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Revision: a branching process consists of reproducing individuals.

e All individuals are independent.
e Start with a single individual at time 0: Zy = 1.
e Each individual lives a single unit of time, then has Y offspring and dies.

e Let Z, be the siZe of generation n: the number of individuals born at
time n.

e The branching process is {Zy = 1, 21, Zs, .. .}.

Branching Process Recursion Formula

This is the fundamental formula for branching processes. Let G, (s) = E(s%")
be the PGF of Z,,, the population size at time n. Let G(s) = G1(s), the PGF
of the family size distribution Y, or equivalently, of Z;. Then:

Gls) = Gn_1<G(s)) - G(G(G( .G(s) .. ))) - G(Gn_l(s)).

| 7

n times

Ga($) = (%)
C() = E(s7) =FE(s*)
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One of the most interesting applications of branching processes is calculating
the probability of eventual extinction. For example, what is the probability
that a colony of cancerous cells becomes extinct before it overgrows the sur-
rounding tissue? What is the probability that an infectious disease dies out
before reaching an epidemic? What is the probability that a family line (e.g.
for royal families) becomes extinct?

- = /f\l\|

s

7.1 Extinction Probability

It is possible to find several results about the probability of eventual extinction.

Extinction by generation n

The population is extinct by generation n if Z/‘ = O
(no indiws ot Fime n).

lech'-M s extinck for W _-
O‘-LK (_‘ >/ N . Extinckon is Toreser

T — e ——

If Z, =0, then flw ‘00
z E = 0 (Fﬂf'
Definition: Define event FE,, to be the event

@95 E, = EZ,‘ :O‘S - E&X’r?nd’ 6\/314{)‘«)({9,« n_’s,

Note: E, T E, & & cE, £, <
This is because event £ forces E; to be true for all j > 7, so Ej is a ‘part’ or
subset of E; for j > i. ’/'LU'U\.E?:ﬁ Seed T]L ant

Ultimate extinction

At the start of the branching process, we are interested in the probability of

ultimate extinction:  Wlek s tla (J/\okoo\la; bb 06' 22X At o e
PN 0\ nk '~ Hw 7
’_5_ 'O 1" N 2 MW‘Q _

We can express this probability in different ways:

|

eanonj g O or

00
P(ultimate extinction) = )/F ‘. - -~ Lo . P (U E "
- A .
. o

—

\

Or: P(ultimate extinction) = ﬁ)( iﬂ""\ :Ew. ) . HD&XHAJ’ bjMﬁHm

m)_

n-> 0o
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Note: By the Continuity Theorem (Chapter 2), and because Ey C Ey C Ey C
we have: ~—— — ~— E.= §{exbinck L:DJMUTUHOQ A -

P(ultimate extinction) = P (hm En> = lim P(E,).

Thus the probability of eventual extinction is the limit as n — oo of the prob-
ability of extinction by generation n.

We will use the Greek letter Gamma (vy) for the probability of extinction: think
of Gamma for ‘all Gone’!

Kn = ﬂ)(g"‘) = [P[ikl'}AL/{' L\pj \jmu‘/\_,Ho,. v‘\)
¥ = PlulFimabe xtinehion))

By the Note above, we have established that we are looking for:

—

Pt ) - ¥ = dim 7. Y

n=> 0o

FExtinction is Forever

“ Theorem 7.1: Let 4 be the probability of ultimate extinction. Then

Pb/ 1< HAL S("\Autl&\(' WO’\—/\‘?—‘}‘\«HV( _Qol.MHO/\ 66‘ HA.Q L@bgaHOf\

G =5, Wawe C(O s e PGF 4 Marmb S2e
distrbubben Y S () e Gty

To find the probability of _gl_timat____g_ezcgigciio_r_l, we therefore:

g Prh b PAE o familysze Y 0 G - E(sT)
qul %”‘A valwes of S M S“F‘Sérj G(H=5 ,

* find fle smeledk o Hese valias Rk 35 >0,
rF]—L\Ls is fle ﬁzq/mi&& Vet e

G(7) = v, and 7 is the smallest value > 0 for which this holds.
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Note: Recall that, for any (non-defective) random variable Y with PGF G(s),

CIDYV=E (1Y)= 5 1IP(Y=0) - % P(y=0) =4
J -

\‘j:‘O
So G(1) = 1 always, and therefore Here dwﬂfj'y exists a Soludron 4o
Q=5 in He intuvak EO 1] \
The required value v is the smallest such solution > 0. (s ) il Al Le

rin Sel
Before proving Theorem 7.1 we prove the following Lemma. ” Efﬂztzﬂ . ° Vsﬁ
Lemma: Let v, =P(Z, =0 Then = (
o =P( )- Vi G v, |

: 2.

- P(E). AN
Proof: Idof G A (Q s the PCF 08 Z, )
Hn P( *o) O (o) 4—(‘1?% &pf MJ V.
3, Y. = ¢, (o). See V(
Simlerly, =G, (0) .

New 4, (0) = G(a(a (- ab) - N)=6(G, ()

=Y. N Hmeg

)’m-
Proof of Theorem 7.1: We need to prove: br q (\6 \ ad f‘ULux [1
R W

(. G(V =7 ¢—
(ii) v is the smallest non-negative value for which G(v) = .
That is, if s > 0 and G(s) = s, then v < s.

] —

Proof of (i): m

From govlent,  ¥=Lim Yy, = L Gy ) by Lesmun

4_/3 N> do n-= oo
[l_.,e,caw% q s CO/\HNAO%Sj Cf Limm K )
n S0

T A by oy
So \J: Q(K}) as ({‘aﬁ/m'v’u){_






Proof of (ii): Don'¥ need to (earn

— M‘;Ownl/ /'U?_.QA to W}Mf?\

First note that G(s) is an increasing function on [0, 1]:

G(s) =E(s") = > s'P(Y =y)
y=0
= G'(s) = Zysy_lp(y =y) SQum ﬂr ‘oo\gﬁl—iue bons pmus)h be
y=0 oSy ve.
= G'(s) > 0 for0<s<1, so( isincreasing on [0, 1].
J—
G(s) is increasing on [0, 1] means that:
S1 S@ =  G(s1) for any s1,s0 € [0,1].
The branching process begins with Zy = 1, so
P(extinct by generation 0) = 7y = 0.
At any later generation, 7, = G(7,-1) by Lemma.
[ "\
Now suppose that s > 0 and G(s) = s. Then we have: Set A T °S+°r
L — — Solwtr on,
&ESMFH’A .~ 0<s = Y < s (because vy = 0)
= G() < ( ) =5 (by &)
l.e. L? g
= Gmn) <G (by &)

1.e. Cj

| /\

Thus n < S for all n.

Q(___,—-..r\.l\\g

So if s > 0 and G(s) = s, then v = lim v, <. @ O

_—
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Example 1: lLet {Zy = 1,7y, 7Z5,...} be a branching process with family size
distribution Y ~ Binomial(2, i) Find the probability that the process will
eventually die out.

Solution: Lek Q(Q:E(ﬂ/). T F/\o&«b%ﬂb faf nlPmate extindhion
is Y, Wwe ¥ s e sm%&o%lﬁﬂn >0 te H\LET\.

O () =< Need b Solve 6(5) =5 .

For Y Bin(n,p), fe PGF s GUs) = (ps5aq Y (ﬁwmmr
So O{QF Y'\JED?A(’Z)J@})HN/\ q(fj:(-'(;j.;}r’z“‘

[
Need o sowe c](S) =S th )
L s 4 2\ N - t:s//'
(£5+ 2) ]
b 71 t=G(s)
(s +3)" = s // d’
R ’ : o 3 Ve " CloSs at
S - , OS + f? = O //..f | G(&)‘:S
Tride! Unow S 1 | Tlas s
@) S-\ MnsST 00 05 1jo 15

E-D(s-9 =
/v S= or S$=9.
YOS smellest sndh s >0

So (6 :—‘L) CPlatad)=1 . B

ExBachon is {‘ﬁf‘_ﬂ“n;l’e When fle fw’\;\[) S5 2
E YN@Q/\(‘Z} -'q-‘-)

I ——

Be A FAcToR!

Z*‘L = 05 = ﬂ;(ﬁoﬁsfﬁ:@ P.U‘ i




?EI?‘
e ] e i
E(Z> 0 A—> oo |

Example 2: let {Zy = 1,7Z,,75,...} be a branching process with family size

distribution Y ~ Geometrio(i). Find the probability that the process will

eventually die out. \

Solution: |_ok G(ﬂ = E (SY)

(]
%
_<
14
o
T
-/

{1
N
T\
N
._q
L
K
~
Q
”—P
N4

|- 35/4_
LAl =
R
| ¢
Neek fo solve  G(s) =5 t
' —
= = S
7 be-35 -
= Ls —3st =1 0
2t -bs +1 = O _
i - /2
Tridk! (S-1) rmunsk be & az"“/{”"f{ “o0 04 o8 12
S (s=0(3s-1) = o S
= S:' or 2s-]1=0 => S—_‘L'

3

\(: Spmallost swdhs 5 e s > 0
So z{ = (P(ﬂ-XH/\C/HO/\) = —é .

EX{'}/\%O/\ S fDSS'i LLL) [pv\,\' /\oJ{' AL&‘?A”’Q,)
W len Y ~ Cieo C__\(Z) J
\)

2

Ery=—-=3.

[
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7.2 Conditions for ultimate extinction : | ¢. (Jlwn wiu U‘:] ’7

It turns out that the probability of extinction depends crucially on the value of
My e mean ok tle gomily Size Aigabubon, Y. MTET
Some values of u guarantee that the branching process will die out with prob-

ability 1. Other values guarantee that the probability of extinction will be

strictly less than 1. We will see below that the threshold value is /'/l =1,

If the mean number of offspring per individual p is more than 1 (so on average,
individuals replace themselves plus a bit extra), then the branching process is
not guaranteed to die out — although it might do. However, if the mean number
of offspring per individual p is 1 or less, the process is guaranteed to become

extinct (unless Y = 1 with probability 1). The result is not too surprising

for p > 1 or p < 1, but it is a little surprising that extinction is generally

guaranteed if p = 1.

Theorem 7.2: Let {Zy = 1,71, Z,,...} be a branching process with family size
distribution Y. Let p = E(Y) be the mean family size distribution, and let ~y
be the probability of ultimate extinction. Then

(i) I(? m>1, Hun ¥ < | @ exhacken s NOT jv\c\ré\/\;'uw{)}
_— /l)k

‘(ii) ij ML e ‘0’: 1 extindbon 5 GUARANTEED | b o<l
i) I(f'/"‘:l) e Y= 4 unNLess Hw a’fw\b size i abways

conshnt af V=4 (1) 2079 fm)

Lemma: Let G(s) be the PGF of family size Y. Then G(s ) and G'(s) are strlctly
increasing for 0 < s < 1, as long as Y can take values > 2.

> > G(sY s

Proof: G(s)=E(s") = Z s'P(Y =y).

t—o —O—o—y

. o A Loarana !
S0 G/(s) =Y sV (Y =y) > 0for 0 <s < 1, )

y=1 =S p > o0
because all terms are > (0 and at least 1 term is > 0 (if P(Y > 2) > 0).

-7 p >
L
Similarly, G”(s Zy —1)s¥” 2IP’(Y y) > 0for 0 <s<1.
y=2 e-q. 2% |4s° * P> O
So G(s) and G'(s) are strictly increasing for 0 < s < 1. O

//Z\/

oS Lo/\jaﬁ IKP(\]/QZB >0
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Note: When G”(s) > 0 for 0 < s < 1, the function G is said to be convex on that

. concal
interval. 6 GO o) /

y — (ave

@w\w\”‘ / Q) 7 d
VB Jreds et -
= cen - - N Tensi ~g - spi AV
S S
Convex: G”(s) >0 Concave: G”’(s) <0

G"(s) > 0 means that the jW\A'M)( f(g/ G s M'\Q}M"\]j ;/\cj‘m\?w\j
afo O0Ls < |

Proof of Theorem 7.2: This is usually done graphically.

The graph of G(s) satisfies the following conditions: L
1. G(<) IAUMSI and strictly convex (s (ons s YCM e
. tidly enyex (¢ g ¥ )
2. q(oj P (y-= o>>o ~>!=wwv\
3. ,’L) L (({;or 0\/\ Nnon — dﬂdre e 1, ,,) H
4. G (_1—5 E (‘7’3 /Ul SO H/\-Q SLO)O& oa» H,{ “Carana ox.,\’ i

D. “A.& «’iX}'.thor\ lo,fog) ~0f) N HA& Jiuu e Uv\c;wl VM
S pmathest valve ' 20 ﬁor NSN3 G(\ﬂ =S . 1 Vi

"

N

t . W=gradient at 1
t=G(s) | \
_____________ ()_ £ t=s (gradient=1 2. benana
@ S 98¢eS
SJVMOW
\ -

G (o)

P(Y=0) [

oy D

(extinction
probability)




Case (i): u > 1
uum/m>hﬂﬂﬁuuwzaa)
is %roul Lenealn e line
E=s af fle point s=1.
Te. cwrve QL) L_\f_\:_j_ro Joss He

‘.nl% ‘k':‘_; (2N G\Fi/\
Hwe t_axis ot P(Y= 0)-
Se Here MUST Le a solubon

to Hw 24 uakion =\
Case (ii): p <71/ b=

< |

When p < 1, the curve G(s) is
forced above the line t = s for s < 1.
There is no possibility for the curve
G(s) to cross the line t = s again
before meeting the t-axis.

Thus there can be no solution < 1
to the equation G(s) = s, so v = 1.

The exception is where Y can take only
values 0 and 1, so G(s) is not strictly

VA oA l"o M%I(P(Yzo)

©

l_
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£ qs)
S (>

/ t=s (gradient=1

<~ grndiek is Steps

convex (see Lemma). However, in that case

G(s) = po + p1s is a straight line, giving
the same result v = 1.

Case (iii): p=1

When p = 1, the situation is the same
as for p < 1.

J The exception is where Y takes only the
v :) ~value 1. Then G(s) =sforall 0 <s <1,

5007 so the smallest solution > 0 is v = 0.

Thus extinction is guaranteed for p = 1,
unless Y = 1 with probability 1.

, Hoan He line
‘ E =< (ﬁra:{:l}_
0 ' T sS
r<|
Horcad
t
1- ,_.~"""p_<1 3{%0‘“‘/\*
G\L-OUQ e [ne
P(Y=0) t=S
t=s (gradient=1)
Y= | 'fforc-w{ ‘
0 T S
1
R S
11 n=1
P(Y=0)
t=s (gradient=1)
0 T s
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Example 1: lLet {Zy = 1,7y, Z5,...} be a branching process with family size
distribution Y ~ Binomial(2, i), as in Section 7.1. Find the probability of
.-——____—____—-—-—.___________‘_-
eventual extinction.

Solution: T ~ Bin (?_,l(;) — /M:EV: 2>F-§J: :-% < 1.
So Lij Tl -2, /Vt<| =5 K.__,
P (wltimate extindion) = 1 .

(L*OSM ealcnlabion 'n @31 Las not AEC@SSAOf>

Example 2: Let {Zy = 1,71, Z5,...} be a branching process with family size
distribution Y ~ Geometric(1), as in Section 7.1. Find the probability of
eventual extinction.

Solution: YNC{Q@(‘};) => M= EFy - _‘3;4_'_ -3 >1
So we kaow ¥ <1 “
Lk we shll nged e calcnlaon ia §~—)L| o OL,M{ What

¥ oois-
[ Solve Gy-c = =1

Note: The mean p of the offspring distribution Y is known as the CI ‘i{'ical '.b
PN‘WM’U‘.

e If 1 < 1, extinction is definite (v = 1). The process is called subcritical.
Note that E(Z,) = u* — 0 as n — oo.

X= | e If u =1, extinction is definite unless Y = 1. The process is called critical.

LuX " Note that E(Z,) = u"" = 1 ¥n, even though extinction is definite.
Vl},v\ﬁ,ko 2¥Rnehon) = 2o
e ( e If 11 > 1, extinction is not definite (v < 1). The process is called supercritical.
Note that E(Z,) = " — oo as n — oo.
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- bec 2
'BAD Luck 1 YOUL population S gepepULEDt0 ¢ EXxtinct!

But how long have you got...?

7.3 Time to Extinction [lern PLTI

Suppose the population is doomed to extinction — or maybe it isn’t. Either way,
it is useful to know how long it will take for the population to become extinct.
This is the distribution of 7', the number of generations before extinction. For
example, how long do we expect a disease epidemic like SARS to continue?
How long have we got to organize ourselves to save the kakapo or the t1
before they become extinct before our very eyes?

/ j(/\ﬂf 10A .
1. Extinction time n

The branching process is extinct by time n if Z A= 0.

Thus the probability that the process has become extinct by time n is:

P (Za=0y = 6, Co) = y

Note: Recall that G,,(s) = E(s%") = G(G(G( ..G(s).. >>> :

\ 7

N
n times

There is no guarantee that the PGF G,,(s) or the value G,,(0) can be calculated
easily. However, we can build up G,(0) in steps:

¢q- G, () = G(g)), or Gu(0)=6,(4,()
v Ga (o) = 4( 6, () oL



o 2. D ZM>O.

\ .
2. Extinctiontime n Hij ) oxBinet PrQUSM not x P Ak

Let T be the exact time of extinction. That is, 7' = n if generation n is the
first generation with no individuals:

T =n & Z,-0 AN Z, > 0.
PG\FH\”_\O/\;,ZAM 2., 0 9or >0

Now by the Partition Rule,
TP(Z,\:O AND Zn_I>O) t IP(Za=0 AnD 2,“'205
= P(Z.=0) &,

But the event {Z, =0 @ is the event that the process is extinct by
generation n — 1 AND it is extinct by generation n. However, we know it will

always be extinct by generation n if it is extinct by generation n — 1, so the
Z, = 0 part is redundant. So

P(Z,-0 n 2, =0) =P(z. =0) = G, (o)

(o d i denk

Similarly, \P (2,\ = o) = q,\ (O)

So (x) gives: extind AT Firme v
Shaded

P(T:n) = P(zq:o N 2,\_,>oﬁ = G, (0) -QM(O)

1

R A M N C DY

This gives the distribution of 7', the exact time at which extinction occurs.

FExample: Binary splitting. Suppose that the family size distribution is

v — 0 with probability ¢ = 1 — p,
~ | 1 with probability p.

)

Find the distribution of the time to extinction.

r:
‘o
o f

S‘%[s 1
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ﬂsgg — ﬁ{if‘(()i,j into € xon .

Solution:' @ L\”"L'i' @3 ‘
Consider o~ Q’.{gefd' YA/BM (i) P)

G(s) = E(s") =¢s’ +ps' = q+ps &/

G2(8)=G(G(S)) =q+plg+ps) = Q(lﬂ-

Gs(s) = G(G2(8)> =q+plg+pg+p’s) = ql+p+p’)+p’s.

- ) -

Gn(s) = ql+p+p*+...+p" ) +p"s.

e

Thus time to extinction, T, satisfies l
P(T=n) = G,(0)—G,-1(0)

/ = ql+p+p*+.. 4" H—qQ+p+p*+.. .+

iP(T—l = ./1_,[) = gp"! forn=1,2,...
Thus
T — 1 ~ Geometric(q).

It follows that E(T"— 1) = £, so

q7

1— 1
E(T)=1+ ﬂ:

q q

p
q

Note: The expected time to extinction, E(7), is:

o finite if u < 1;
e infinite if ;. = 1 (despite extinction being definite),dt is finite;

e infinite if 1, > 1 (because with positive probability, extinction never
happens).

(Results not proved here.)
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7.4 Case Study: Geometric Branching Processes Mol S»O\ALS“ a/“)

Recall that G, (s) = E(s%) = G(G(G( LG(s) .. ))) .

\ 7

n tEnes
In general, it is not possible to find a closed-form expression for G,,(s). We
achieved a closed-form G, (s) in the Binary Splitting example (page 134), but

binary splitting only allows family size Y to be 0 or 1, which is a very restrictive
model.

The only non-trivial family size distribution that allows us to find a closed-form
expression for G,,(s) is the

When family size Y ~ Geometric(p), we can do the following:

e Derive a closed-form expression for G, (s), the PGF of Z,,.

e Find the probability distribution of the exact time of extinction, 7'
not just the probability that extinction will occur at some unspecified time

(7)-

e Find the full probability distribution of Z,: probabilities P(Z, = 0),
P(Z,=1),P(Z,=2),....

With Y ~ Geometric(p), we can therefore calculate just about every quantity
we might be interested in for the branching process.

1. Closed form expression for G, (s)

Theorem 7.4: Let {Zy = 1,7, Z5,...} be a branching process with family size
distribution Y ~ Geometric(p). The PGF of Z, is given by:

.

n—(n—1)s

if =qg=20.5
n+1—ns R ’

(u" = 1) —p(p" ' = 1)s
(Wt =1) = p(p" = 1)s

if p#q, Whereu:%.
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Proof (sketch):

The proof for both p = ¢ and p # ¢ proceed by mathematical induction. We
will give a sketch of the proof when p = ¢ = 0.5. The proof for p # ¢ works in
the same way but is trickier.

Consider p = q = % Then

1

p 3 1
G(s) = = = :
() l—gqs 1—-35 2-s

Using the Branching Process Recursion Formula (Chapter 6),
1 1 2—5 2—s5s

G2(3):G<G(S)>:z—G(s):2—2%5:2(2—3)—1:3—23'

n—(n—1)s
n+1—mns

The inductive hypothesis is that G, (s) =
and n = 2. Suppose it holds for n. Then

n—(n—1)G(s) n—(n-1)(55)
Gry1(s) = Gn(G(S)> N —nG(s) T a1 —n(L

2—s

, and it holds for n =1

~—|®

(2—s)n—(n—1)
2—=s)(n+1)—n

n+1—ns
n+2—(n+1)s

Therefore, if the hypothesis holds for n, it also holds for n + 1. Thus the
hypothesis is proved for all n. ]

2. Exact time of extinction, T

Let Y ~ Geometric(p), and let T be the exact generation of extinction.
From Section 7.3,
P(T=n)=P(Z,=0)—-P(Z,-1 =0) =G,(0) — G,_1(0)..

By using the closed-form expressions overleaf for GG,,(0) and G,,_1(0), we can find
P(T = n) for any n.
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3. Whole distribution of Z,,

1
From Chapter 4, P(Z, =71) = —'Gg")(O).
r!

Now our closed-form expression for G, (s) has the same format regardless of
whether p=1 (p=0.5),or p# 1 (p # 0.5):

A — Bs
G,(s) = .
(5) C — Ds
(For example, when pp =1, we have A=D =n, B=n—1,C =n+1.) Thus:
A
P(Z,=0)=G,0) =—
(Z,=0)=G,(0) = 5

G (s) (C— Ds)? ~ (C— Ds)?
5 P(Z=1) =160 = 22250
o (~2)(~D)(AD — BC)  2D(AD — BC)

n(8) = (C'— Ds)? ~ T (C = Ds)?

P P GG YA

- Rz - Se - (A2 (2

— f; =1,2,...
D C’) orr , 2,

(Exercise)

This is very simple and powerful: we can substitute the values of A, B, C, and
D to find P(Z, =r) or P(Z, <r) for any r and n.

Note: A Java applet that simulates branching processes can be found at:
http://www.dartmouth.edu/ " chance/teaching_aids/books_articles/
probability_book/bookapplets/chapter10/Branch/Branch.html



