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Chapter 3: Expectation and Variance ("

E~A T

In the previous chapter we looked at probability, with three major themes:

E Al
Do (onlyt S

2. First-step analysis for calculating eventual probabilities in a stochastic
E (45heps 1o goricl)

— 3. Calculating probabilities for continuous and discrete random variables. X

— 1. Conditional probability: P(A| B).

TE 2 e A, , E (B eps o Aantmes -
In this chapter, we look at the same themes for expectation and variance.

The expectation of a random variable is the Ok
@VJ\' E(#S’HFJ% f@adqgndZ) - o

——

Imagine observing many thousands of independent random values from the
random variable of interest. Take the average of these random values. The
expectation is the value of this average as the sample size tends to infinity.

We will repeat the three themes of the previous chapter, but in a different order.

_ 1. Calculating expectations for continuous and discrete random variables.

2. Conditional expectation: the expectation of a random variable X, cond;i-
tional on the value taken by another random variable Y. If the value of
Y affects the value of X (i.e. X and Y are dependent), the conditional
expectation of X given the value of Y will be different from the overall
expectation of X.

3. First-step analysis for calculating the expected amount of time needed to
reach a particular state in a process (e.g. the expected number of shots
before we win a game of tennis).

We will also study similar themes for variance.
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3.1 Expectation - 2 2 -
The mean, expected value, or expectation of a random variable ¥ is writ-

ten as w If we observe N random values of X, then th€ mean of the

N values will be approximately equal to E(X) for large V. THe expectation is
defined differently for continuous and discrete random variables.

Definition: Let X be a continuous random variable with f.d.f. fx(z). The ex-

pected value of X is R
ﬂ:x i o

real Al e

o

E(x) - S %ﬁ(ﬂ A<

— Do

Definition: Let X be a discrete random variable with probability function fx(z).
The expected value of X is

() = Zoafel) - TPy S

Expectation of g(X)

Let g(X) be a function of X. We can imagine a long-term average of g(X) just
as we can imagine a long-term average of X. This average is written as E(g(X)).
Imagine observing X many times (N times) to give results x1, zo, ..., zx. Apply
the function g to each of these observations, to give g(x1), ..., g(zx). The mean
of g(x1),9(x2),...,g(xy) approaches E(g(X)) as the number of observations N
tends to infinity.

Definition: Let X be a continuous random variable, and let g be a function. The
expected value of g(X) i

E(;()()) = \E J(%)(ﬁ (<) dx

Definition: Let X be a discrete random variable, and let g be a function. The
expected value of ¢g(X) is

E(900)= Z 369¢ 0= Z g Plx-n)
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Expectation of XY: the definition of E(XY)

Suppose we have two random variables, X and Y. These might be independent,
in which case the value of X has no effect on the value of Y. Alternatively,
X and Y might be dependent: when we observe a random value for X, it
might influence the random values of Y that we are most likely to observe. For
example, X might be the height of a randomly selected person, and Y might
be the weight. On the whole, larger values of X will be associated with larger

E)U*SO"\ Lvaljéeﬁ)d Y.  pyson 2 H £ L)
To understand what E(XY) means, think of observing a large number of pairs
N (x1,91), (B2, 9)l - .., (xn,yn). If X and Y are dependent, the value x; might
affect the value y;, and vice versa, so we have to keep the observations together
in their pairings. As the number of pairs N tends to infinity, the average

3 SV, ; X y; approaches the expectation E(XY).
— L —=———=—

For example, if X is height and Y is weight, JE(XY)-is.the ayverage of (height
x weight). We are interested in E(XY') because it is used for calculating the
covariance and correlation, which are measures of how closely related X and Y
are (see Section 3.2).

Properties of Expectation

i) Let g and h be functions, and let a and b be constants. For any random variable
X (discrete or continuous),

E{ag(X) +bh(X)} = aB{ g(x) } + bB{n(X)}.

In particular,
E(aX 4 b) = aE(X) + b.

ii) Let X and Y be ANY random variables (discrete, continuous, independent, or

non-independent). Then
E(X +Y)=EX)+E(®Y).

More generally, for ANY random variables X7, ..., X,
\ E(X;4+...+ X,) =E(Xy) +... + E(X,).
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iii) Let X and Y be independent random variables, and g, h be functions. Then

E(Xy) = Ex) (EY) oly vhen X ¥

s ;/Lo{_c,fl’.

E§ 90000 = § B30V ELm)T | g

Notes: 1. E(XY)=E(X)E(Y) is ONLY generally true if X and Y are

TNDEPENDENT
2. If X and Y are independent, then E(XY) = E(X)E(Y). However, the
converse is not generally true: it is possible for E(XY) = E(X)E(Y) even

though X and Y are dependent.

Probability as an Expectation

Let A be any event. We can write P(A) as an expectation, as follows.
Define the indicator function: r r“’t""‘*‘ l"b

IA _ E 1 '(]va\k’ﬁ 0CCwS r

O if A Avesn't occuwr -p
volue

Then 14 is a random varial_)le, and o 1 06[;.1.&
E(Iﬂ_\: Z_ WHD(I&:{_>
-0
- O*{F(IA:05 + i*?(’jp{_;,)
= [F(Ip( = {)

= [P (ﬁ( occw‘s>
= P (a)

JPMB:E(L57@W@MMMJ
U

Thus
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3.2 Variance, covariance, and correlation

The variance of a random variable X is a measure of how S[DF Q‘iﬂt ouk it is.
Are the values of X clustered tightly around their mean, or can we commonly
observe v he

Definition: Let X be any random variable. The variance of X is
Vor (XY = EE§ (X-p 3 - EOC) (X))

The variance is the ™M €an S@ww( Otw of a random variable from its
own mean.

If X has high variance, we can observe values of X a long way from the mean.

e

If X has low variance, the values of X tend to be clustered tightly around the
_—

mean value. —
& (%)
7

Example: Let X be a continuous random variable with p.d.f.
2072 forl <z < 2,
fx(z) =

0 otherwise.

Find E(X) and Var(X). 1 2

E(x\ f (’njo{?c f 7 20 do

(1

f. 2" A

- [L&\jx]""“
Z&\jl *Z/iji

n
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Covariance

Covariance is a measure of the association or dependence between two random
variables X and Y. Covariance can be either positive or negative. (Variance is

always positive.)

Definition: Let X and Y be any random variables. The covariance between X
and Y is given by

cov (Y YY) = E% (X-/«X) (Yv/w)js = E(XY) ”(}EXB(EY)

LJL\UQ /le;ﬁg)( 0«0\ /Vl\(: E\]/ M ean adrl“LuL‘)Nolv\d'
MinnsS He (D/\oab,\c,{f 3& e
o VIINS
1. cov(X,Y) will be pos» Ve if large values of X tend to occur with large values

of Y, and small values of X tend to occur with small values of Y. For example,
if X is height and Y is weight of a randomly selected person, we would expect

cov(X,Y) to be positive. Y
cov (X,Y)>o.

> X
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2. cov(X,Y) will be V\%KH veif large values of X tend to occur with small values
of Y, and small values of X tend to occur with large values of Y. For example,
if X is age of a randomly selected person, and Y is heart rate, we would expect
X and Y to be negatively correlated (older people have slower heart rates).

3. If X and Y are independent, then there is no pattern between large values of
X and large values of Y, so cov(X,Y) = 0. However, €ov(X, Y) = 0 does NOT
imply that X and Y are independent, unless X and Y are Normally distributed.

/ T Acqu X, =5Cov=0

Properties of Variance CondA e o e (Pv=0 79—\ .'MLLF

Strong non-Lincwr X
N rmo,\sh.ﬁ )
i) Let g be a function, and let a and b be constants. For any random variable X

(discrete or continuous),
w{aj(x)JrLE = ﬂlV&f'(ﬂ(X\).
In particular, VOJ- (0\ Y + L;) - o \Ves (X)

ii) Let X and Y be independent random variables. Then

Ver (X4vY) = Ver (X) + Ver () i%gi

iii) If X and Y are NOT independent, then

Vor (X 4Y) = Var () + Vo () + 2 cov (X, .

Correlation (non-examinable)

The correlation coefficient of X and Y is a measure of the linear association
between X and Y. It is given by the covariance, scaled by the overall variability
in X and Y. As a result, the correlation coefficient is always between —1 and
+1, so it is easily compared for different quantities.

Definition: The correlation between X and Y, also called the correlation coefficient,
is given by

cov(X,Y)

corr(X,Y
( )= v/ Var(X)Var(Y)




-

—X

\/w(}(w\ = Ver (X—-X) = Ver (o) =0
Ver (X +Y) i \/GI(X\ v Vs CY)WLnU\ NOA-Ind -



THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau 49

The correlation measures linear association between X and Y. It takes values
only between —1 and +1, and has the same sign as the covariance.

The correlation is £1 if and only if there is a perfect linear relationship between
X and Y, ie corr(X,Y) =1 <= Y = aX + b for some constants a and b.

The correlation is 0 if X and Y are independent, but a correlation of 0 does
not tmply that X and Y are independent.

3.3 Conditional Expectation and Conditional Variance

Throughout this section, we will assume for simplicity that X and Y are dis-
crete random variables. However, exactly the same results hold for continuous
random variables too.

A X
‘( o W Suppose that X and Y are discrete random variables, possibly dependent on
each other. Suppose that we fix Y at the value y. This gives us a set of

conditional probabilities P(X = x| Y = y) for all possible values x of X. This

is called the CO,\A“.Ho/\cA AsbALuon 061 X) ﬁ;‘/{/‘ \]/:\j ,

Definition: Let X and Y be discrete random variables. The conditional probability
function of X, given that ¥ = y, 1s - like

(X=x AnD Y=y) P(Ang)
P(X=x]|Y j) e J P |

We write the conditional probability function as:
é (”"33 (X X l\(ijﬁ,

Note: The conditional probabilities fx|y(2|y) sum to one, just like any other

probability function:
D PX=z|Y=y)=) Ppy(X=a)=

using the subscript notation Pgy-—,y of Section 2.3.
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We can also find the expectation and variance of X with respect to this condi-

tional distribution. That is, if we know that the value of Y is fixed at y, then
we can find the mean value of X given that Y takes the value y, and also the

variance of X given that Y =vy. ¢ Vi E(X | Y = [(,gum) i e v Uage
Definition: Let X and Y be discrete random variables. The conditional expectation
of X, given that ¥ = y, is

Py = BV 2«

Conditional expectation as a random variable

The unconditional expectation of X, E(X), is just ov numbes

g EX=(o or EX=72.

The conditional tation, E(X |Y =1y), is & numb i~ .
e conditional expectation, E(X | My) is e W\S on 3

If Y has an influence on the value of X, then Y will have an influence on the
average value of X. So, for example, we would expect E¥—2) to be
different from F7=13). £ (weigWr \ L“’tju = IQOA  (wagur| haaglk = lgOu—s

We can therefore view E(X |Y = y) as a :Gemmd-%w\ DEF% , _qp\lj J:—E(XIY:J) = L\(\,D

To evaluate this function, h(y) = E(X |Y = y), we:
i) ?XYMMCL"—SMVMSJ
i) 63‘1/\4\ M‘Q)(]o&d‘hﬁof\ '76— X Whena Y i f)@o{ ot Hus value

Il
(A (Y) - (ardor Vs el
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However, we could also evaluate the function at a random value of Y:

) obsuve a ra~dom velt E/Ofr Y,

i) Fix ¥ ob Hak olseved radom vedoe |

i) evamnke (X ] l{_ = 0Lsoved randon, \/M} |

We obtain a fandsm veriablle E(X|Y\ - LYy .

T condonness Connas ’{wm e Candorness in Y nof g ]

Costifioned expactebion, E(X 1Y) i n radom |
VM%QLLL WA fMO{QM/\g_gj il ke d /OLAON-\ Y Not X

)

K b

.  ((Dwith probability 1/8, L < p- Ve
Heample: [T B gwith probability 7/8 | AN
[ 2Y with probability 3/4, l w-p. %)
and f'y_ { 3Y with probability 1/4. ()( | Y~'2>: gé 5 F ‘ -
. _ ~[J, /(f‘

—

Conditional expectation of X given Y = y is a number depending on y:

Ty V=L, e X|F=0) = § 2 wp 3T

So E(X1Y¥=1) - 2+
T V=2, Hw X'(Y:z)_-_ é
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Conditional expectation of X given random Y is a random variable:

gam Alac»\/&) E(X \\\/): { ;;9- rd'— Y:l ((
¢ Y=2

So E(X Iy § T wits protalilhy I
s/ -7 T/

S@ H;(X |‘|/> ?_S 7% (0\,\0{0/\4 VC\J"IOL\@LQ.
TL«{. er{‘OMr\{‘&S‘ A E(K\T) Y il ired "QQN:M Y) not X .

Conditional expectation is a very useful tool for finding the unconditional

expectation of X (see below). Just like the Partition Theorem, it is useful
because it is often easier to specify conditional probabilities than to specify

overall probabilities.

Conditional variance

The conditional variance is similar to the conditional expectation.
e Var(X |Y = y) is the variance of X, when Y is fixed at the value Y = y.
e Var(X |Y) is a random variable, giving the variance of X when Y is fixed

at a value to be selected randomly.

Definition: Let X and Y be random variables. The conditional variance of X,

given Y, is given by

Ver ( X 1Y) E(th/\ - % E(XIY)BI

ELX-mY ]y

Lilee Ver (X) = E(Kl) -(EXSL = |E - > W Now
m,lk Efd‘ ero ondioned E( l(\(;z/"‘)(\ ) - J(

L'JLQ L)(fﬁ_c{’d‘;oi\) Vo (X \ Y:\j) s Al Alfr)b\ﬁ{/\r:j
on j (a /&uncjr'wr\ 06’ 03) While Ve (X l Y) XN
{'Ma(om ‘/‘V‘&‘\@l& WFIH/\ (ouw{orkuaﬁ t\/LL»U‘f]’U{ aﬂ"‘-‘”"\ Y ,

(U

I

M
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aws of Total Expectation and Variance

If all the expectations below are finite, then for ANY random variables X and

Y, we have:

A
) | E(x) = E. (E(XI) oo A Tor

EK{DLO{"A}"

wa
J\J«r\'oz(lL P‘SZL \k
\( HC [2\»\6-"‘“'\{-0 {‘a( Wrach*‘ion H’: T_C N 2A) Ao#‘nﬁg,\) /v\_p_g,/\r..\,j
\:/:dzﬁ{‘j oS WL Con ”{/Xf’ach»ﬁo/\ ove ¥ oF

“expectahion Wit resped to f;?SY\\
E(900) = E E E (300 )3 for oy fwhoq

iii) LW.JO?R’TO"‘J Verionce
Ve 0 = By (Ve (XINY) + Ve, (ECXCIY) v

ii)

Note: Ey and Vary denote expectation over Y and variance over Y,

i.e. the expectation or variance is computed over the distribution of the random
variable Y.

The Law of Total Expectation says that e + oh«{ O\Vm\‘j{ < e
AVeAge cfé, cale - %_‘j - alk oWUAAS .
e The total average is lE (X) ;
e The case-by-case averages are EE ( X [Y} éu fle d{,.’ﬁ/mj( vedars %’ \l/

e The average of case- by—case averages is AvUage over | oa, [‘LL

(s avomgs = L E ()
" Ha wﬂﬁtmmawgwhmw!

\y
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/EE(K lYem_@e Z)

&

7 4
: _E(XlY:JL\

—— e‘f"o"'vl }CE()()

I (X IY—'JI&: ) i
L. E (XY case 1) , (}/,.
7 — \‘j < vwh.}

g, .

| o fx\ E)&f)uhﬁan = /V\\?w\ (-CA&C-%J —Cak %faﬁad>
E. wob EY
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Example: Inthe example above, we had: E(X |Y) 198/;14 Xﬁﬁ EEZEzEEg%

—

The total average is:

E(X\:EY{E(M)”@: At v L3 yn

Proof of (i), (ii), (iii): Crove E( 500 - EY% E (5(x) lY)}

(1) is a special case of (ii), so we just need to prove (ii). Begin at RHS:

S g(@)B(X = 2] Y)

RHS = Ey [E(g(X)|V)| = By

E( () ’ ﬁilggmwwy)

Y

_ N = @R =a| Y =Ry =)
JZ b (9) P (Y=4) -2
= = > 9(@) ) P(X =a|Y =y)P(Y =y)

PY =y)

= Zg(z)]P’(X =) (partition rule)
= E(¢9(X)) = LHS.

(iii) Wish to prove Var(X) = Ey[Var(X |Y)] + Vary[E(X | Y)]. Begin at RHS:
Ey [Var(X |Y)] + Vary [E(X | Y)]

~"

E(X) by part (i)

—Ey {E(X?[Y) — (B(X[Y)?} + {EY {EX VP - [EvEX V) 2}

= Ev{E(X"|V)} ~Ev{[E(X |Y)]'} + Ev{[E(X |Y)]’} - (BX)’
E(X?) by part (i)

— E(X?) — (EX)?

= Var(X) = LHS. O
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Y= | 7o *""'[‘ Y:3 no {*r‘.}o

3.4 Examples of Conditional Expectation and Variance .
1\ L ey _—
X= g e

/b\: 20/0{3

- 63
1. Swimming with dolphins

Fraser runs a dolphin-watch business.
Every day, he is unable to run the trip
due to bad weather with probability p,
independently of all other days. TFraser works every day except the bad-weather
days, which he takes as holiday.

Let Y be the number of consecutive days Fraser has to work between bad-
weather days. Let X be the total number of customers who go on Fraser’s trip
in this period of Y days. Conditional on Y, the distribution of X is

(X |Y) ~ Poisson(uY).
-

—

— (a) Name the distribution of Y, and state E(Y) and Var(Y).

(b) Find the expectation and the variance of the number of customers Fraser ]
sees between bad-weather days, E(X) and Var(X).

A\

@ Lok Msuecess” s Mhlidey” < Ladcwentl oy
“(g’“r'l"‘““ - Mw"rk"lﬁo = ”Ljoao{ue,qiy Aaju

Y - #ﬂ‘in;buu bbd_nr( o nest st suecess
SQ Y ~ C;@Of"‘?«’f‘f\lc(f)

E(v)- f Ver (V) = LE
P Fo
eq PVe, E(Y) = 2.

1/¢

b)) We lonow g&(l‘(’) ~ Poiscon (Z:f)
SCo E‘X'Y) :/V\Li/ o

——

ok Vo (X 1Y) = mY

T

preb p
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E(xXYy = E, § E(XIY)]

E,§ Y] cmdrp Eyonow

LE(X) | /’&_('_‘;@.

—

@\j e Law oaf EM Ve ance -
Ver () < E, { Vo (XI) } + Ver, §E(XINDS
S E O pr) o Ve (AY) =)
= mE(Y) + /Al Ver ()
= N (lr:;—f)) oo (lif-) LJ (~)

- ¢

( — \rlprp)
P e
Checking your answer in R: |

Ve ()
If you know how to use a statistical package like R, you can check your answer

to the question above as follows.

# Pick a value for p, e.g. p=0.2. —
# Pick a value for mu, e.g. mu = 256 —

# Generate 10,000 random values of Y ~ Geometric(p = 0.2):

<- rgeom (10000, prgb=0.2) e (g;B) 0, j_} 2 , 2, "“‘)

Generate 10,000 random values of X conditional on Y:

use _(X | Y) ~ Poi (mu * Y) ~ Poisson(25 * Y)

#
#
x <- rpois(10000, lambda = 25%y)

- h
o (éz) g, 9§, )

pean (o) ver ()

V V V V V V V V V
<
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> # Find the sample mean of X (should be close to E(X)):

> # Find the sample variance of X (should be close to var(X)):
> var (x)
[1] 12624.47
>
> # Check the formula for E(X):
>25 % (1 -0.2) /0.2
L t13 100

S
> # Check the formula for var(X):
>25 % (1 -0.2) *x (0.2 +25) / 0.272

[1] 12600 S

——

o Mo [00

The formulas we obtained by working give E(X) = 100 and Var(X) = 12600.
The sample mean was T = 100.6606 (close to 100), and the sample variance
was 12624.47 (close to 12600). Thus our working seems to have been correct.

Py Nz € wSrored _
2. Randomly StOpped sum / j RATIONAL BANK OF REMUERA

This model arises very commonly in stochastic

processes. A random number N of events occur,
and each event ¢ has associated with it some cost,
L-n penalty, or reward )EZ The question is to ond the
oAt Iean and variance of the total cost / reward:

Mgm\vaN:X1-|—X2—|-...—|—XN. YL: MO:Q‘(?E,F
e

¥ The difficulty is that the number N of terms in the sum is itself random " wibs

Ty is called a FMOM S}'a‘of)p_ak Swa: f s oa S 06’ X'. ‘s,
Fmiomb S+off{'* A Ha Condom nuwmbie «:'6— N_M N:#(ug}j

Example: Think of a cash machine, which has to be loaded with enough money to
cover the day’s business. The number of customers per day is a random number
N. Customer ¢ withdraws a random amount X;. T?f total amount withdrawn

+...+)@

Sim S fmilmb S%ﬁ.d af N

Torms

during the day is a randomly stopped sum: Ty =
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Cash machine example

The citizens of Remuera withdraw money from a cash machine according to the
following probability function (X):

Amount, z ($) | 50 100 200
P(X =2)|0.3 0.5 0.2

The number of customers per day has the distribution N ~ Poisson(\).

Let Ty = X1+ X9+ ... + Xy be the total amount of money withdrawn in
a day, where each X; has the probability function above, and X7, X,,... are
independent of each other and of V.

. —
T’y is a randomly stopped sum, stopped-t

(a) Show that E(X) = 105, anq

~sndom number of N customers.

(b) Find E(Ty) and Var(Ty): the mean and variance of the amount of money
withdrawn each day.

Solution

(a) Exercise.

N
(b) L«Q/J\’ _T;: ZX'L I& e J”J\!A'J N) l{' [A)ob.u L{LLO\_S\j ‘I“o fvut

D;(TN\ M‘:*\/ar (TAJ} oS /ku\@w;r o’ék o~ S va— ?mi(,f} (V.
So "ortbed” we lnow N, onk use condiriond E (- |n)
ve. CoNDdITION on N, o Ver (1N

E(T INY = E(X, + X+ + X, )

L =

= E(X 45 X)) Lacamse ol Xos are indkegt o N

= EOCY+ E(XQ) 1 v E(XY) ot paeh indy
= N > E(X) L,f_cw»lkx-li; I/\WVL‘\’[A rmj

Serme pmean  EX= (o

(1, IN) = los N Poisson (N)
co BT s ESEMING = Ey (losN)= oS EN = (0537
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Vor (T, | N = \/M(Xﬁ,*@l@)
{ = Vor (X,Jr--»-\f)(!\,\ Ware N U now considued Gashat
C (Lecamse T(LL; N :M{AAM*'% [\)5‘ ),.ffk

= Ver () 4o+ Ver (%) Lecmnse X5 ac :Qéi"
°a* eathn ol

= N\/g\r(\() Lo cmmae N\ lej Lawe Mg sarmae Varjame
Whada i VeJ“(X)

VNS (TN IN) = 2325 N, (nsing (m)}_
’” PR T T~
Vor (T3) = By {Ver(Tu MDY + Ve, § E (T, 'NVB

- ENi z‘nsr\ﬂs + Ve, % 105,\,1
2725 E(N) + los™ Ve (N)
= 2325 X + l0s )\

i

{\l(\J Po 1S80n ()\\
So (N = Ver (W)

= 3350\

]C;r_ o 1/de é@ﬂg@-wa\:ﬂ +o Covy = ﬂqg"(p ’6-

Am:jg) bV«S:Jf\LSS) nSe

Londth 4 Moy = E(T,) 4 1:4¢ Jvor (7,)

o

= 10sN  + 1114 [1R350)
Contel L"JM"}TL@;' o .
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Check in R (advanced)

A\

# Create a function tn.func to calculate a single value of T_N
# for a given value N=n:
tn.func <- function(n){

sum(sample(c (50, 100, 200), n, replace=T,

prob=c(0.3, 0.5, 0.2)))

vV Vv

# Generate 10,000 random values of N, using lambda=50:

N <- rpois(10000, lambda=50)

# Generate 10,000 random values of T_N, conditional on N:

TN <- sapply(N, tn.func)

# Find the sample mean of T_N values, which should be close to
# 105 * 50 = 5250:

mean (TN)

[1] 5253.255 =~

> # Find the sample variance of T_N values, which should be close
> # to 13750 * 50 = 687500:

> var (TN)

[1] 682469.4

V V V V V V V

All seems well. Note that the sample variance is often some distance from the
true variance, even when the sample size is 10,000.

General result for randomly stopped sums:

Suppose X1, Xy, ... each have the same mean 1 and variance o2, and X1, X, . . .,
and N are mutually independent. Let Ty = X; + ... + Xy be the randomly
stopped sum. By following similar working to that above:

M ok M P:‘Lf \LMLM Fcustom s

N st
E(Ty) =E {ZXZ} = pEWN)  Weadds g@wu(-w on . :fl,
T - Ass 2.

Var(Ty) = Var { XZ} = 0?E(N) + p? Var(N).

(3 \J\j'v_
ka At to \‘Qr¥‘dm1+h
VoS J‘Bf X/-J Ver In )

LitaA S8 MM\;QMS{\‘
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3.5 First-Step Analysis for calculating expected reaching times / EndL

Remember from Section 2.6 that we use First-Step Analysis for finding the
robability of eventually reaching a particular state in a stochastic process.

First-step analysis for probabilities uses conditonal F/\oigoxL]LhB M He
PordaRion Thaorin (L,owd 0 Totd Prol C,L,\,LJ:,DS

In the same way, we can use first-step analysis for finding the J?)(fﬂicfwk 26 doas \’j L

tive  for o Shade . M} Stor) E(Brato sy

This is the expected number of steps that will be needed to reach a particular
state from a specified start-point, or the expected length of time it will take to
get there if we have a continuous time process.

Just as first-step analysis for probabilities uses conditional probability and the
law of total probability (Partition Theorem), first-step analysis for expectations

uses CondahRonal fJ}((DLc,f““\/HOI\ and e Law °6~ Totsd E_)Q]og o,

First-step analysis for probabilities:

The first-step analysis procedure for probabilities can be summarized as follows:

0p Rong

SON\GJLL 3(39\(,{ = < iwu Vo untes d)—a-vom Ccwrent POS'\HD'\ Jr‘o {/\0{\3

TN —

This is because the first-step options form a 'ON%HO/\ Oa' Ha S am r\x SF@»C& S\

First-step analysis for expected reaching times:

The expression for expected reaching times is very similar:

H:—(rw\d.«b h/v\t} = z J:E‘((ﬁc\ol.\ll\'j’l“nm \OFHW\> P(OFHM}
I<} s ¢

0(0)—?9,\_,
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%Mgrrous Oﬂﬂu&\’\ oS
530 4 E (L) - ZL\@JPYb)

This follows immediatel)ém the law of total expegtation:
&

E(0) = E,§ EXING - SZ E (XY =) P (¥-0)

AN

[} - S)‘Lf
Let X be the reaching time, and let Y be the label for possiblq/ options:

e Y=, for ephions 11,3,
We then obtain:

E(x) = Z E(X1Y5)P(Y2y)
Ve H-:_(rmdn‘.\,j ) 0 E(H'ML\: h""ﬁ Of%ﬂn}P OFhof\>

Ish- Ste
orhoi’s

Example: Mouse in a maze

A mouse is trapped in a room with three exits at

the centre of a maze.

e Exit 1 leads outside the maze after 3 minutes.
e Exit 2 leads back to the room after 5 minutes.
e FExit 3 leads back to the room after 7 minutes.

Every time the mouse makes a choice, it is equally likely to choose any of the
three exits. What is the expected time taken for the mouse to leave the maze?

D@\%ﬂ"/\a notubion @ [ot Exit 2
ST’nins @
»{':ML . 1
]E ( o tnd ° %i;ﬁ) ‘U"Room @» Exit 1
‘: } 7Tins
s -shep by Exit 3

E (Fre | Exik L) + L E(Fre )EXSH.) + 1 E(Hw]gx;%)

Yy

\ 1/3

_L
Mp = =

L | | —

24«/\"/5 Cmins  + M{L T]L +M,Q
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Me = 5 %3 +J§>(5_+M,e3+ '5(7*“"@)
M@("%-é):LJr%,L%r
Mo = 15" ming Exfc_&u\ﬁm&h
JIJ(O )S}“ff"\j

(HQMJ M%or\ ij .
E (X 17=1) = 3 ming

E(x[1:0)= 5+ E(X) ek )

a-{-'orv\ He coom

Dortvse

Two approaches to first-step analysis for expectations

In some problems, all possible first-step
options incur the same initial time penalty.
For example, in the mouse example, suppose

that the mouse ﬂzb-wk:j.! K ﬁ»LUA 05 ming
o hoose an X} {/VU:) Rre T
enbus He room.

Exit 2

5mins

1/3
4

3

13
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txr fza\c)l,\,\,j hre }Df Shehc GX,f
COW\%@ w“fow_s travesed | He e
D%A& /—DM - H:(#&“}a_fj to Gg—muaa]

stert 0\{' 9}"‘4‘(. .'LB o
Mo = IE (4 | — @

S—ﬁ/_; M, = 4_-]-—}3!’\’1 -l-.lML-F—L)FOG'—*W]U-O
% oL M, = @4-/\’1) + L (@er)Jr (@*O)
/\_’\/&/\/__J_\A/
ML U ood Are dbons oo d Aiffvent (j)

{' (&ﬂ;\imh PS\LLA Hus one

My= L4 o dm tim + L0 @
SO\NQ@M‘*@ =)

M= 3 sheps s my o (Check)

Pfl/Uﬁgf #g}bfj +o 0"‘*’
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In this case, we have two choices:

pldlﬁkH/\P-JUXl”m Ognm/xg O/J‘g Lﬁkd«o )‘19/\ S{fm;l—g,b
me=L(os+3)+ (os-+5”+m@+ _L(Og+—++m{b

@Q&U: 2. A"JU’L HA& 0S5 mMinf o/\pu{' I’L\D\L,{\j}m\lcj :
e Q8+ (D L (5em) L (Femy).

=

In each case, we will get the same answer (check). This is because the option
probabilities sum to 1,

3.6 Probability as a conditional expectation

Recall from Section 3.1 that for any event A, we can write P(A) as an expecta-
tion as follows.

Prob -
1 -
Define the indicator random variable: I4 = i event A occurs, IP(A)
0 otherwise. ] — l?(ﬂ)
Then (G = P4 =V 2 FA) E(Ta)s 44 Pla) + O (1-a)

We can refine this expression further, using the idea of conditional expectatlon
Let Y be any random variable. Then

F(A = E(L) = E, {E(T,1%)] Lwme

P(Ty=v 1Y) e
“//Y)+ i»Fuﬂilﬂ
117
V)

But

E(x, IY)- i

11

—_

:fP
?(
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Tecgore: P(8) = E, § E(T I¥)]} - E, zrmm}

%

Thus 3&'\(?50{21004&: TP(A): jzhﬂ)(ﬂr |Y:J§|E(L:J)
E 7 s oo PV J PRI & () dy (Veo)

This means that for_any random variable X (discrete or continuous), and for
any set of values S (a discrete set or a continuous set), we can write:

et :{Xégj

>

e for any discrete random variable Y,

eS) - I PKes|y. _
P(XeS) g_i(x 1= P (=)

e for any continuous random variable Y,

P(Xes) = | PeS |V & ldy U KO

PDF

Y.

Example of probability as a conditional expectation: winning a lottery

—_ - 0o ?

Suppose that a million people have bought tickets for the
weekly lottery draw. Each person has a probability of one-
in-a-million of selecting the winning numbers. If more than
one person selects the winning numbers, the winner will be
shosen at random from all those with matching numbers.

If there are 1 million tickets and each
having the winning numbers, then

ticket has a one in a million chance of
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- The relationship X ~ Poisson(1) arises because of the Poisson approximation
to the Binomial distribution.

) You have a matching ticket, so we know that . Let Y be the number
of matching tickets, given that there is at least one. Find the probability
function of Y, fy(y).

(b) What is the probability that there is only one matching ticket, given that
there is at least one (i.e. yours){
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(¢) The prize is chosen at random from all those who have matching tickets.
What is the probability that you win?

Using a computer, this probability evaluates to
Disappointing. . .7
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Example of probability as a conditional expectation: winning a lottery

Suppose that a million people have bought tickets for the
weekly lottery draw. Each person has a probability of one-
in-a-million of selecting the winning numbers. If more than
one person selects the winning numbers, the winner will be
chosen at random from all those with matching numbers.

€ You watch the lottery draw on TV and your numbers match the winning num-
bers!!! Only a one-in-a-million chance, and there were only a million players,
but what is your probability of winning the prize....?

Define Y to be the number of OTHER matching tickets out of the OTHER 1
million tickets sold. (If you are lucky, ¥ = 0 so you are the only person who
can win the prize!) A

If there are 1 million tickets and each ticket has a one in a million chance of
having the winning numbers, then

Y ~ Psisson ( iM' ) Poissaa(i) appre x;mdﬁ,\lj
The relationship Y ~ P01sson(1) arises because of the Poisson approximation

to the Binomial distribution. [E’x;\d(b o R, (4mill, T L“_u ) ' 1

—

(a) What is the probability function of Y, fy(y)? YN Po s gon (i\ |
Py et oo 1 .

(b) What is the probability that yours is the only matching ticket?

ﬂ) \I/:OBZ | -
( %0 ¢ O s6g).

J
¢ - é e 1 on
C ol cwdator

(¢) The prize is chosen at random from all those who have matching tickets.
What is the probability that you win if there are Y = y OTHER matching
tickets? )

Lk W Le o ek W= 8 T i g

POW [y = 25
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(d) Overall, what is the probability that you win, given that you have a match-

ing ticket?

Mmt‘d«

P (W) - EJWMYU)E e pols

=2 P(WIY=9) P (1-5)

y=o
I (B
- ’elj \32:9 %%‘33 CE
TT L ogm ot
[Lak x:aﬂ - égij _ _;__} ‘c{*EB'T*T'ﬁi*“' 'ﬂ
-zt e -1
A

Po iccon (i\ probs
o9

2

P

11@"‘ .
, o

Disappointing. . .7
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