.

It she gets a Head, she wins $1. If she gets a Tail,
she loses $1.

The coin tossing is repeated until the gambler has either $0 or $N. What is
the probability of the Gambler’s Ruin (i.e. that the gambler ends up with $0)7

Ve /e Ve
L1 1 1%
jOﬁ»\S*' Sarg

- |
: YP(EVP/\{’W\{ shwi;a)r s}xﬁ)

Yy \win
(VA VaV Ay

o ke S
w2z T ZP,M( @ g

o
5
\

+ &0

e %r =12, N-I s [aow\f{w\*j Condihong
S e



Prot, o Owrcore of ’P(_m?/\ | olx\honaw,)

ok bdr&}'q’e_ A Hros g)rqﬂo s S}ﬂf

Pﬁﬁh 9f\T‘~?.Of LN

‘__—l;);(rwlf\ lsﬁfjrff\’r’)q - lr’i (K}

—
—_—

o fo Shak
J')j.- j %~F| N P7L+|
1 to Shk
z e - | ¢ lox-\

f&:\/—lﬂ\l/\

P (R ) Heed )T (M) + 2 (1 Te) )

1+
‘O%ﬂ * 2 P’)tﬂ * _z{



\SOLMHOA_?T AX&&UYAL& z@p&khA *)

We have po= 1p + Lop

&M%?: %g+ﬁ&:—w%+%hﬂ

R VA
Bowdories . p = 5 -0
g N

31
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There are several ways of so\ILving this equatiqgn. colue l
S N 12 ‘
1. By inspection/ ARSI fj A J “V

=1
There are\N steps to go down?*— e Po
fromp, = 1topy =0. 1®-----7- _—(B_,-PB) samesize
Each step is the same size, od_____ / for eachx
WS because ;
N o-1___
MR (px—l - px) — (px - p_x+1> for all z. p. = 0
(o™ So each step has sizgN, e
Fon = po=1,p=1-1/N, . — . —Clort
SO p2:1—2/N, etC 0‘&___/1\_/ 2 ‘ N S "\-}r@_)
2
o 20
So ple—ﬁ- ~—
2. Theory of linear 2nd order flerence equations b A el Meto A -
Theory tells us that the general solutionef is p, = A+ Bx for some constants
A, B. FOIA'%-B‘J/O -1
Boundary conditions: P, = A+RN = 0 =1+ AN = 0
pp = A+Bx0=1 = A=1
ov = A+BxN=1+BN=0 = B:_—]\}.
J\/\/\_\
So px:A—FBa::l—% as before.
3. Qﬁpw\%u{ Stbchmhon: (@o\r(w:jx @ to gve
S}”&f’k 3 P = | kaown
0]
- - 2 —
A= | £ i i
A= L = _ = 2 (2 _ ) _ = g _
(y 2p - P p-l)=f (-1

ehe e Ta Wf\i) Fr = XP - (’)(—D
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A)r MPON\AJF) PN = NP] a (/\}") = O Rkroun

s (D% = | - }r{} A jw\ﬂfd/ A3 ‘gzdlom:
?f//*’* C@xucﬁﬁp) J

Py = 4
2.7 Independence ( =

Definition: Events A and B are statistically independent if and only if

F(Qm@) =

This implies that A and B are statistically indepehdent if and only if
D
FlAIEY = IP (@)

Note: If events are physically independent, they will also be statistically indept.

For interest: more than two events

Definition: For more than two events, Ay, As, ..., A,, we say that A, As,... A,
are mutually independent if

P (ﬂ Ai> = [[P(4:) for ALL finite subsets] C {1,2,....n}.



J;%ﬁﬂmwuﬁwﬁ)hbﬂj

€4 e baghbighk = 4 oLbcome
A [VU S\c\/\/\f(g SF(AC{‘
E\/e_m& %\ = €©“JVCON\& EM&S flrn AV @%/‘«ci)
2, - 4 - As@ -

@\ CQ %,L ﬁc\r\f%’(:’w\ _9_)
So Firer Dby P}M@@\J ol \03 SOU;’:};

ﬂi( \/\A}wmhikj\ = TPD (\/W | &Mi(thr
Parxf;mﬁm‘ H)g (VL‘) \@’L\ ]Pb (@7)
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Example: events Ay, Ay, A3, Ay are mutually independent if

— 1) P(A; N A)) = P(A)P(A,) for all i, j with i # j; AND ¥

—ii) P(A;NA;NA;) =P(A;)P(A;)P(A) for all 7, j, k that are all different; AND
— 111) ]P)(Al N A2 N Ag N A4) = P(Al)IP)(AQ) (Ag) (A4)

Note: For mutual independence, it is not enough to check that P(4; N A4;) =
P(A;)P(A;) for all i # j. Pairwise independence does not imply mutual inde-
pendence.

Definition: Events, Ay, As, ..., A, are pairwise independent if

P(A; N Aj) =P(A,)P(A;) foralli+#j.

Pairwise independence does NOT imply mutual independeSee. example g]
Stats 210 notes.

2.8 The Continuity Theorem

The Continuity Theorem states that probability is a continuous set function:

Theorem 2.8: The Continuity Theorem YF( i"""\ A ) jfw\ P
n-—o s NS oo

a) Let Ay, Ay, ... be an increasing sequence of events: i.e.

A CAC...CACALC... .

Then
IP( lim An> — lim P(A,).
XA N
Note: because Ay C Ay C ..., we have: lim A, = U A,.
n=1

S@{—_r AIC_;ALC;ﬂgc_:—AQ_C:*p
el ds po< 0 < B < b . o
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b) Let By, Bs, ... be a decreasing sequence of events: i.e.

BiDBy2...2B,2Bps12....

Then
IP’( lim Bn> — lim P(B,).

n— oo n— oo

Note: because By O By O ..., we have: lim B, = ﬂ B,,.

n— 00
n=1

Proof (a) only: for (b), take complements and use (a).

Define C; = Ay, and C; = A\A; 1 fori =2,3,.... Then C1, (s, ... are mutually
exclusive, and |J;_, C; = U/, 4;, and likewise, | J:°, C; = U=, 4.

Thus
P(lim A,) (U A, ) (U C’i) = Z P(C;) (C; mutually exclusive)
i=1 i=1
= lim Z P(C
i=1

7£&P03@>

i=1

n—oo

= lim P( Ai> = lim P(4,). O
=1

1=
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2.9 Random Variables

Pt VU

Definition: A random variable, X, is defined as a function from the sample space
to the real numbersx : Q@ — R.

A random variable therefore ASSIGA§ & WJJ Nl o to MUCJ
POSS\&,\-(., OIA&_(_Q(V\JL :76’ O (MQ/\-L WU_\l/"\.ﬂ/\,k
A random variable is essentially a \/L/'vlé_ 0r Mme d/\&./\ 1S/ r

jif\wﬁg VMAOLOM V"Li\l VlWV\LMS-

The Distribution Function

Definition: The cumulative distribution function of a random variable X is

given by E (%\ P(X gw\

Fx(z) is often referred to as simply the distribution function.

Properties of the distribution function

1) Fx(—o0) =P(X < —0) =0. «

Fx(4+00) =P(X <o0) = 1. .
W

2) Fx(z) is a non-decreasing function of z:

if 1 < x5, thenF <F :
T, < To x(21) < Fx(x9) R (m}
3) If b > a, then P(a < X <b) = Fx(b) — Fx(a).
He, A~
.'_——-'--«.
4) F is right-continuous: i.e. limy o Fx(x + h) = Fx(z].
*—0
L+

xX
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2.10 Continuous Random Variables

Definition: The random variable X is continuous if the distribution functior'x (x)
Is a_continuousunction.

In practice, this means that a continuous random variable takes values in a
continuous subset &: e.g.X : Q — [0,1] or X : Q — [0, 00).

N S)rufwa?’ wroud L‘”% t/"jw ?A(F
0 xr Luu‘a .

Probability Density Function for continuous random variables

Definition: Let X be a continuous random variable with continuous distribution
function Fx(x). The probability density function (p.d.f.) of X is defined

as ) ) (<) : \.
fx(z) = Fx(z) = %(Fx(a:)) nowd )r Ny
—_— pf\olac‘jﬂ;\,\b a\ccwutiyj
Aose fo ¢ °

The pdf, fx(z), gives the Shapeof the distribution of X.

\
P(O\U c;ko;k;\\:j r éx [’7’() ~ L\'ls}'o:er s’af OAADI A \/w
PNAIVINA P SN ' | f/xa/u\ Hre daskn

frofiest oo outd ook

(H,\m P%) Wq GJ%((?Q

Normal distribution Exponential distribution Gamma distribution

T
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By the Fundamental Theorem of Calculus, the distribution function Fx(z) can
be written in terms of the probability density function, fyx(x), as follows:

R
AOR

Fy(a) = [* fx(u)du

0.000 | \

O'OOO\ o000

No
X6y 453000000

Endpoints of intervals

For continuous random variables, every point z has P(X = z) = 0. This
means that the endpoints of intervals are not important for continuous random
variables.

Thus, Pla< X <b)=Pla< X <b)=P@< X <b)=Pla<X <b).

—

This is only true for continuous random variables.

—

Calculating probabilities for continuous random variables a L

I

To calculate P(a < X < b), use either /
Pla <X <ty (L) = F ()
or ar‘x('x) S L

N =
Pla <X 0) = [ f (o dx

FExample: Let X be a continuous random variable with p.d.f.

(@) 2072 forl <z < 2, ﬁji
fx(x) = b
@ otherwise. -

(a) Find the cumulative distribution function, F'x(x).
(b) Find P (X < 1.5).

o (0 g ¢ (B 4B
= f@lbxﬁlo{u\ NoT

I ANNANAN,




I
TR o
\
_ X
R

)

~

N

.

N

- R(%\: O o < |
2'—; ~ | < % < 2
1 For x>
—_— =
L» IPX_[ :lc— , = .___i?—_ -__?_':
L) P(x< 15) )= 2-2 -2 5

2.11 Discrete Random Variables

A@Ao% Connbabl I 0 645

Definition: The random variable X is discrete if X takes values in a finite or count-

able subset dk: thus,X : Q — {1, xs,...}. [\J

) ) Z
When X is a discrete random variable, the distribution function Fx(z) is a Step
function. |

FX(x) S V\AG{_{/\ e CC L/\.Mu»LwHa,l
- ng !of\o&uLI A b o
- e
§POX= =) 1 Moy —--

t [ [
R LY '7(5 -

Probability function

Definition: Let X be a discrete random variable with distribution function Fx(z).
The probability function of X is defined as

fx(z) =P(X = x).
—%’




de AngS - gpm Thr 26 /)vuj
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Endpoints of intervals

For discrete random variables, individual points can hav@(X = x) > 0.

This means that the endpoints of intervals ARE important for discrete rando
variables.

For example, if X takes values 0, 1,2, ..., and a, b are integers with b > a, then

Pla<X<b)=Pla—1<X<b=Pla<X<b+tl)=Pla—1<X <b+1).

Calculating probabilities for discrete random variables

To calculate P(X € A) for any countable set A, use

P(X € A) = ZIP’

€A

Partition Theorem for probabilities of discrete random variables

Recall the Partition Theorem: for any event A, and for events By, Bs, ... that

formaparm(z, B
PLAY - 2 P(ale)P(8)y #

We can use the Partition Theorem to find probabilities for random variables.
Let X and Y be discrete random variables.

.D%M ek A e A‘_—gX:?(B X todees vedant
. D@Qﬁnm ek @\j ~S @3 = %\;/:375 Ofor J:OTLJJZ),,,-
Poﬂ%ﬁo/\ TLqu/v\ =

*+ o P (X =) - > P(X=x =) Py=y)
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2.12 Independent Random Variables

Random variables X and Y are independent if they have no effect on each
other. This means that the probability that they both take specified values
simultaneously is the product of the individual probabilities.

—
Definition: Let X and Y be random variables. The joint distribution function
of X and Y is given by

Fxy(z,y)=P(X <zandY <y)=P(X <z,Y <y).

Definition: Let X and Y be any random variables (continuous or discrete). X and
Y are independent if

FX,Y('ray> - FX(:C)FY(y> for ALL X,y € R.

If X and Y are discrete, they are independent if and only if their joint prob-
ability function is the product of their individual probability functions:

D’.‘Jc_@,{—e_ X, e V\Ol«'ifﬂ/\f’u/\l’
& P(Xen Ann You) = PIX=OP(1=y)
6£ar- ALL o, Y € R
> CJ?Y (mj\ - émﬁ(gydﬂjr &thfj_




