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Chapter 2: Probability

The aim of this chapter is to revise the _ility. By the end
of this chapter, you should be comfortable with:

e conditional probability, and what you can and can’t do with conditional
expressions;

e the Partition Theorem and Bayes’ Theorem;

e First-Step Analysis for finding the probability that a process reaches some
state, by conditioning on the outcome of the first step;

e calculating probabilities for continuous and discrete random variables.

2.1 Sample spaces and events

Definition: A sample space, (2, is a Set of possible outcomes of a random
experiment.

Definition: An event, A, is a subset of the sample space.
This means that event A is simply a collection of outcomes.

FExample:

Random experiment: Pick a person in this class at random.
Sample space: Q0 = {all people in class
FEvent A: A = {all males in class

Definition: Event A occurs if the outcome of the random experiment is a member
of the setA.

In the example above, event A occurs if the person we pick is male.
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2.2 Probability Reference List

The following properties hold for all events A, B.

e P(0)=0.

e 0 <P(A) <1,

e Complement: P(A4)=1—P(A).

e Probability of a union: P(AU B) =P(A) +P(B) —P(AN B).
For three events A, B, C"

P(AUBUC) = P(A)+P(B)+P(C)—P(ANB)—P(ANC)—P(BNC)+P(ANBNC) .

If A and B are mutually exclusive, then P(AU B) = P(A) + P(B).

P(AN B)
P(B)

e Multiplication rule: P(AN B) =P(A| B)P(B) =P(B| A)P(A).

e Conditional probability: P(A|B) =

e The Partition Theorem: if By, B,, ..., B,, form a partition of 2, then

P(A) = Zm:IP)(A N B;) = iP(A | B;)P(B;) for any event A.

i=1 i=1
As a special case, B and B partition (2, so:
P(A) = P(ANB)+P(ANB)
= P(A|B)P(B) +P(A|B)P(B) for any A, B.
P(A|B)P(B)
P(A)
More generally, if By, Bo, ..., B,, form a partition of {2, then

__ P(A[B))P(B)) .
P(B;|A) = S (4| B)P(B) for any j.

e Bayes’ Theorem: P(B|A) =

e Chains of events: for any events A;, Ay, ..., A,,

P(A1NAsN. . .NA,) = P(A)P(As | ADP(Az | AsN AL .. P(Ay | Apoin. . N AL,



2.3 Conditional Probability

Suppose we are working with sample space

(2 = {people in class}. I want to find the

proportion of people in the class who ski. What do I do?

Counk ~—p Hw nambe of&/ pLopl A dags wlo sk, ak Luide SJ
R Fotd N cri(/ people in Aasc.

\ Fskiws in class
ﬂ ‘)U‘So/\ 3\&&5) = #Fepr\k " qﬁsj

Now suppose I want to find the proportion of females in the class who ski.
What do I do?

Cowx\' v\.fJ #J;UV\-JLS Wl SLL\‘) »/\A o(/}v\mt( L\\j #&(]\AM ;/\ C(A_S_S.
H) (6—11\/\%)\1 Slui} . #dea\/\ml& Sles ia class - .
H fovekas ia class <)
P/*Ol,&\aﬁ\/'\b)l
P (skis ‘&iﬁﬂ‘)

By changing from asking about everyone to asking about females only, we have:

o reshAcked atfenHon to flw M"% f‘"““w °“\Lj P

or: reduwced He sw‘olt Sfi,m 6~(\a/\z\ o Seb yd,w@o,\{) hd;:i:p
Sek '36' ’\128/'

P @\AB: P(&AA)

or:  conditioned on e ovent i“&-@v\v\ksz ,

We could write the above as:

#Oﬁ@z\nlc Sk:us A clag_g

P( sl |MD = H fooks 1 s

Conditioning is like changing the sample space: we are now working in
a new sample space of females in class.

Lo’ s cre roffeq Pl 1A) . ‘
Zol égr%g';“aa e ot PL o) CE st (resiges)
6o of 1TV maanipgless fo add .
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In the above example, we could replace ‘skiing’ with any attribute B. We have:

# skiers in class # female skiers in class

P(skis) =

P(skis | female) =

# class

# females in class

Likewise, we could replace ‘female’ with any attribute A:

@# CL&Sj who are Lotk A and B)/nN
(Fin class Lo are A /n

P(B|A) =

This is how we get the definition of conditional probability:

P(BahA) _  P(RAA)
P(A) P(a)
By conditioning on event A, we have Clasged fle Sample Space fo fae sek
O’gr A’ 0/\\3 )

Definition: Let A and B be events on the same sample space: so /)X c M @g N
The conditional probability of event B, given event A, is

P(ela) - F(BnA)
P (A)

P(B|A) =
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Multiplication Rule: (Immediate from above). For any events A and B,

Plane)y < P(A1RDP@R) = PEAPKE) = P(BnA)

Conditioning as ‘changing the sample space’

The idea that Co ,\&'\Ho/\'\/\\j = clm@"\@ H«,Sm‘)\‘ Space can be
very helpful in understanding how to manipulate conditional probabilities.

Any ‘unconditional’ probability can be written as a conditional probability:
—%  P(e) = P& ) =

Writing P(B) = P(B | 2) just means that we are looking for the probability of
event B, out of all possible outcomes in the set (2.

In fact, the symbol P belongs to the set ): it has no meaning without ).
To remind ourselves of this, we can write

P - P,
Then HD(@B = ﬁD(Bl -SL) = ”2—(83

Similarly, P(B | A) means that we are looking for the probability of event B,
out of all possible outcomes in the set A .

So A is just another sample space. Thus We Can tenpulate ao"”t‘Hg"")\
\orvbalo"\Zh'u Pl 1A Just like oy o Hor FN&«LQUH% oS L°Qj) S
we ALW@J S}Q‘j AL the Soma Sm]okzifau A

The trick: Because we can think of A as just another sample space, let’s write

PC-1a)= B () Note : NoT shedard |

notakon !
HU‘,&‘J\ A r’mﬁ\,\ wqr(/b
_

Then we can use P, just like P, as long as we remember to keep the
A subscript on EVERY P that we write.
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This helps us to make quite complex manipulations of conditional probabilities
without thinking too hard or making mistakes. There is only one rule you need

to learn to use this tool effectively:

IF/; (B1c) = F(&'Cf\ﬁ)foro\w i, B, C.

(Proof: Exercise).

The rules:

P(-| A) = Pa(-) \
P,(B|C)=P(B|CNA) forany A, B, C.

e C
Ezxzamples: N
N&W Buc

1. Probability of a union. In general,

PBUC) = P (&) + PCC) - P(Rnc)
So, |PA(@UC): )QZ(@ AGPIS la(enc> rowg\ line

Thus,
% P(Buc|A)=P(BIA) + PCcin) ~P(snc | A) .

2. Which of the following is equal to P(BNC | A)? = \Pﬁ (R n C)

(a) P(B|C' N A). (c) P(B|CNAPC|A). &~ €

) “pri (@) B(B| CJB(C] 4).
Solution: P(Bnrc lA) ]PA (6/\() ] FovﬂL n
- (Pl(ﬁ\lv P\ ()
= P(Blcna)P(cin)

A/\SLJU' C .

il
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3. Which of the following is true? J \L J/ U b\)fk'
- (a) P(B|A) =1—-P(B|A). (b) P(B|A) =P(B) —P(B|A).

Solution:
BIM= P (B
(Bl = T, (B) ]ao‘@huk-
=1L -F (&)

= L-PIA)Y, O Arswo a

4. Which of the following is true? /@ 1S (Cofle a{’ .

(a) P(Eﬂ A)=£P(A)-P(BNA). (b) ]P(Fﬂ A)=P(B)—-P(BNA). X
LS RHS
Solution: — =
s = R(BaA) = P(BIA)P(A)
- = [ (&) P (A

o le
g Wleg [ = Z\-ﬁ\(gfg E@

= P(AY - P(BIAYP (A)
B fP(A)-@(@m&)
=1-P(B|4)? 4— = RHS 8& uﬂofessém@.

Answer: a\Se . HD(@\PVB: (]Dﬁ (@D %@ Ls Ao w\j LJ@
T convohing from Iy to Pq . Probabilifies on one Sermple
S(‘)o\cg, ﬂLO/\’* {’M)\ S W\u}mﬁ D\’gowk Pmlchb:[/\‘hﬁ oNn O

Mo X gomple 8pele .

Exercise: if we wish to express P(B|A) in terms of only B and A, show that
P(B) - B(B|A)P(A)
1 —P(A)

5. True or false:

Note that this does not simplify nicely!

P(B|A) =

W(B\P\Bf feh oS o~ }
LI 7/ N:)
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2.4 The Partition Theorem (Law of Total Probability)

Definition: Events A and B are mutually exclusive, or disjoint, if A N R = ¢ .

Tlos  means A ~d R C N /\o\’ L teaeler TF A W
“fpen 1 Peps
s ,QXCUAM g éf\ﬁf\f\ ]OM\/b G\/\A\?/ICQ VUSa .

ickely

If A and B are mutually exclusive, A U &> ﬂ) 'ﬂ +P( @ aL(/? eAence
For all other A and B,

P(ave)=PA) + P& —P(AnB).

g \Ue

Definition: Any number of events By, Bo, ..., By are mutually exclusive if every
pair of the events is mutually exclusive: ie. Bi A g Sb {or AJA N Aw; (N
— v :/: \)

B @\© SRS @

Definition: A partition of ) is a €90 Weckson 06/ MV\% X un sive 2vinks
\/J\z\o&c AN\ OA s (L .

That is, sets By, Bo, ..., By form a partition of ) if ([ )

N0 OVU“’OD

B;NB; =  forall 4,5 with i #j, & g%fwm

B; = BiUByU...UB;, = .
and | 5 1UByU...UB, \(Z)gjwwcr

A onkomesin L -

Bq, ..., By form a partition of ( if they l/\ﬂVL nNo OvVY t“f W\-A
coll ecf Va,L,) cover all possille out comes.
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FExamples:

& B\~
Partitioning an event A

Any set A can be partitioned: it doesn’t have to be €.
In particular, if By, ..., By form a partition of €, then (AN By),..., (AN By)
form a partition of A.

7

Theorem 2.4: The Partition Theorer\n (Law of Total Probability)
LQ/F &\ ) gz,-—’) @f"‘ é@(\/\/\ 178 fC\J’HHO/\ 56/_0\ ‘ TL\M éfar
NUNICY

. Y

Py = Z P(hosd) = Z Plale) P(e:)

LH':E\L:\ = s e Cum gfibs purfy
Wk

Both formulations of the Partition Theorem are very widely used, but especially
the conditional formulation > " | P(A | B;)P(B;).
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Intuition behind the Partition Theorem:

The Partition Theorem is easy to understand because it simply states that “the
whole is the sum of its parts.”

AN B AN B,

-  m A
S~ @
o

AﬂBg AﬂB4

2.5 Bayes’ Theorem: inverting conditional probabilities

Bayes’ Theorem allows us to “invert” a conditional statement, ie. ”” ° Q)(]of 4SS

P (R 1A) i~ tums ad» P (A Vﬁw

Theorem 2.5: Bayes’ Theorem

P(A12) P (&)

=z )
For any events A and B: - B P (A)

Proof:

P(BNA) = P(ANB)
P(B|A)P(A) = P(A|B)P(B) (multiplication rule)

P(B|A) — P(A]I’]@]f)(B). 0




Oﬂ%u%ouﬁ l K |53

Mon . 3= &-20 T;A@: St 315 — %30
Tor 4,' S
NIZ.O [0 - I

v 11T

Stes 321 & el

> Shb s Rs 162 ('F'G‘r-

= iy A2 Ass. A
B
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Extension of Bayes’ Theorem

Suppose that By, Bs, ..., B, form a partition of ). By the Partition Theorem,

P(AY = 2 P (B P(50)

Thus, for any single partitz ember B;, put B = B; in Bayes’ Theorem
to obtain:

ol la) - P(n1g)PR) PAle;) Pley
e P(8) > P(n1e) P&

v

R, - By CTY

> ! P (2 A r‘a‘ofuMk¢A

5; B by e rekio s red arta
to Ireen oven .

Special case: m = 2

Given any event B, the events B and B form a partition of Q. Thus:

i} l
Plalny - P (A (2) IP(&)
PAIOYP@ + P(a\z) Pd)

Example: In screening for a certain disease, the probability that a healthy person
wrongly gets a positive result i 0.05) The probability that a diseased person
wrongly gets a negative result i€ 0.002) The overall rate of the disease in the
population being screened is 1%. If my test gives a positive result, what is the
probability I actually have the disease? ——




THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau 27

MA_? D= %L\W\/(; AASWB b- %o{,m\%(/\wvc AA,SU\%

P = { posihive h@(S =N = %Mj“h”f Jr“)rj

2. I/\EFormmHM v L = { people L&U Scfu/\u{j
— alse fos%f\lvc,fﬁkelso 08 = (P(P r—y*‘), O'O§

False V\[ﬂﬂ"“\/@ (ate s 0002 = !?(N ]D ) O 007

Disease wake s A = P ( D ) = O-0) )

}.Look\tﬁéﬁor J (P(D \ P)

Pole) = PEIDPD o Tw) &

FF) s PLPID)- 1- P (F 1)
= L - P(NID)
=1 ~0'00L
=097 ®

Al P (P) = P(PIDYPD) + 7 (PID)P(D)

= 0-99% % 00| +9__-i§(1- 0-01)

= 0:0594%. ©
Sutar .0 . ®:
0-99% = O-0]|
» = = O lég .
Lo PO TR 5 oS0 g -
C\'lve/\ox fOSP\HVC_ 4"’»&}) /‘Q‘:) Mantr ’&/ l’WUi/j fire s ease \30/5 16-8% .
N —
D | 1) |t
P(B)= I P(PID -
w ?:/ slox G°L ,,é,ﬂ,{ b Lox P:Fo&.hw,h&&}
24 .
(P\Q N ‘1‘1‘6% t shaded ¥
'\Wbb | j
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2.6 First-Step Analysis for calculating probabilities in a process

In a stochastic process, what happens at the next step depends upon the cur-
rent state of the process. We often wish to know the probability of eventually
reaching some particular state, given our current position.

Throughout this course, we will tackle this sort of problem using a technique

called £, rs} — S+Qf A/\I\b SVS -

The idea is to consider all possible first steps away from the current state. We
derive a system of equations that specify the probability of the eventual outcome
given each of the possible first steps. We then try to solve these equations for
the probability of interest.

First-Step Analysis depends upon conditional probability and the Partition
Theorem. Let Sy,. .., Sk bethe k possible first steps we can take away from our
current state. We wish to find the probability that event E happens eventually.
First-Step Analysis calculates P(E) as follows:

P(E) = P(ElS)PISY + PEISHPE) + .-
o+ PEIS P(sy)

Here, P(Sy),...,P(Sk) give the probabilities of taking the different first steps
1,2,.. k.

Example: Tennis game at Deuce.

Venus and Serena are playing tennis, and have reached
the score Deuce (40-40). (Deuce comes from the French
word Deux for ‘tv?-,— meaning that each player needs to win two consecutive
points to win the game.)

For each point, let:
p = P(Venus wins point), q = 1 — p = P(Serena wins point).
-

- e

Assume that all points are independent.

Let v be the probability that Venus wins the game eventually, starting from
Deuce. Find v.




29

Q[WU\M \

Vians P8

VENUS
WINS (W) |

VEN
LOSE

Mg,e, ﬁ}rs}r&)[uf Mﬁ\bS\sS. TLQ FOSSIL\( fm\a’ S)FLFJ (Of\L od‘/mg) al e
N Veaus wins naxck f)o“./\’( (prot. :‘a) . nove to Skt fi .
7—)\/0/\@3 loses nuxk ‘Oohmk (prob = 7/) move Fo St 5 .

Lok V bLe fle vl ik Veauws wing EVENT V\ALLY SM@ ﬁmw\
D»@ wnel So vV = /P (v ‘ >
ow*rm\' SM@ —Deuu .

SJ’N\%\NJ ﬁmn« bluu/b) we howe ‘ooss)\gu d’%”/:s)r S’Jrcfu fo Shdes fad B
So - v = P (Verws wins | DD

= PV ID)
(V) SIS V\o{-«HOA/d«oM 822 W

4]

PVIAYR (A + T (VIR (8)

CRER - B®, o«
CMAMFWD Lo camse (V\zﬂ P(VIA, nDo)

Oﬂb R/-e cuorenr Shake

|

prokl =
Now we need P (v [A) cnd PV1R)Y. ﬁ?“"’\ 3 F;Pm)(r\l[g?h)o Tﬁ(\ig\gs
PR = PVIWp + PVID)g
1 p + Vx4

P+ vg @,

"o n

)



THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND

[P ( \/ | L.> 5]/ + )P (V ‘B) r) e Whare Wananga o Tamaki Makaurau 3 ()
O*Z-!' VP

NG

Subsihde 3 wl@ e @ (r’+ V@\P + (V(ﬂqf

fl + sz\/

\/(J—zm/\ - ¢
PL oNS VIV - @

Note: Because p+ g =1, we have: \‘1'07/ ad
1=1 =(prq) = rlJrvarlr?/ - So 2pq, = pTAgT

So the final probability that Venus wins the game is:
2 ’L
V = F = ——-——'f_’
'-— oA ‘o ﬁ/ F s ol/l
Note how this result makes intuitive sense. For the game to finish from Deuce,

either Venus has to win two points in a row (probability p?), or Serena does
(probability ¢%). The ratio p?/(p? + ¢*) describes Venus’s ‘share’ of the winning

"

Sw]tar\o) PV &)

\\

<
I

v =

probability.

First-step analysis as the Partition Theorem:

Our approach to finding v = P(Venus wins) can be summarized as:
PVonsuin) = v = 2 POV | gisrstyg) Pt st
§orst d‘(,‘zj owr o&/ D
First-step analysis is just the Partition Theorem:

The sample space s Q= {all possitle roufes rom Dence 4o e ead §

An example of a samplepointss: D = A>0->8 >D 8 ->1L

Another example is: D ﬁ—? DoA > W
oC - - W.

The partition of the sample space that we use in first-step analysis is:

Q' ot % alk ‘0¢$S;glL /\O‘J’U {Y‘OM DLMCC ’l‘o Mﬂ{ M 3"‘“"‘ LJ;H,\ B-)AS

R T S
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Then first-step analysis simply states:

POV - PVIRYP(R) + T (v1e)P(r,)
= P(VIA) P(n) + R(VIB) R (R).

Notation for quick solutions of first-step analysis problems

Defining a helpful notation is central to modelling with stochastic processes.
Setting up well-defined notation helps you to solve problems quickly and easily.
Defining your notation is one of the most important steps in modelling, because
it provides the conversion from words (which is how your problem starts) to
mathematics (which is how your problem is solved).

Several marks are allotted on first-step analysis questions for setting
up a well-defined and hel otation.

P NUS = VENUS ~—
ﬁ (A) WINSHW)

DEUCE (D

N~/ _ VENUS VENUS
\ BEHIND (B) ‘@’ LOSES (L)

Here is the correct way to formulate and solve this first-step analysis problem.

Need P (Verus wins We/\i'u\a\\kb, s}afl»'.j 6\’\7/\4 Du,\ce,)‘

) Define notabiont lek 4 4
Vy = TP(\/Q/\{,Q WIAS I/VM{’V\% \ stert ot State D)
\/,\:ﬁ)( el o ‘ S)W’%M'SYLKHA>

i . shrk ot Stake 8
L B 2 | A AA’&E@\* gtk Shekes
mLWo\nS Wol Same owkcome (\/Mb\:g WIAS vt

QF?@}»S\(L‘: %S?Sf V_D = P Vp‘ + DL\/g @
V"\ = '0 ¥ _1_ + ﬁ/ Vb @

Vo = PVp + 9* 0O @ 3 /4

partes

o»\f‘LAb




2. SL»L\SH‘LJ?, @ MA @ A @ ; 32
= vy = p(prqve) + 9 (pw)
Ve (1-p3 - pg) = ¢"
PL
= Vi - I—'Z{?(}/ PR Lé(f—orc, @

2.7 Special Process: the Gambler’s Ruin

This is a famous problem in probability. A gambler

starts with $2. She tosses a fair coin repeatedly.
-

If she gets a Head, she wins $1. If she gets a Tail,
she loses $1.

The coin tossing is repeated until the gambler has either $0 or $/N, when she
stops. What is the probability of the Gambler’s Ruin, i.e. that the gambler

ends up with $07 oo = lol > (02 —
, 1/2 1/2 1/2 1/2 @ 12 3
0 11— 2|—]3]---» —»> —»N

\ G2 WP W SN SR S
1/2 1/2 12 12 () 12 VAV

\/\)B\,\ Yo f'&r\o{ ﬁ)(z/u(s will. © \ skl Wit x>
D%M wek }Z = {Qve/\hm»l V‘w“v\g = ZMAS WIS Oi
We wish b B P (R ) shrks with =)
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I"‘go h,\mi e = [P(Q l C"\/‘M/\J’b L O> c 4 wewewenmn 3]
PN = HD(K\ - - N) = O (:jov\ S)”Of (wo/\> BJI\))

Bt drep M‘\bsgt po= (R ] oF L>

n
o diggr S LEN AE) @ -
VN "
next toss o<t foss
wins $) loses $)
=) move to = move o
Stute XA S)—p\;{'e -

Trae fr =12, N-1 Wit bocndary ondiRons
=, pr,=0.

Solution of difference equation (x):

Py = 3Ps+1 + 3P forz=1,2,...,N—1;

Ol

pN:O.

We usually solve equations like this using the theory of 2nd-order difference
equations. For this special case we will also verify the answer by two other

methods.
1. Theory of linear 2nd order fierence equations i

Theory tells us that the general solutionef is p, = A+ Bx for some constants

A, B and forx = 0,1,...,N. Our job is to findA and B using the boundary
conditions: P, = Bk

A+R+0 = 1 = A=].

)
Q
—

A+ BN = 4L + BN=0 > 8&=-1_.
N N

—o
i
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X _
So our solution is: ﬁL = A + B» = 1 - —v-\—'- (T(Or %«=0,1,-.., N.

For Stats 325, you will be told the general solution of the 2nd-order difference
equation and expected to solve it using the boundary conditions.

For Stats 721, we will study the theory of 2nd-order difference equations. You
will be able to derive the general solution for yourself before solving it.

Question: What is the probability that the gambler wins (ends with $N),
starting with $x?

Plods wih NY = 1= Psds wit 0y = 4-p = X
N
P ) = 1= P(ls)

for =0, -5 N.

2. Solution by inspection S’ﬁeM\A code .

The problem shown in this section is the symmetric Gambler’s Ruin, where
the probability is % of moving up or down on any step. For this special case,
we can solve the difference equation by inspection.

We have: 3 b $
Pz = %px—kl + %px—l @
%px + %px = %px—l—l + %px—l
Rearranging:  p,-1—p: = Pz — Dot1- <\ Boundariesp, = 1,py = 0.
There are\N steps to go down Vs =1
—/\“
frompy, =1topy = 0. P S 0 0 :
Each step is the same size, Nt e (BamR) samesize
- --—--_- for eachx
because 1 ¥

(Pe—1 — Pz) = (px — pry1) for alljz. oe--'1---
So each step has sizgN,
= p0:1,p1:1—1/N,

pa=1—2/N, etc. 0 1 A

So .
pe =1 z(\f>as before
' N
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3. Solution by repeated substitution.

In principle, all systems could be solved by this method, but it is usually too
tedious to apply in practice.

Rearrangéx) to give.f 2

J7 Pz+1

= (z=1) D2
(r=2)  ps

(z = 3) D4

giving Da
likewise PN
Boundary condition:

Substitute irx*):

Pz

Pz

Zf\ - Fo
= 2Dy — Pa1
= 2p1—1 (recallpy = 1)

= 2py—p1 =2(2p1 — 1) —p1 = 3p; — 2
= 2p3—p2=23p1—2)— (2p1—1)=4p; — 3 etc

in general,  (xx)

= ap;1— (x —1)
= Np1—(N-1) at endpoint.

pv=0 = Np—(N—-1)=0 = p =1-1/N.

= ap; — (x — 1)
R
r—5—z+1

= 1-% as before. [

2.8 Independence

Q(}N]Sﬁo/\

e

Definition: Events A and B are statistically independent if and only if

P(AN B) = P(A)P(B).

This implies that A and B are statistically independent if and only if

P(A|B) = P(A).

Note: If events are physically independent, they will also be statistically indept.
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For interest: more than two events

Definition: For more than two events, Ay, As, ..., A,, we say that Ay, As,..., A,
are mutually independent if

P (ﬂ Ai> = [[P(4:) for ALL finite subsets] C {1,2,....n}.

ieJ ieJ

Example: events Aq, Ay, A3, A4 are mutually independent if
ii) P(A;NA;NA,) =P(A;)P(A;)P(A) for all 7, j, k that are all different; AND
iii) P(A; N Ay N A3 N Ay) = P(A)P(A2)P(A3)P(Ay).

Note: For mutual independence, it is mot enough to check that P(A4; N A;) =
P(A;)P(A,) for all ¢ # j. Pairwise independence does not imply mutual inde-
pendence.

2.9 The Continuity Theorem New QU\A

The Continuity Theorem states that probability is a continuous set function:

Theorem 2.9: The Continuity Theorem

a) Let Ay, Ay, ... be an increasing sequence of events: i.e.

A CAC...CA, CA1C....

Then
IP’( lim An> = lim P(A,).

n— oo n— oo

n— oo

Note: because Ay C Ay C ..., we have: lim A, = U A,.
n=1
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b) Let By, Bs, ... be a decreasing sequence of events: i.e.

BiDBy2...2B,2Bps12....

Then
IP’( lim Bn> — lim P(B,).

n— oo n— oo

Note: because By O By O ..., we have: lim B, = ﬂ B,,.

n— 00
n=1

Proof (a) only: for (b), take complements and use (a).

Define C; = Ay, and C; = A\A; 1 fori =2,3,.... Then C1, (s, ... are mutually
exclusive, and |J;_, C; = U/, 4;, and likewise, | J:°, C; = U=, 4.

Thus
P(lim A,) (U A, ) (U C’i) = Z P(C;) (C; mutually exclusive)
i=1 i=1
= lim Z P(C
i=1

= st (0 CZ>

i=1

= lim P (U Ai> = lim P(4,). O

1=1
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2.10 Random Variables EW)S 2o

Definition: A random variable, X, is defined as a function from the sample space
to the real numbersx : Q@ — R.

A random variable therefore assigns a real number to every possible outcome of
a random experiment.

A random variable is essentially a rule or mechanism for generating random real
numbers.

The Distribution Function

Definition: The cumulative distribution function of a random variable X is

given by

Fy(z) = P(X < )

Fx(x) is often referred to as simply the distribution function.

Properties of the distribution function

1) Fx(—o0) =P(X < —0) = 0.
Fx(4+00) =P(X <o0) = 1.

2) Fx(z) is a non-decreasing function of x:
if r1 < To, thenFX(l’l) < FX(J,’Q).

3) If b > a, then P(a < X <b) = Fx(b) — Fx(a).

4) Fx is right-continuous: i.e. limyjo Fx(z + h) = Fx(x).
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2.11 Continuous Random Variables

Definition: The random variable X is continuous if the distribution functior'x (x)
Is a_continuousunction.

In practice, this means that a continuous random variable takes values in a
continuous subset &: e.9.X : Q2 — [0,1] or X : Q — [0, 00).

Probability Density Function for continuous random variables

Definition: Let X be a continuous random variable with continuous distribution
function Fx(z). The probability density function (p.d.f.) of X is defined
as

d

Cde

fx(z) = Fx(z) (Fx(x))

The pdf, fx(z), gives the shapeof the distribution of X.

Normal distribution Exponential distribution Gamma distribution
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By the Fundamental Theorem of Calculus, the distribution function Fy(z) can
be written in terms of the probability density function, fyx(x), as follows:

= ffoo fx(u) du
Endpoints of intervals
For continuous random variables, every point = has P(X = z) = 0. This
means that the endpoints of intervals are not important for continuous random

variables.
Thus, P(a < X <b)=Pla< X <b)=Pla< X <b)=Pla< X <b).

This is only true for continuous random variables.
Y R ()

Calculating probabilities for continuous random variablés PD F &( ( 7()

To calculate P(a < X < b), use either Cor M’Jk{-ﬁ 'p/oL_

PlasX L) = F (L) =F ()

or L
W(AéXék} = £ é(%)ﬂ{x,

Example: Let X be a continuous random variable with p.d.f. @ZK L

()

2072 forl <z < 2,
fx(a) = — e uop to
0 otherwise. x*
(a) Find the cumulative distribution function, Fx(x). ; /s |4H "

0 1 o 2

(b) Find P (X < 1.5). | -
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% K Te e a2 i
D E®=[ g - [ 2da g cx<2
—oo
- [:l Z(A-]]
~ | |
= 9 -~ % a;ﬁr |l< 2 <2
Ovaald ﬁ () = Qf_l_ 66}; xljvla <L

2.12 Discrete Random Variables Q , V\S \
1510~

Definition: The random variable X is discrete if X takes values in a finite @mount-
able subset of R: thus, X : Q — {1, x9,...}.

When X is a discrete random variable, the distribution function Fx(z) is a Step

function.
Fx(z)

Probability function

Definition: Let X be a discrete random variable with distribution function Fx(z).
The probability function of X is defined as

fx(z) =P(X = x).
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Endpoints of intervals

For discrete random variables, individual points can haveP(X = x) > 0.

This means that the endpoints of intervals ARE important for discrete random
variables.

For example, if X takes values 0, 1,2, ..., and a, b are integers with b > a, then

Pla<X<b)=Pla—1<X<b=Pla<X<b+tl)=Pla—1<X <b+1).

Calculating probabilities for discrete random variables

To calculate P(X € A) for any countable set A, use

Disodre X
Conbnvons X rP(X:7L>: O

rodd
A

:
Recall the Partition Theorem: for any event A, and for events By, B, . .. tha/‘tsfm”{’

form a partition of (),

P(A = ZFAIBPP(R) -

We can use the Partition Theorem to find probabilities for random variables.
Let X and Y be discrete random variables.

ODQ%B\/\L WMA 2 AZ{X:%}

g et &, . SRR, £ 100
(o i iy PO 6 5
¢ E\/Z/\b @9)6)) e A FGJVA—\’FO/\ Oa' ‘n') So

'U%X:x} - erP(xn\.vzjwr:@ﬂ

P(X€A) =) P(X=u).

€A

Partition Theorem for probabilities of discrete random variables N
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2.13 Independent Random Variables

Random variables X and Y are independent if they have no effect on each
other. This means that the probability that they both take specified values
simultaneously is the product of the individual probabilities.

Definition: Let X and Y be random variables. The joint distribution function
of X and Y is given by

Fxy(z,y)=P(X <zandY <y)=P(X <z,Y <y).

Definition: Let X and Y be any random variables (continuous or discrete). X and
Y are independent if

FX,Y(xay) - FX(x)FY(y) for ALL X,y € R.

If X and Y are discrete, they are independent if and only if their joint prob-
ability function is the product of their individual probability functions:

Discrete X, Y areindept <= P(X =2 ANDY =y) =P(X = 2)P(Y =y)
for ALL x,vy
— fxyv(z,y) = fx(z)fy(y) forALL z,y.

S mdusted Wy IP(An €)= P(A) P(&) f
& & ndgh
Shﬂ)o& A [/mﬂoug 1 He fime P(ﬂ) :i
A &b kgt = B doesit ~ffed 7.

So £t SLw‘,\U\ oo (/wrru/\ on [/\L\L& o Fres Had

6 L\kﬁ)&/\ﬁ,
Q) fF(Pm@) :—QL_I?(G) = ﬁb(ﬁ) P(ﬁ>




