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s anlyy masicrs Wikare Yars e, 1Al Wikere Yarsyue e, ...

8.1 Introduction e on ONE Pjgcg
Youw [/\TS}‘M‘\B) loyvl’ NoHin (/Lge_
The

So far, we have looked at stochastic processes such as
random walk, { X, X7, Xs, ...} where X; is the position
at time ¢, and the branching process, {Zy, Z1, Zs, ...},
where Z; is the number of individuals in generation .

We have also examined many stochastic processes Alé%é\f[ 1a gggv
using First-Step Analysis on the transition diagrams.
Most of these processes have one thing in common: _ e
X Aepands on X K= shabe af £
E4) ep o A £ -
It does not depend upon Xy, X1,7 .., X;_1. X&H — w o {_H

Example: Random Walk.

none of these steps matter for time t#ll time t+]

1 7

TR L 20,22, .-
%ﬁi timef\@ 5{_ o~ _@dP
' Chte@t & Ze
= 3WAHOA
S e -

K

Example: Branching Process.

Processes like this are called

MNLQOV Clhoarng - N\ \

D | BEE R e

o_.f_\ij on Ef@_&ﬁ/x‘l', time t+1 2&-{-!




g THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau ]_40

Meet... e Markov fleas!! ¢

f
o
29

/ N 2
. ! !i Glee- % ) Purpose- 7
e

= flea  Forget-flea flea  SKill-flea

2

=0

The text-book image

of a Markov chain has
a flea hopping about at .
random on the vertices

of the transition diagram,
according to the probabilities shown.

The transition diagram above shows a system with 7 possible states:

SWLN\"Q SFG\Q’ S = %‘-,1)1) @rg,é,7§_

Questions of interest

o o Starting from state 1, what is the probability of ever reaching state 77 <A
M_, e Starting from state 2, what is the expected time taken to reach state 47 <A
e Starting from state 2, what is the long-run proportion of time spent in

—Y  state 37 E@V\.'\.&Fi wa A A ().
s ® Starting from state 1, what is the probability of being in state 2 at time
t? Does the probability converge as t — oo, and if so, to what?

.-

We have been answering questions like the first two using first-step analysis
since the start of STATS 325. In this chapter we develop a unified approach
to all these questions using the matrix of transition probabilities, called the

’\\\"—MSFIHO/\ Mﬁ’\,&'/“l)( ,
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8.2 Definitions

The Markov chain is the process X, , Xy Xv_, e

Definition: The state of a Markov chain at time ¢ is the yalme :ﬂr Xt _

For example, if X; = 6, we say Hu rnfoc,ﬁ_u S o shkbe 6 ol Pme t.

Definition: The state space of a Markov chain, S, is the set of values that each
X; can take. For example, S = {1,2,3,4,5,6,7}.

Let S have size N (possibly infinite).

Definition: A trajectory of a Markov chain is & 'ON“HC wlem sef :1, Vades
#r— )(0 ) Xl) Xz—; oo (rfﬂ\'\le’d‘o:j - f“H"\

For example, if Xy = 1, X; = 5, and Xy = 6, then the trajectory up to time
t=2is |, 5, (.

More generally, if we refer to the trajectory s, s1, o, S3, . . ., we mean that
Xo :50 5 XI:SIJ X‘)__:S-L)X’S:SB , o~ -
“Trajectory’ is just a word meaning r:;a\)ft,\ .

Markov Property

The basic property of a Markov chain is that oAl Hiu mosk ve cont fo]/\\'

in Hae Trfx\'la chr\j mﬁieob Wt La'of;_{/u neXT .

This is called the f\/larkov Prof‘v‘-\'ﬁ
It means that Xk“ g(LfU\m aIN Xt:) Lwk F doeg NoT d(e_fx/\p{ on

X(—,-u Xea, .o X, X, (f\SY orMpfocz%

Kiv) Apnds on Xo ond X B

R
(‘rl\; (6), .- (L) .- ;(%3)



PX, <3 |X,=1) = P(Xo=2) 7 N0, S
bk P(XL 3 KXozt ad X,22) = TP(xlz\x 2) yes-

We formulate the Markov Property in mathematical notation as follows:

PR | X, — st,Xt_w _ s) = P X, = ).

Aiscerd e pask, JusT keep the prosent.

142

forall t =1,2,3,... and for all states sg, s1, ..., S, S.
N~ r'_"-\_____________
Explanation:
P(Xi1=s |
T
Ok\l\S{\/‘I L M.H on

fh’ Xth'“ A on T
,-,o{apxk _,,Q%MUWFWA
é@ﬂbm Fire t doegn'+

ntter,

Definition: Let { Xy, X1, Xs,...} be a sequence of discrete random variables. Then
{Xo, X1, X, ...} is a Markov chain if 1+ 5“{-756'“ fue Mekov Pro xﬁb

” (X“' - JXE‘St ) o :S") :’P(XH'-—‘S)KE:S&)
'%Dr wu %:l;l,?b)--—- 5‘\/\)\ SFA‘I‘Q_‘S So S, Sy .-

8.3 The Transition Matrix

’erSwhOf\ Move ﬁ‘/‘OM ?’O/\iff\\':j:ﬁﬂf

We have seen many examples of transition diagrams to describe Markov
chains. The transition diagram is so-called because it shows the transitions
between different states.

To
& .oo——co-  F
- e+

. Hot 7 Celd

We can also summarize the probabilities >< Hot O’L C)_ <

in a matrix: k
FQ.OM Cold O -6
S

=

04
(—TP/V\S‘ rIJ['{O/\ Mw{\/ﬁx l
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The matrix describing the Markov chain is called the +rwblH on rMakrix .

It is the most important tool for analysing Markov chains. £ xcz r‘r 6(0!‘ Uo w Lradn ’
et
X1 Y0 L

———
A —
7 Y

Transition Matrix

~— list all states

i insert ~——rows add to 1
Fromx, ! an probabilities — rows add to 1
— states Pij WJ( )
. / XS MUJ?A
g . | P 5
The transition matrix is usually given the symbol = ( P ) J

In the transition matrix P:

o fhe RoWS vepreced NOW, o FRom (X)),

o o CoOLUMAL vepreswk NEXT, o To (XH‘\

o Er\ki_tj (E,'\D s fle ConDITIoNAL ‘oro\oabat;bw
NE YT =], gven Hal Now =1 e f)folamlo Li\)
fé, jo“\/b FRom g},\,\-& . To g}«:k'( \) Palf_fom

« to
TP (XH_]:;) \ Xt- :i) = )L:{(AX{H:\])

“
Notes: 1. The transition matrix P must list all possible states in the Atate space S.

2. P is a square matriz (N x N), because X;.1 and X; both tdke values in the
same state space S (of size V).

3. The rows of P should each St to _’L ;

Zpij =) P(Xp1 = j|Xi =) Z]P)m 3 (X =) =1

7=1 =

This simply states that X; 1 must take one of the listed values.

4. The columns of P do not in general sum to 1.



THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau ]_ 44

Definition: Let {Xy, X1, Xo,...} be a Markov chain with state space S, where S
has size N (possibly infinite). The transition probabilities of the Markov

chain are )
ﬁ;\ - HD( Xu.: J l X{,—“ i) @r‘ LJ\') eg} F=0,11, ..

L

Definition: The transition matrix of the Markov chain is P = ( (9 j .
Yy

8.4 Example: setting up the transition matrix

We can create a transition matrix for any of the transition diagrams we have
example, check the matrix below.

D_ | ADVANTAGE GAMO
VENUS | ~" | VENUS
DEUCE

seen in problems throughout the course. F

FExample: Tennis game at Deuce.

=2 o ARTACE e S,
D AV AS GV GS 1
D 0 D q 0 0 \~ D
FroMav. [ ¢ 0 0 p 0 |-
—AS | p 0 0 "0 q |-
GV 0 0 0 1 0
GS 0 0 0 0 1
8.5 Matrix Revision @ C0||j
Notation FOWi [------ a.”

Let A be an N x N matrix.

We write A = (a;), N by —— N
i.e. A comprises elements a;;.

The (i, 7) element of A is written both as a;; and (A);;: (A> ,
e.g. for matrix A% we might write (A42);;. H

C C_’@\l}»\', / X
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AR
Matrix multiplication <K/ﬁx'> _ < @>

The product matrix is|A x B = AB, with elements (AB);; = Z Qikbr;j-

VA

Let A = (aij) and B = (sz)
be N x N matrices.

k=1

Summation notation for a matrix squared

Let A be an N x N matrix. Then

1
Let Abe an N x N matrix, and let 7t be an /N x 1 column vector: 7w =
TN
We can pre-multiply A by ! to get a 1 x N row vector,
mlA= ((w"A),..., (7" A)y), with elements
N
(ﬂ'TA)j = Z UNE
i=1
8.6 The t-step transition probabilities

Let {Xo, X1, X, ...} be a Markov chain with state space S = {1,2,..., N}.

Recall that the elements of the transition matrix P are defined as:

(P)ij = Pij =P(X,1=j|Xo=1)=P(X,11=j|X,=1) forany n.

pi; is the probability of making a transition FROM state ¢ TO state j in a
SINGLE step.

Question: what is the probability of making a transition from state ¢ to state j

over two steps? - . .
two step e . \P(Xf\) ‘Ko’i) 7

L L
[ —> 2 s -
: ~ 7)o Ulebeve
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a0

>J|X0 i). Use the P&:f‘!rho;\ ”R@rw

We are seeking T =

PSS r:)chr (fmrlf-\h ~NOVYUT H.N.J)

P(X‘L::] ‘YO:E): ﬂ);, (XL:\)> /\\SHAAa ” ()(L \D
N ((L\’L /\01"»’00/\\,
lg> PCJ"HHM
N

- Zﬁ'(XL:J]X,:Mﬁ?(xl;
ZH(X i1 Xk, &) P(X,- k] X )

- S P(x=1 | X=k) (X =k|X, =¢) Makov
% (%.=) ) IP( ) prpirts

- 5 \0 AP A
2, Fk\,‘ F’a],,\ oY Mﬁ% Rens
% P P = (PD,, (see MokAx vavision).

= PR
The two step tran81t10n probablhtles are therefore given by HA{ (vw\fn X ?

[POer 1) - PO, s TS, ‘?ﬁ

3-step transitions: We can find P(X3 = j| Xy = 1) smnlarly but conditioning on
T—

the state at time 2:

N
D P(X3=j| Xy = k)P(X5 = k| Xo =)
=

P(Xs=jXo=1) =

= kZN:ka’(P)k

= (P
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The three-step transition probabilities are therefore given by the matrix P3:

P(X;=7|Xo=1) =P(Xpi3 =7 X, =1) = (P?),,

ij for any n.

B cg b
(7Y 505 00
The above working extends to show that the t-step transition probabilities are
given by the matrix P! for any t:

F(Xg = | XO:L) B T?D(Xme:\] JXV\:\ :Cpe);\j |

%Dr ﬁ-f\v) n .
We have proved the following Theorem. N 0_[_;, | (,P &3

e —

General case: t-step transitions o .

.- - t
K NoT (_'DC;\ :
Theorem 8.6: Let {X(, X7, Xy,...} be a Markov chain with N x N transition

matrix P. Then the t-step transition probabilities are given by the matrix P.
That is,

P(Xy=j|Xo=1) = (P'),;.

It also follows that '
P( Xy =j| X, =1) = (Pt)l.j for any n. O / @

8.7 Distribution of X;

Let {Xo, X1, X, ...} be a Markov chain with state space S = {1,2,..., N}.

Now each X; is a random variable, so it has a P(\oloa\oﬂb Ajs}n' L:,M,HOI\ )

PEE———————

We can write the probability distribution of Xy asan N x | Vecfor .

For example, consider X. Let t be an N X 1 vector denoting the probability
distribution of X :

s ,P(Ko:()
I = m, ]P(XO-—Z\

™ P(X;:N)



O-& -

o \se P(X.=D=0+4
0z P(Xg=¢) =03 ete.
In the flea mod l,Gghis corresponds to Hee 0/4(1/\ Avosi AN vandon ol

Vokex it STLM;('J J&/&f ﬁ-{om Ak e O, sut H,\o\}(
TP({’LU\ (rooses vebex o o S}—aﬂ(\ < M-

-
Notation: we will write XO ~ IE to denote that the row vector of probabilities
. . T
is given by the row vector 7" . 9. Xo ~ (O«é(-} 0,0, 03, 03, O) D) |

Probability distribution of X,

NEW ZEALAND

29 m = 148

Use the Partition Rule conditioning on XO

POCG=0Y = 25 POG=) X, =) POX =)

=

N
= L P - %j V{%A;Ho@

Py ¢y
n p
DL A (Sl’“’"ﬂ";jj for clerity)
=
(Tr'r r\)) ‘OF&*Mwl{’\rl}C’\h\Qﬂ \o\j N VEC{"OF)

o Se $g.S
This shows that /P(X —J) (TT ’_D ?r‘ ~\ \)
The row vector 7wl P is therefore H.o (’fa\oc\lon\/ﬁ\\j A A ‘,a, X

T \

X

~ T
o

X ~ 777

J—
Probability distribution of X5

Using the Partition Rule as before, conditioning again on Xj:

N
P(Xy =j) =Y P(Xy=j|Xg=1)P(Xy=1) = Z m = (7" P .

i=1 =1
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The row vector ! P? is therefore the probability distribution of X5:

These results are summarized in the following Theorem.

Theorem 8.7: Let {Xy, X7, Xy,...} be a Markov chain with N x N transition
matrix P. If the probability distribution of Xj is given by the 1 X N row vector

7w’ then the probability distribution of X; is given by the 1 x N row vector
7wl P!, That is,

X, ~1T = X~ TTP°

~ €
Note: The distribution of X; is Xt s/ __fIT )
The distribution of Xp1 s X ~ 77 P (TI'T ”P%> P
Taking one step in the Markov chain corresponds to mult lrl \?j :j b 3 ? oN
el

e

€
Note: The t-step transition matrix is ,P ( Tl X'é).
The (t + 1)-step transition matrix is P&+ = P ¢ P
Again, taking one step in the Markov chain corresponds to panlh (;L:j*, :j L 7P

on He rfaL\\—-a

take 1 step...

_ ..multiply by P
—P= on the right
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8.8 Trajectory Probability

Recall that a trajectory is a sequence
of values for Xy, X1,..., X}

Because of the Markov Property,
we can find the probability of any
trajectory by multiplying together
the starting probability and all
subsequent single-step probabilities.
T

Example: Let X ~ @ 0, }L, 0,0,0,0). What is the probability of the trajectory

1,2, 3,2, 3,47

P12, 1%6) = PX,-1) o p

(A AV

Proof in formal notation using the Markov Property:

Let Xy ~ 7w’ We wish to find the probability of the trajectory sg, s1, s2, . .., S
P(Xy =50, X1 =51,..., Xy = $¢)
= P(Xy=s1Xp1=5811,...,X0=250) X P(Xy_1 =841,...,X0=5p)
= P(X; =51 Xp1=51) xP(Xy_1 =811,...,Xog=80) (Markov Property)
= Ps.sP(Xic1 =521 | Xio = 5129, ..., Xo = 50) X P(X4—2 = s4-9,..., X0 = 50)

= Psi_1,s0 X Psya,se1 X o X Psgusp X ]P)(XO - 50)

- pSt—l,St X pSt—QaSt—l XX p50751 X 7-‘-80'
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8.9 Worked Example: distribution of X; and trajectory probabilities

Purpose-flea zooms around

the vertices of the transition

2
. . O-2 0 6
diagram opposite. Let X; be — :
Purpose-flea’s state at time ¢ i 0.4 0.8
(t=0,1,...).
1 | 3
(& ez 9

0.6 0.2

Find the transition matrix, P.

0.6 0.2 0.2
Answer:P=1 04 0 0.6
0 0.8 0.2 2
? =) Ning ‘(’Lao_.d-;r
Find P(Xs =3 | Xy = 1). 0N 2-'8%(,’9 tofoL.gL;[;b. ,afbl.S-
0.6 0.2 0.2 .. 02
]P)(X2:3’X0:1):(P2)13 = . : .- .06
roo R B R

- . = 06x02+02x06+0.2x0.2
- - = 0.28.

Note: we only need one element of the matP so don’t lose exam time by

finding the whole matrix. ,
Worleina = gon dp,' ades
/:j U A *mﬂ?‘{ talees

Suppose that Purpose-flea is equally likely to start on any vertex at time O.
Find the probability distribution of Xj.

From this info, the distribution oK, isw' = (3,3,5). We needX; ~ =’ P.

( % ) 0.6 0.2 0.2
P = 04 0 0.6
0 0.8 0.2

LWl
LWl

|
—~
Wl
Wl
Wl
~—

ThusX; ~ (3,3,3) and therefore, is also equally likely to be 1, 2, or 3.
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(d) Suppose that Purpose-flea begins at vertex 1 at time 0. Find the probability
distribution of X5.
The distribution ofX, is nown! = (1,0,0). We needX, ~ w! P2,

(1 00) (060202 0.6 0.2 0.2
n’p? = 04 0 0.6 04 0 0.6
0 0.8 0.2 0 0.8 0.2

= 04 0 0.6

0 0.8 0.2

— (044 0.28 0.28).

Thus P(X,=1)=0.44, P(X, =2) =0.28, P(X, = 3) = 0.28.

Note that it is quickest to multiply the vector by the matrisfi we don’t need to
computeP? in entirety.

(e) Suppose that Purpose-flea is equally likely to start on any vertex at time 0.
Find the probability of obtaining the trajectory (3, 2, 1, 1, 3).
]P)(g, 2, 1,1, 3) = P(XO = 3) X P32 X Pa1 X P11 X P13 (SeCtion 88)
= $x0.8x04x0.6x0.2
= 0.0128.
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N~

(sed clos,  ShheDd

Sprlk
8.10 Class Structure = o ‘SpalMy
4) claks LJ itseld. ¢ -

The state space of a Markov chain can be p_artltloned into a set of non-overlapping
Comm U\f\‘icw\‘]/\a\ ¢ (asses.
~—

States ¢ and j are in the same communicating class if there is some way of
getting from state ¢ to state j, AND there is some way of getti e )
must be possible over some number of steps to travel between them both ways.

We write ¢ (—")\j )

Definition: Consider a Markov chain with state space S and transition matrix P,
and consider states 7,7 € S. Then state ¢ communicates with state j if:

1. there exists someft spich that (P*);; > 0, AND

2. there exists some\u guch that (P*);; > 0.
t>0 wx o
Mathematically, it is easy to show that the communicating relation < is an
equivalence relation, which means that it partitions the sample space S into
non-overlapping equivalence classes.

Definition: States i and j are in the same communicating class if ( € J )

o . ?GL eads State & access Ll ’Otvom Ha ofle.

mﬁus
Every state is a member of ixﬁﬁ% 0N CRMMIAN C’Jﬁ\j class.

Example: Find the communicating a
classes associated with the a‘ a a
transition diagram shown. <—/‘
3,00 (4,93

Stafe L (eads to
bk le does net lgad Lade o\ujau'm) So %aﬁ: (A
a(;ﬁfv‘ud' ¢ (esses.

Solution: i
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Definition: A communicating class of states is closed if 1+ U Noft FOSST)LLL
Fo LEAVE Hwb Class.

That is, the communicating class C' is closed if p;; = 0 whenever i € C and

j¢C.

o ) Erav PoE
Example: In the transition diagram above:

o Class {1,2,3}is NoT C(losed : con eScape o class $4L,5 .
e Class {4,5}is CLOSED : can't iﬁca\@e,

Definition: A state i is said to be absorbing if H,Q Sef i LE s a ( (a&ul

- Class.
(T

Definition: A Markov chain or transition matrix P is said to be irreducible if
'Lé—)J d/ior‘ all i,\j e S So He clwin is irredancible "&
Hw chbe space S s - S1a5\a C,OMMM;CA/HAJ Class .

8.11 Hitting Probabilitie
P =

We have been calculating hitting
probabilities for Markov chains
since Chapter 2, using First-Step
Analysis. The hitting probability
describes the probability that the
Markov chain will ever reach some
state or set of states.

In this section we show how hitting
probabilities can be written in a
single vector. We also see a general
formula for calculating the hitting
— .
probabilities. In general it is easier
to continue using our own common

sense, but occasionally the formula
becomes more necessary.
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Vector of hitting probabilities

Let A be some subset of the state space S. (A need not be a communicating
class: it can be any subset required, including the subset consisting of a single

state: e.g. A = {4}.) A: owr- {‘N‘Otk (uJLuf We wWanf” ‘}‘OJ;),

The hitting probability from state i to set A is the probability of ever reach-
ing the set A, starting from initial state i. We write this probability as l’l A
L

Thus
L‘\'LP( = TP(X{: QA &or Somye %HO I XOZ-L>
- ﬂ)( Vs gz{' fo <et A l Sttt ab Stake L).

Example: Let set A ={1,3} as shown.

03 0.7

The hitting probability for set A is: 4"\

. 1 S’bﬂri/\\j &mm Stakes ioﬁg:\

(We are starting in set A, so we hit it immediately);

o O . R - L or S5

(The set {4,5} is a closed class, so we can never escape out to set A);

em - - - B
(We could hit A at the first step (probability 0.3), but otherwise we move to
state 4 and get stuck in the closed class {4,5} (probability 0.7).)

3 Set A (OWJMD

We can summarize all the information from the example above in a veckor o ar
\/\il{JﬁQ Pfoggmlgrx [4 \'\ ¢S

\/\ _ haa 03

SO S I L
b 0
hea 0

Note: When A is a closed class, the hitting probability h;4 is called the s P Hﬂ/\

o ,Ofokﬂﬁ\\g]\:\b-
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In general, if there are N possible states, the vector of hitting probabilities is

b P (it A Stk from shbe 4
L\ = '/i”’f n)( Oélr N Z;

~ R _‘ ‘
L‘NA (P( | | I\D

Example: finding the hitting probability vector using First-Step Analysis

h

Suppose {X; : t > 0} has the following transition diagram:

Find the vector of hitting probabilities for state 4.

Solution: | ot L‘Lq_ = ]?(l/\f* Statc { ]3'}5\1‘[:,\/3 a.Jr state ).
UJL:) ? W@ = f{_ buire so clww ’. ©
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In the previous example, we used our common sense to state that hyy = 0.
While this is easy for a human brain, it is harder to explain a general rule that
would describe this ‘common sense’ mathematically, or that could be used to
write computer code that will work for all problems.

Formula for hitting probabilities

his section provides a general formula that will always wor
a vector of hitting probabilities h 4. / A s (\Q‘j j‘”‘L

Theorem 8.11: The vector of hitting probabilities hy = (h;a : @ € S) is the
minimal non-negative solution to the following equations:

1 for i€ A, — ({'—L\W%M

CM \/(I:'_(P Wi hia = szj ja for i¢ A hig =
) AN
A&L oS | e \7 He FCA 29ns.

The ‘minimal non-negative solution’ means that:

1. the values {h;4} collectively satisfy the equations above;

2. each value h;4 is > 0 (non-negative);

3. given any other non-negative solution to the equations above, say {g;4}
where g;4 > 0 for all 4, then h;4 < g;4 for all ¢ (minimal solution).

FExample: How would this formula be used to substitute for ‘common sense’ in

the previous example? /2 1/2
The equations give: 1C(1) gte (41
1 if i=4, /2 1/2
hi4 - Zpijhj4 if # 4.
j€S
Thus, h = 1

hiy = hys unspecified! Could be anything!
hoy = %h14+ %h34
has = Shoa+ shu = Shos+ 3
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Lok chede fhak ot 5 L, =0 M-
/ Aoesn't force M\UH’”:\'B Use to be ome Ae\j-«h‘ ve

Becauseh, could be anything, we have to use the minimal non-negatilteeya

which ishy, = 0.

(Need to check,, = 0 does not force.;, for any other: OK.)

The other equations can then be solved to give the same aawbefore. [

Proof of Theorem 8.11 (non-examinable):

onsider the equations 4= N
q A ZjES pijhja for i¢ A T
1Ko .
We need to show that: 7 Pﬁ’ g

FsA eans — proly ¢asy.
(i) the hitting probabilities {h;4} collectively satisfy the equations (x);

—

(ii) if {gia} is any other non-negative solution to (x), then the hitting proba-
bili?s {hia} satisfy h;4 < g;4 for all ¢ (minimal solution).
mposer solubion'. > ek fo Slaw i gt Le >

Corre C/{’
Proof of (i): Clearly, hia = 1if i € A (as the chain hits A immediately).  ¢o | |30.

Suppose that i ¢ A. Then ,
\
hia = P(X; € Aforsomet>1|Xy=1) j_/\a{vxchof\

= ZP(Xt € Aforsomet >1|X; =7)P(X; =j]|Xy=1)
jeSs
(Partition Rule)
= Z hja pij (by definitions).
jes

Thus the hitting probabilities {h;4} must satisfy the equations (x).

gfﬂp ({-of‘ Hme €
Proof of (ii): Let hg = P(hit A at or before time ¢ | Xy = 7).
T T——

We use mathematical induction to show that hgz

< g;4 for all t, and therefore

t-o

higa = limy_, hg must also be < g;4.
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. 1 it ie A,
Time t = 0: h(-gl): o
0 if ¢ A

. . . giA = 1 ifie A7
But because g;4 is non-negative and satisfies (%), .
gia > 0 for all 7.

(0)

S0 gia > h,, for all i.

The inductive hypothesis is true for time ¢ = 0.

Time t: Suppose the inductive hypothesis holds for time ¢, i.e.

t)

hiy < gja forallj.

(
Consider !

R = P(hit A by time ¢ + 1] Xo = 1)

= ) P(hit A by time ¢+ 1| X; = j)P(X; = j | Xy = i)
jes
(Partition Rule)

jes
< ZQJAPU by inductive hypothesis C e to
jes . E’, ¢
%FMJAIA _
= gia  because {g;4} satisfies (). .\ [
Proet
AN
— Y

(t+1) . . : : . \ A
Thus h; " < g4 for all 7, so the inductive hypothesis is proved. Non- N:j sO
By the Continuity Theorem (Chapter 2), hja = lim; . hEQ.

So hia < gia as required. Y RN With O

Plwv cendy S)rfv\’t/")
N0 one |<LJ’\» ¢
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8.12 Expected hitting times

In the previous section we found
the probability of hitting set A,
starting at state . Now we study
how long it takes to get from ¢
to A. As before, it is best to solve
problems using first-step analysis
and common sense. However, a
general formula is also available.
_—0 W 3 o a\
Definition: Let A be a subset of the state space S. The hitting time of A is the

random variable 7'y, where
7; :rﬂﬂb\i £E>0 - X& 67%Tg\

T4 is the time taken before hitting set A d{or Ho }.rg} tirne
The hitting time T4 can take values O [, L, ond D
Qghup

If the chain never hits set A, then _|;Y = 0q MA 'T;‘ < 0(%@
W(M.Eh'>o

_—
Note: The hitting time is also called the reaching time. If A is a closed class, it
is also called the ¢y Sorp Foa Fae .

/7

Definition: The mean hitting time for A, starting from state 7, is
E( X, =1)
Note: 1If there is any possibility that the chain never reaches A, starting from i,

]&/ Hee L\.ﬂ‘\\rj nDro\\., |/‘Lpf <l_) Haen J-E(TA }XO:E> = o0

Calculating the mean hitting times

Theorem 8.12: The vector of expected hitting times m4 = (m;4 : i € 5) is

H\Q M\I/\\UV\&‘}\ Non — Vl;ﬁqﬁl’]l/e, SOLD\H on ’I‘o |’(.,.,p_ éouowli:j ﬁ.@h&'ﬂ’]o«g;
O (gcr* Lép(

/- % LM e LEAL

(Sf\ Min =
2908
add 1 Fr
eAdn Shep Hlpen
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Proof (sketch):

(%)

' . 0 for 1€ A,
Consider the equations m;, =

14 Zj¢ApijmjA for 1 ¢ A.
We need to show that:
(i) the mean hitting times {m;4} collectively satisfy the equations (x);
(ii) if {w;4} is any other non-negative solution to (%), then the mean hitting

times {m;4} satisfy m;4 < u;a for all ¢ (minimal solution).

We will prove point (i) only. A proof of (ii) can be found online at:
http://www.statslab.cam.ac.uk/~ james/Markov/ , Section 1.3.

Proof of (i): Clearly, m;4 = 0 if i € A (as the chain hits A immediately).
Suppose that i ¢ A. Then

m;a = ]E(TA ’ X() = Z)

= 1+ E(Tu| X1 = j)P(X1 = j| Xo=1i)
jes
(conditional expectation: take 1 step to get to state j
at time 1, then find E(7T4) from there)

= 1+ Z M A Dij (by definitions)
jes

= 1+ZpijmjA, because m;q = 0 for j € A.
JEA

Thus the mean hitting times {m;4} must satisfy the equations (x).

Example: Let {X; : t > 0} have the same transition diagram as before:

/2 1)2

1
Starting from state 2, find the 1C te 31

expected time to absorption. /2 172



162

Solution: C:oak Ky 1&( - Ell 4—\3 (Sd’ 96’ ﬁLaSOFLij S?"k)l‘d’_§>.
\/\)@ SQ,(’,LQ Miﬁ% - M?_g( = H;(‘HN h) QLL_—,_SorFHon S}'ﬂr"@ 2>

Min = i > At
/L + E& PLU ™A ;& 'L‘? %])4:1_

S
SO Min = O Alrea
Men = OE “Lorlord
Myp = é’_l;+ fL’EiO* + -LZMM
‘J—MSA = 1+ Jimm + Ji*o
— Sole = my, -2
Mop = 2

E (fie to dbsorlbion | sht @2) < ETy =7 g,

M\
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Example: Glee-flea hops around on a triangle. At each step he
moves to one of the other two vertices at random. What is L
the expected time taken for Glee-flea to get from vertex 1 b
to vertex 27 .
Solution:
11
03 3
transition matrix, P = % 0 %
11
3 3 U
We wish to findms.
0 if =2,
J#2
Thus
Mmooy =— 0
mis = 14 3mos+ima = 1+ img.
mz = 1+ imas + 3mis
= 14 %mm
= 1+ (1+ )
= Mmgy = 2.

Thus mys = 1+ 5mg, = 2 steps.



