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Chapter 9: Equilibrium(

z ?

In Chapter 8, we saw that if { X, X7, Xo,...} is
a Markoy chain with transition matrix P, then
X, ~(7wh) = X1~ TFT@ G—

This raises the question: is there any distribution 7r such that

P17 m
¢ X ~TT = X, ~rTP ST ogia
~ b+ o E‘ r i Ay
= XH?,N,‘_I,TP - I—,
=> Xy ~ TP =TT = Lo e,
Xk+n""—ﬂ_T

In other words, if #' P = «’, and X; ~ &', then

— X;_ ~ XH. ~ Xy ™~ X&+3 o
Thus, once a Markov chain has reached a distribution #w” such that 7’/ P = =7,

']lf‘ LJ]L\ S}QJ H«_U‘Q, #f evey,
If 7P = 77, we say that the distribution 7’ is an eq/v\'l? it AashAL whon.

Equilibrium means a level position: there is no more change in the distri-
bution of X; as we wander through the Markov chain.

Note: Equilibrium does not mean that the value of X;,; equals the value of X;.
It means that the distribution of X;,; is the same as the distribution of X;:

eg WX, =1 = P(X, =0 -
ﬁD(X{—,H :2) P(Xt:?_) = T, et .

In this chapter, we will first see how to -he equilibrium distribution 7w’ .€
We will then see the remarkable result that many Markov chains automatically
find their own way to an equilibrium distribution as the chain wanders through
time. This happens for many Markov chains, but not all. We will see the
conditions required for the chain to find its way to an equilibrium distribution.

n = Lowu,o{ freeswre . Lw]df{mm
~ xS -

I

e firks Yoo Freatioe all Ly kselp.
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9.1 Equilibrium distribution in pictures

Consider the following 4-state Markov chain:

0.0 0.9 0.1 0.0 @)

0.8 0.1 0.0 0.1
0.0 0.5 0.3 0.2
0.1 0.0 0.0 0.9

pP—

Suppose we start at time 0 with

Xo ~ (i , i , i , i): so the chain is equally

likely to start from any of the four states. Here
are pictures of the distributions of Xy, Xy,..., X4:

o L/ L/ s
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1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

The distribution starts off level, but quickly changes: for example the chain is
least likely to be found in state 3. The distribution of X; changes between each
t=0,1,2,3,4. Now look at the distribution of X; 500 steps into the future:

—ﬁ* P(Xhégg = CU) P(X501 = I) P(X502 = .Z') ]P(X503 = IL’) ]P)(X504 = .’13)
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0.0

The distribution has reached a steady state: it does not change between

t = 500,30L,.... 504 Tlo chwnluns veadhe A 2guililbsiinm A ik oun

AC—CO(‘A.

(¥
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9.2 Calculating equilibrium distributions

Definition: Let {Xy, X1, ...} be a Markov chain with transition matrix P and state
space S, where |S| = N (possibly infinite). Let w7 be a row vector denoting
a probability distribution on S: so each element 7; denotes the probability
of being in state 7, and Zf\il m; = 1, where m; > 0 for all e = 1,..., N. The
probability distribution 7w’ is an equilibrium distribution for the Markov chain
if TP =mw'

—~ _~
That is, 77 is an equilibrium distribution if
N
']‘TT 03 . - > . = I .
(n——r l \) ; lL th J }Dr ﬂu J' 1)-~~) M)
N -

(=

By the argument given on page 164, we have the following Theorem:

Theorem 9.2: Let { X, X1, ...} be a Markov chain with transition matrix P. Sup-
pose that w7 is an equilibrium distribution for the chain. If X; ~ 7’ for any ¢,

then ¥ NIT aﬂ:r‘ Ak v >=0. -

E+r

Once a chain has hit an equilibrium distribution, 1t 5““0—‘ Hire f"r Lvd.

Note: There are several other names for an equilibrium distribution. If v’ is an
equilibrium distribution, it is also called:

e invariant: It Aﬁﬂf\'\' homse EI P - ET
e stationary: o cluan " 31‘0(93“ L\erg_

Stationarity: the Chain Station

a train station is where a train stops

a workstation is where . . . P

a stationary distribution is where a Markov chain stops
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9.3 Finding an equilibrium distribution

T

Vector 7t* is an equilibrium distribution for P if:

1. ET P = 'ITT
~J
2. Zﬂr_ =1 I
(=
e LI ?O}ormu v.
Conditions 2 and 3 ensure that I_I:T Lﬁe“% XN FNL&\L\\Ab Ml‘n& WHJJA»

Condition 1 means that —

Solving w!' P = ©” by itself will just specify 7 up to o\ Scalar pnlt :FLQ .
We need to include o scale 7r to a genuine probability distribution,

and then check with Condition 3 that the scaled distribution is valid.

Example: Find an equilibrium distribution for the Markov chain below.

BK) 0.5
0.0 0.9 0.1 0.0 - ,/\ Qo.g

0.8 0.1 0.0 0.1
0.0 0.5 0.3 0.2
0.1 0.0 0.0 0.9

aS
I
NN

. . T
Solution: Ld’ n o= ( T
T

_ LJ ’
So‘\/( T'P =7 1/\_)0'9




Col. L STI"L+ T,

Col 2
Col 3

coly J:\jr\m—c ot /aw\rb gy

T,
o

:._‘..> m - 28 Ty
SWerinQ = (= Ta) + I m, = RE
— R4
2 T, = TTE
SV\LS} AN A @
= 43
-:::) T — ai
. 226
Oveah 't T _ 63 33 2 8¢
T 2%°6 22¢  22¢ 220

(ofzg) 020, 0-0¢, o,z&)_

This is the distribution the chain converged to in Section 9.1



‘F-;f\ﬁ{ﬂo e \aw'\u\( '{“r'éf‘m',
—Chin wondes R i
In Section 9.1, we saw an example where the Markov
chain wandered of its own accord into its equilibrium

distribution: N N o\ o_i 02
P(X500 = x@%l =z) P(Xsp=12) P(X53=u1)

O -3¢ o= __ - - - . Uo.g

]
<]

9.4 Long-term behaviour

0.5

0.4
0.4
0.4
0.4

N
(=]

bl
<)

Q
<)

0.0
0.0
0.0
0.0

1 2 3L_c;'0u 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
This will always happen for this Markov chain. In fact, the distribution it

converges to (found above) does not depend upon the starting conditions: &(Df'
ANY valae o Xo, we will rnlwo\»js N

Xe ~ (028, 0320, 0.0¢, 038) as t >o0.
What is happening here is that eada Yo w aa. fle 'j\r{f‘;\jﬁ(ﬁo,\ Mmatrix P

(onveses fe e %MULHM ZOX 3 (0-2?} 03 0-0¢, O"S&)

"y £ = oo .
0.0 0.9 0.1 0.0 0.28 0.30 0.04 0.38 \ &
p_ | 08010001 0 | 028030004 038 |
~ | 0.0 05 0.3 02 0.28 0.30 0.04 0.38 [ '
0.1 0.0 0.0 0.9 0.28 0.30 0.04 0.38 )

(If you have a calculator that can handle matrices, try finding P! for ¢ = 20
and ¢t = 30: you will find the matrix is already converging as above.)

This convergence of P! means that r lﬂf\‘ﬁi € , NO Mﬁutt o WHICH &i‘m{'&
we stk in , e ﬂlfw“:j—q bewe F/\DLOLL;L:b:

e about 0-2§ of being in State | after ¢ steps;

e about 0- 20 of being in State 2 after ¢ steps;

e about (- ol of being in State % after ¢ steps;

e about 0 2g& of being in State Lafter ¢ steps.
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Start at Xy = 2 - Start at Xg =4 <& she b
" - ° strted

P(X = k| ¥y = 2) PXe=4 1%,2¢)
/ 3

T v @: _‘l,l__ ﬁ s ~— State 4
< State 2 = State 2 AeoB Ak
B State 1 B N State 1 g‘?_pw

State 3 ° State 3

0 20 10 60 80 100 0 20 10 60 80 100
time, ¢ time, ¢

The left graph shows the probability of getting from state 2 to state k in t
steps, as ¢ changes: (P")qy for k =1,2,3,4.

The right graph shows the probability of getting from state 4 to state k in t
steps, as ¢ changes: (P")yy for k =1,2,3,4.

The 2nitial behaviour differs greatly for the different start states.
The long-term behaviour (large t) is the same for both start states.

However, this does not always happen. Consider the two-state chain below:

Q%@ P:<(1)(1J) P(x., =1)=1

. 2 2 12z \ 2 ]_P(Xgoz:i):o
As T gets large, P does ot conve A S cese

10 01 10 01
500 501 502 503
@(01) F _(10> F _(01> F _(10>“‘

For this Markov chain, LJL'V\WU Jorjz;\'u He ‘Abak \syL.«rl( g}‘a{—e,
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General formula for P!

We have seen that we are interested in whether P! converges to o a&n(l_p{ M X
ikl all rows {ﬁLum* as oo

If it does, then the Markov chain will reacl, an %w[/\Lf I M a{AS} H,\a{'
Adaes Aok abfwk on He s)-@rh\j Con iR ons
The equilibrium distribution is then given by an \nj Vouw aa, Heo Cor\ua/j{ol P

It can be shown that a general formula is available for P! for any ¢, based on
the eigenvalues of P. Producing this formula is beyond the scope of this course,
but if you are given the formula, you should be able to recognise whether P? is
going to converge to a fixed matrix with all rows the same.

Example 1:
0.8
0.2 0.8
O - e (o)
o 0.6

We can show that the general solution for P! is:

— Pt%{(ﬁ z>+<:s 1))

P;s 'E-‘)bo — 0 ‘f} So
P L ( i < %
2 &
(ﬂ:\ls C[/\D\.;t/\ w:u z.- CD/\\/UOQ 'i'o &GLMIUL,,-]MM Tf_ - [,_ I-f')
(ejuailtss o Wheflur e Hlea S}Wb;f\;&?ﬁr;i or Shke 2,

Ezercise: Verify that w! = (%, %) is the same as the result you obtain from solving
the equilibrium equations: w7 P = w! and 7 + m = 1.
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FExample 2: Purposeflea knows exactly what he is doing, so his probabilities are
all 1:

~® o (1 0)

We can show that the general solution for P? is:

el ) (e )

'PXS {' - 0o, (, \3% Aoes Ao\’ CQ,\‘T;UJL to M\jHth’

{,'_
So ’P:(é?)rd,taw{/\)

Dbt o | § :
o (1 03 ¢ SRGRE
| Lo all t
Ha chann does nob forget s S‘)rw'ijj shake,

Ao g Aik Converge to %M:L'.L/—;w«q as t o,

Fronse s . - -

El@;se: Verify that this Markov chain does have an equilibrium distribution,
T
3

= (%, %) However, the chain does not converge to this distribution as

t — 00. (_3 D SN TS OLO/\")'JW{’ Huare.

These examples show that some Markov chains forget their starting conditions
in the long term, and ensure that X; will have the same distribution as t — oo
regardless of where we started at X,. However, for other Markov chains, the
initial conditions are never forgotten. In the next sections we look for general
criteria that will ensure the chain converges.
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Target Result:

o If a Markov. chain_is educzble and aperiodic, and (if an equilibrium

Wl distribution 7’ exists, then the chain converges to this distribution as

45&\4 t — 00, regardless of the initial starting states.

To make sense of this, we need to revise the concept of #rreducibility, and
~wintroduce the idea of aperiodicity.

3

9.5 Irreducibility

Recall from Chapter 8:
Definition: A Markov chain or transition matrix P is said to be irreducible if

L& ‘o&r L,y €S T irdmebe ES He shate Space,
g) IR QJ/tﬁ\.e CON\MV\,\.(,Ab\/_\j class .

An irreducible Markov chain consists of a single class.

T rredmcible Not irredmalle .

Irreducibility of a Markov chain is important for convergence to equilibrium as

t — o0, because We LJOVJ( C»omvvjuc—fz, to (:){ l&o{L‘ou\M e’ér
\S)r‘fv*‘\’ shate .

This can happen if the chain is irreducible. When the chain is not irreducible,
different start states might cause the chain to get stuck in different closed
classes. In the example above, a start state of Xy = 1 means that the chain is
restricted to states 1 and 2 as t — oo, whereas a start state of Xy = 4 means
that the chain is restricted to states 4 and 5 as t — o0o. A single convergence
that ‘forgets’ the initial state is therefore not possible.
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9.6 Periodicity

Consider the Markov chain with transition matrix P = ( (1) (1) ) )

1
—_% @ Suppose that Xy, = 1.

1 , _
Then szl EF;;;—QMWQ/\ Va\lmq,sc'é,{j) P@flOA’L
Xt =2 - - OO(P( . -
This sort of behaviour is called periodicity: the clrn (an of;(j vetwn
o o S‘]’é\-)re, at f)arlf%cu\(c_r values G% t.

Clearly, periodicity of the chain will interfere with convergence to an equilibrium
distribution as t — oco. For example,

1 for even values of ¢,

PX;=1|Xg=1)=
0 for odd values of t.

Therefore, the probability can not converge to any single value as t — oo.

Period of state 2

To formalize the notion of periodicity, we define the period of a state 1.

Intuitively, fle loﬂfiook S suda flak He Pre taleon to jd’

f;ﬂ;m Q]fht(z v bade fo Srake ¢ Otjw.if\ s ﬂlfw@_' ~ (V\V\U"TLL 96’
He pariod.
In the example above, the chain can return to state 1 after 2 S?‘(,rg j e S‘hfu )

é /5+£f5) ebec. ...
The period of state 1 is therefore 2 .

In general, the chain can return from state ¢ back to state ¢ again in ¢ steps if
CF t\ . > (0. This prompts the following definition.

Definition: The period d(i) of a state i is
A= ged § E:PDg >0

Hw jr@_kh,s} Copmon AiVSor d’dr He Pirma oF wlad,
(efwn 15 GJOSS":LL(.
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Definition: The state i is said to be periodic if A (i) > 1

For a periodic state i, (P'),, = 0 if ¢ is not a multiple of d(i).

Definition: The state 1 is said to be aperiodic if 0’{ (l) = i .

If state i is aperiodic, it means that r¢fwna fo Stake ¢« Tan L\kﬂgu\ ok W\\j
Time, a3 £ qeks [w;j«e- T4+ nob Cetricked b cotmin vales 967{:.

For convergence to equilibrium as t — oo, we will be interested only in ot ‘o,er?ao{?(,

Skakes .

The following examples show how to calculate the period for both aperiodic
and periodic states.

FExamples: Find the periods of the given states in the following Markov chains,
and state whether or not the chain is irreducible.

—

/—\ -
1. The simple random walk. \-er ZON f/‘)"(-( )
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d(1) = 3co\ {2 b, & S 1

@@ Trreducde
N
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9.7 Convergence to Equilibrium

We now draw together the threads of the previous sections with the following
results.

Fact: If i <> j, then ¢ and j have the same period. (Proof omitted.)

This leads immediately to the following result:
Al ehtes > all states

If a Markov chain is #rreducible and has one aperiodic state,

——

then all states are aperiodic.

We can therefore talk about an irreducible, aperiodic chain, {V\Q,O\/\U HALJ\’

ML Shares we o\fu]oouc.

Theorem 9.7: Let {X(, Xi,...} be an irreducible and aperiodic Markov chain
with transition matrix P. Suppose that there exists an equilibrium distribution
7. Then, from any starting state i, and for any end state j,

P(X =0 IXp=0)—> T, as t50e

In particular,
% (KPE3 —> TT\) oS t _d\"%) &c\f‘ ﬂ :’) \3’
"
Se Pt Convises to o mat . Lt all cowsg Tl

s

T/For on redmcille AFM]OA:C Ml oy cbain |
Wit finike o infinte shete cpace,

He oastne ofF m g blrium dishAbuRo, T7

rswes fak Hre Markov dasin will Convvae fo T

aS E-—>&o‘

____‘-_-‘-‘-‘-'-‘-‘——-_L
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Note: If the state space is infinite, it is not guaranteed that an equilibrium distri-
bution 77 exists. See Example 3 below.

T
as t — oo, then

oA Fiml speat in state e
Pr&f;'& i

F(Sv\cceu)

[P (wet)

A typical exam question gives you a Markov chain on a finite state space and

asks if it converges to an equilibrium distribution as ¢ — oc.
distribution will always exist for a finite state

Note: If the chain converges to an equilibrium distribution 7w’
Hae totyrw\ ‘DMFOF

s

9.8 Examples

equilibrium

independent of start state. If the chain is reducible, it may or may not converge.

The first two examples are the same as the ones given in Section 9.4. \\j

Example 1: State whether the Markov chain below converges to an equilibrium
distribution as t — oc.

0.8

P:( 0.2 0.8 )
L_L% 0.2 @) - (@Q 0.4 0.6 0.4

’ﬂ:; dvon s iredualle oond “‘Effg"hc’

An 24 lal i Aska Wil exich }DPK (f-;/‘;'"(
817"}\_@ S(:M\CQ.

80 d{»-( d/\p;\/\ @ co/\VUai.

(EOM 2% M dhin Converges t IT: (—E}%

e J(@m, )
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Example 2: State whether the Markov chain below converges to an equilibrium
distribution as t — oc.

= M@ =—g (1)

Tha ebwin s iredamalle, Lk s NoT WMUU
PQJ‘\MK =2 .
S Ha cwin dos NOT converse to 29 uilibam

rS oo,

It is important to check for aperiodicity, because the existence of an equilibrium
distribution does NOT ensure convergence to this distribution if the matrix is
not aperiodic.

Q——;M A OA

Example 3: Random walk with retaining barrier at 0. e Mow{‘ ’

| p p p p p
EoRojoRolo
q q q q q
Find whether the chain converges to equilibrium as ¢ — oo, and if so, find the
equilibrium distribution.
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Note: Equilibrium results also exist for chains that are not aperiodic. Also, states
can be classified as transient (return to the state is not certain), null recurrent

(return to the state is certain, but the expected return time is infinite), and
positive recurrent (return to the state is certain, and the expected return
time is finite). For each type of state, the long-term behaviour is known:

e If the state k is transient or null-recurrent,

P(X; =k|Xo=k) = (P'),, — 0ast— oco.

e If the state is positive recurrent, then
P(X;=k|Xg=k)= (Pt)kk — m, as t — 00, where m, > 0.
The expected return time for the state is 1/7.

A detailed treatment is available at
http://www.statslab.cam.ac.uk/”james/Markov/. E D




