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Chapter 3: Expectation and Variance

In the previous chapter we looked at probability, with three major themes:
1. Conditional probability: P(A| B).

2. First-step analysis for calculating eventual probabilities in a stochastic
process.

3. Calculating probabilities for continuous and discrete random variables.

In this chapter, we look at the same themes for expectation and variance.
The expectation of a random variable is the (o/\\j,\»gf,v\ nwxys o{; H,\Q

rordorm ver alole -

Imagine observing many thousands of independent random values from the
random variable of interest. Take the average of these random values. The
expectation is the value of this average as the sample size tends to infinity.

We will repeat the three themes of the previous chapter, but in a different order.

1. Calculating expectations for continuous and discrete random variables.

2. Conditional expectation: the expectation of a random variable X, cond;i-
tional on the value taken by another random variable Y. If the value of
Y affects the value of X (i.e. X and Y are dependent), the conditional
expectation of X given the value of Y will be different from the overall
expectation of X.

3. First-step analysis for calculating the expected amount of time needed to
reach a particular state in a process (e.g. the expected number of shots
before we win a game of tennis).

We will also study similar themes for variance. ‘ "
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3.1 Expectation

\
+i*?
The mean, expected value, or expectation of a random variable X is writ-
ten as E(X) or uy. If we observe NV random values of X, then the mean of the

N values will be approximately equal to E(X) for large V. The expectation is
defined differently for continuous and discrete random variables.

Definition: Let X be a continuous random variable with p.d.f. fx(z). The ex-
pected value of X is

E(X) = [ @ mdx uloc & (- PAF.

~

Definition: Let X be a discrete random variable with probability function fx(z).
The expected value of X is

E0O= 2 Z&EE = T =P(Xex

2C

(0O=X" ~
) Expectation of g(X) é Whare (ﬁ (1) = f/oqu lﬁb f‘w\oh\o/\.

Let g(X) be a function of X. We can imagine a long-term average of g(X) just
as we can imagine a long-term average of X. This average is written as E(g(X)).
Imagine observing X many times (N times) to give results x1, zo, ..., zx. Apply
the function g to each of these observations, to give g(x1), ..., g(zx). The mean
of g(x1),9(x2),...,g(xy) approaches E(g(X)) as the number of observations N
tends to infinity.

Definition: Let X be a continuous random variable, and let g be a function. The
expected value of ¢g(X) is

B(s00)) = [ gto)feto) de

—00

Definition: Let X be a discrete random variable, and let g be a function. The

expected value of g(X) is ¢q- E(j/(z) = s« |P ()(:7(>

E(9(X)) = > g(@)fx(x) = Y g(@)P(X = a).
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Y= e 9
Expectation of XY: the definition of (X/Y}

Suppose we have two random variables, X and Y. These might be independent,
in which case the value of X has no effect on the value of Y. Alternatively,
X and Y might be dependent. when we observe a random value for X, it
might influence the random values of Y that we are most likely to observe. For
example, X might be the height of a randomly selected person, and Y might
be the weight. On the whole, larger values of X will be associated with larger
values of Y.

Qxalo\m\‘) WL?g\m\’%fa(' puon 1
To understand what E(XY') means, think of observing a large number of pairs
(x2,%2), .-+, (xn,yn). If X and Y are dependent, the value x; might
affeet—the value y;, and vice versa, so we have to keep the observations together

in their pairings. As the number of pairs N tends to infinity, the average
3 SV, x; X y; approaches the expectation E(XY).

_

For example, if X is height and Y is weight, E(XY) is the average of (height
x weight). We are interested in E(XY') because it is used for calculating the
covariance and correlation, which are measures of how closely related X and Y
are (see Section 3.2).

Properties of Expectation ﬁw‘g 30/\ ‘ MJC >

i) Let g and h be functions, and let a and b be constants. For any random variable
X (discrete or continuous),

E{ag(X) +bh(X)} = aB{ g(x) } + bB{n(X)}.

In particular,
E(aX 4 b) = aE(X) + b.

ii) Let X and Y be ANY random variables (discrete, continuous, independent, or

non-independent). Then
E(X +Y)=EX)+E®Y).

More generally, for ANY random variables X7, ..., X,
E(X;4+...+ X,) =E(Xy) +... + E(X,).

—
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L ,3. E( ><l Y:SB = E(Xl) E (\1/3> :% x/\/’ ;‘,\ I‘NEZEALAND
iii) Let X and Y be independent random variables, and g, h be functions. Then

EF(XY) = ECOE(Y) conry i XY idept,

Con Hos Le ~8Sumaed |

— (900N = E(500)E(L)) <

Notes: 1. E(XY) =E(X)E(Y) is ONLY generally true if X and Y are INDEPENDENT.

2. If X and Y are independent, then E(XY) = E(X)E(Y). However, the

converse is not generally true: it is possible for E(XY) = E(X)E(Y) even
though X and Y are dependent.

o\ |
NA(EXY E (L5
Probability as an Expectation E (X 3 \ X %.‘ﬂx)
ehe -
Let A be any event. We can write P(A) as an expectatioii_as, follows.
Define the 2ndicator function: Pf“"i ‘t'\"j
L, = P T

% O ofurvice. I-p 1 T—l

>wm
0 1 g

Then 14 is a random wvariable, and

E (T - jf WWVI%:E>

= O DT, - + 1+ P(T,-1
a0y + 1P (Th:0)

P(Ta=2)
= [P (A)

PA) = E(T,) dor oy owt AJ

H

Thus
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3.2 Variance, covariance, and correlation

|
L
: : : Mx o
The variance of a random variable X is a measure of how Sfr esdh ok it is.
Are the values of X clustered tightly around their mean, or can we commonly
observe values of X a long way from the mean value? The variance measures

how far the values of X are from their mean, on average.

xX

Definition: Let X be any random variable. The variance of X is /X = 2 (x)

Vo (X)) = H:’{(-\h E(CY) - (e}
w\kus}m)\ KA@ ey s s o ﬁa(c .

The variance is the MEZmN\ Sﬁ/wu'uk oU.A/ C‘hof\of a random variable from its
OWIl mean.

If X has high variance, we can observe values of X a long way from the mean.

If X has low variance, the values of X tend to be clustered tightly around the

mean value.
& (0

FExample: Let X be a continuous random variable with p.d.f.

~2/:6\:2_f0r1<:c<2, \
fx(x) = ; .

o~~~ otherwise.

Find E(X) and Var(X). 4 R
2

EOO= (Tag e = [ eo2arde
:\fl 21.
[ zﬁij(ﬂll

= Z/(.oj (7,) - ZLOJ (j_)
Dty K

I
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For Ver (XY, e
Ver ()= E(X™) - (EX)

= fl o2 A - [uszjL
= fil 2 dn - \:7_@31]1
- ):Zl]'i _ Lz&fjfz,]t
= 2 - (Z&J'L\L
= 0-0F82

Vr ()= £ () -EXY)
= E(x=xY - (EXOEX)

o random
ariance 18

Vor ()= [ § (KoY B () (Xm0

Definition: Let X and Y be any random variables. The covariance between X

and Y is given by
cov (X ) - B/ (X—M(v.my’} = EOX) - BO(EY).
pndes e d Hos one hse Hls 9ne
Were g = EX ek g - EY

1. cov(X,Y) will be po sSHvCif large values of X tend to occur with large values
of Y, and small values of X tend to occur with small values of Y. For example,
if X is height and Y is weight of a randomly selected person, we would expect

cov(X,Y) to be positive. Y . ‘7 .o C,ou(K Y> >0
0 } ‘

Covariance

Covariance is a measure pf the as
variables X and Y.
always positive.)

> X
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2. cov(X,Y) will be V\Fﬁf‘* ive if large values of X tend to occur with small values
of Y, and small values of X tend to occur with large values of Y. For example,
if X is age of a randomly selected person, and Y is heart rate, we would expect
X and Y to be negatively correlated (older people have slower heart rates).

3. If X and Y are independent, then there is no pattern between large values of
X and large values of Y, so cov(X,Y) = 0. However, cov(X,Y) = 0 does NOT
imply that X and Y are independent, unless X and Y are Normally distributed.

Y
Properties of Variance
—> X
i) Let g be a function, and let a and b be constants. For any random variable X
(discrete or continuous),

\/of( AJ(X) ¥ L) - A \/w(j@ﬂ}
In particular, V&F(o\x + \\,3 = D\l \/Cf (X\

ii) Let X and Y be independent random variables. Then
Ver (X 4¥) = Ver () + Ver (Y)
iii) If X and Y are NOT independent, then

= Ve (X4Y) = Vor (X 4 Ver (V) 4 ZCOV(X’YB'

Correlation (non-examinable)

The correlation coefficient of X and Y is a measure of the linear association
between X and Y. It is given by the covariance, scaled by the overall variability
in X and Y. As a result, the correlation coefficient is always between —1 and
+1, so it is easily compared for different quantities.

Definition: The correlation between X and Y, also called the correlation coefficient,

is given by

cov(X,Y)

corr(X,Y
( )= \/ Var(X)Var( )
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The correlation measures linear association between X and Y. It takes values
only between —1 and +1, and has the same sign as the covariance.

The correlation is £1 if and only if there is a perfect linear relationship between
X and Y, ie corr(X,Y) =1 <= Y = aX + b for some constants a and b.

The correlation is 0 if X and Y are independent, but a correlation of 0 does
not tmply that X and Y are independent.

Conditional Expectation and Conditional Variance

Throughout this section, we will assume for simplicity that X and Y are dis-
crete random variables. However, exactly the same results hold for continuous
random variables too.

Suppose that X and Y are discrete random variables, possibly dependent on
each other. Suppose that we fix Y at the value y. This gives us a set of
conditional probabilities P(X = x| Y = y) for all possible values x of X. This

is called the
LJC/\O\/\/‘( A'j« (’“’IOW = {é?w

Definition: Let X and Y be discrete random variables. The conditional probability

function of X, given that Y =y, is:

(X = \Y:\‘Q: P(X=» And Y::Q
P (Y=9)

We write the conditional probability function as:

£ (x1y) = P(Xex| Vo)

Note: The conditional probabilities fx|y(z|y) sum to one, just like any other

probability function:
YD PX =z|Y =y) =) Py_py(X=1)=1,

using the subscript notation Pgy-—,y of Section 2.3.

T IPey)
J
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We can also find the expectation and variance of X with respect to this condi-
tional distribution. That is, if we know that the value of Y is fixed at y, then
we can find the mean value of X given that'Y takes the value y, and also the
variance of X given that Y = . 2.4 Y =leqlk , X= LJG/CO\'\,\/

Har E (X Ylg) = rvwv\udgl,&v& f-&ofu ‘fé'

Definition: Let X and Y be discrete random variables. The conditional expectation /
of X, given that ¥ = y, is N

/”‘x\rzj = E(X \ Y:jB - Z %&l\, (7(@

-

E(X|Y =y) is the Mean Vedne a?f X) When Y I 6@((4 N J

Conditional expectation as a random variable

The unconditional expectation of X, IE(X ), is just o /\WV\LM

e.q E(X)=6(0 or EX-=go
The conditional expectation, E(X | Y =y), is o Awmnl or M.

If Y has an influence on the value of X, then Y will have an influence on the
average value of X. So, for example, we would expect BEAXTY = 2) to be

different from E{XT¥—3). JE()( |Y:}gg> E(X\Y-TIQO)
We can therefore view E(X |Y = y) as a chon o \Lj :

s E(XTY=y) 7= Liy).

To evaluate this function, h(y) = E(X |Y =y), we
zfjx ot e clhosen vedae | v
?n/\/\ (NS O\VU’\kj{ ua, >< Jlen Y ;5>§7ﬁ><ko( ‘J’ H,\:j Veduar .

€ (g =0
W)

6 L eigut

—) Y
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However, we could also evaluate the function at a random value of Y:

i) observe o ra~kom valae af&, Y
) if;‘)( \1/ o Rk olserved rond e Vedune
iii) C\/O\l/v\ﬂ{‘a E(K l Y = olsuved Fﬂv\flo/\f\ '/%MLB'
We obtain a ¢ anA o \/oJ‘iP\luLQ: ‘ E(Xl\(): L\(\'/
TE\Q fMOM/\M (omes (FNM e \fav\olo/v\usg I Y) ,,\o{f X
CO/\A;’HO/\‘\& IJX’OU/Q' \o/\) LE()(H/)) Vol rondom \/maLQ
it rande maess Inbheited fom Y wol

) | 1 with probability 1/8,
Example: Suppose R 2 with probabilitjz
and  X|Y = @W%th probab?l?ty j
3Y with probability 1/4 .
~—
Conditional expectation of X given Y =y is a number depending on y:

_ ~ _ . Zwiﬁ,\pﬂ’b-y -
T Vet [X1(-0] - ZZ o ‘/Z _

So E(X|Y=1)=2%2 ;341 . 2
& % &

e LI prob 3/4, _

V%HM [ X Iy- z] éé ey
&

90 E(Kl = é@*% + é*z '7;—‘

Se E(Xly-y) = é% ‘oL 9=l So E(XI¥=q)is «

18/ ' _ V\(/\/v\le' A,, oA Y,
“ 'F 9L meﬁff ‘J
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CEXTY

Conditional expectation of X given random Y is a random variable:

me m\oovc) E(X \\[/\: 2 °'/zf q/ Y:) iomLaLSEb = '/g
l%/t(/ ‘X’ Y:Z PfogaLn\ab:;L/g

So  E(X)Y) = & e wirpnl Vg

|g/4 - [ “ 7/8 ° v
ﬂL . H,\,(S{ oJ’e [i(
Tus E(X V) is o rendomvanalle prosalsilii es-

— ~ \ ’ \/
m (‘MP/V\M/g_g YA H:()(\ }/\ 1S ‘/\L\.efl\'d 6/0/\/\ | V\OJ' f«om
Conditional expectation is a very useful tool for finding the unconditional

expectation of X (see below). Just like the Partition Theorem, it is useful
because it is often easier to specify conditional probabilities than to specify

overall probabilities.

Conditional variance

The conditional variance is similar to the conditional expectation.

e Var(X |Y = y) is the variance of X, when Y is fixed at the value Y = y.

Var(X | Y')is a random variable, giving the variance of X when Y is fixed
e to be selected randomly.

Definition: Let X and Y be random variables. The conditional variance of X,

given Y, is given by

or (X 1Y) = ECXTIY) - { E(xINY
) = E{ (XY 1Y

L‘|I¢L mec('aJO\Of\) /¥ (X ]Y> NS oo oedom vw“n«L—aLe/
i A NIV l/\l,\u(kLA\ &«vm
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Sv\u(ﬂf} . EV MLAAS Q)(]ol(/{’ﬁvhﬁf\ AV
Laws of Total Expectation and Variance M JstAalbuwbhon 06, Y.

If all the expectations below are finite, then for ANY random variables X and

Y, we have:
(\/\

A Tol%l E QC"ZJWO/\
v E(0))- E(X\Yﬁ T

V. l/\«f}of’h‘/\i’
e (Learny ]
Nolre_ [’\,\JJ( Wwe (o ()I(J,L /’\NY (. v. \|/) J"o /\’\‘Ju M/\SL
(J&rwackm)rm/\ N U\Q\v ol We con.

VE(500) - E [ E(30017)Y

— i N e (X | \/” X1V
’/>7 /o (X)) = f\/ (I + fi—m,\,ﬂ

= /lavxs;/\\g Mr)miymjo)}\hﬂlP(\'/:\7>
Note: Ey and Vary denote expectation over Y and variance over Y, —————

éz

i.e. the expectation or variance is computed over the distribution of the random

variable Y. v
S E(O- E, {EOON |

The Law of Total Expectation says that HJL Jm (\J ﬁ\veﬂ\\j& ( ]_t (K)>

s M OVV(’/‘\SL (B cc-S{/L\jrm&e SV T

N~ _
e The tg:’;al average is E(X\ It >< H/ \b)

e The case-by-case averages are J:E( X | V= \‘7) Ofo I&L\e, &F&UMA‘%YW

e The average of case-by-case averages is 1< mvuv\ujz bve Y s dispR wHon

e Yocse avorges, i EEE(OINY




Vor (X = ivzw(xwm + U, FE(XLY)S

r within—growp spread befhween—14rowp Spread
OL\\S)HM,(/\AQ/X | , ] P
A reh, L 3) Ver (X 1Y=9,)
otk - : Vv
AAET A “&7&

vo\r(X\Yﬂ%—é—E(XIﬂg\)
v &/

\/o\r(X) (ol \/a/-:ov\cq>

e
\?' (‘I\A\Sfe\g(g;id Y) J"—

E, {Vor(XINV = mesn of e Ul evrouss.
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Ezample: In the example above, wehad: E(X [Y) 18/4 with probability 7/8.

The total average is:

EOO) - E, S E (O

I

{ 9/4 with probability 1/8, ]
g
lp

1.1
s *5 7

sk Proof of (i), (ii), (iii): @Qg\l (non /Q)(C\/\A"/\&lc\l>

(1) is a special case of (ii), so we just need to prove (ii). Begin at RHS:

S g@)B(X = 2]Y)

S
Lo e

RHS = Ey [E(g(X)|Y)| = By

- EY[ L (Y)l _ Z[Zg(x)P(Xx|Yy) P(Y =y)
- UZIA (3) P (Y:3> _ iég(m)P(Xx|Yy)P(Yy>
_ Ey:g(x)ZP( =z|Y =y)P(Y =y)
_ zx: g(x)]P’(yX: ) (partition rule)
= E(9(X)) = LHS

(iii) Wish to prove Var(X) = Ey[Var(X |Y)] + Vary[E(X | Y)]. Begin at RHS:
Ey [Var(X |Y)] + Vary [E(X | Y)]

—Ey {E(X?[Y) — (B(X[Y)?} + {EY {EX VP - [EvEX V) 2}

E(X) by part (i)
= Ev{E(X?|Y)} ~Ey{[E(X | )} + Ex{[E(X | V)]*} — (EX)?
E(X2) by part (i)

— E(X?) — (EX)?

= Var(X) = LHS. O
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1. Swimming with dolphins

Fraser runs a dolphin-watch business.
Every day, he is unable to run the trip
due to bad weather with probability p,
indepeﬁﬂéntly of all other days. Fraser works every day except the bad-weather
days, which he takes as holiday.

Let Y be the number of consecutive days Fraser has to work between bad-
weather days. Let X be the total number of customers who go on Fraser’s trip
in this period of Y days. Conditional on Y, the distribution of X is

(X |Y) ~ Poisson(uY). ¢ [X IY=2] ~ Prisses (2/M>
7 [X |Y=S ]~ Porcson (g/m>
(a) Name the distribution of Y, and state E(Y) and Var(Y).

(b) Find the expectation and the variance of the number of customers Fraser
sees between bad-weather days, E(X) and Var(X).

(a) L ot “Sv\cczjs\\ = “bed \,\)MMA@“ ool “EE'M“: "j(xim\\

(p/\o&c\(,}ll‘;j p) (proL . =P
\l/: Hﬂdﬂmﬂwﬂ Laqgm Hoe (Fw\f\s)f Snccegs .
So \\/ ~  Qeoprelnc ([33 )

ZN)DQ:SSOA (>\>
E(2)° X
Ver () = \
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| o 0&/(T;Tﬁi E;X\ﬁic?m}{oAi
E(X) = [E, ¢ E(XIV)]

= Ey % m7 3

:@Y) can o*fa(a E}, Lecamse Hn/U'fL/S no L)
onby ¥ legt in Lare don't rued

= M EY o rw?A)LU/W\\,j pmore -

) EO) = m

) w
P

L of fFobad Variance = \/arm (><>: El', ?\/M(XW)} + \/w:v ?IE(X }Y)j

—

L Ve () = By () Ve (1) recall XY Poicson )

"
S PE(Y) w0 ver ()
:‘/AQ%gﬁ *—/“illyg — /M(d-ﬁy(f+ﬁs ‘
Checking your answer in R: ] YOL /

If you know how to use a statistical package like R, you can check your answer
to the question above as follows.

#
#*

V V V V V V V V V
=

Pick a value for p, e.g. p = 0.2.
Pick a value for mu, e.g. mu = 25

Generate 10,000 random values of Y ™ Geometric(p = 0.2):
<- rgeom (10000, prob=0.2)

Generate 10,000 random values of X conditional on Y:
use (X | Y) ~ Poisson(mu * Y) ~ Poisson(25 * Y)
<- rpois (10000, lambda = 25%y)
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> # Find the sample mean of X (should be close to E(X)):
> mean (x)
—5 [1] 100.6606
>
> # Find the sample variance of X (should be close to var(X)):
> var(x)
[1] 12624.47
>
> # Check the formula for E(X):
>25 x (1 -0.2) /0.2

> [1] 100
>

> # Check the formula for var(X):
>256 x (1 -0.2) x (0.2 +25) / 0.27°2
) [1] 12600

The formulas we obtained by working give E(X) = 100 and Var(X) = 12600.
The sample mean was T = 100.6606 (close to 100), and the sample variance
was 12624.47 (close to 12600). Thus our working seems to have been correct.

2. Randomly StOpped sum ‘e’ﬁ’ # Ch \ro""‘/:‘ RATIONAL BANK OF REMUERA

This model arises very commonly in stochastic

processes. A random number N of events occur,

and each event ¢ has associated with it some cost,
Ve penalty, or reward X;. The question is to find the

¢y W al cost / reward: .
0‘;\/\0\1“\)‘( ><~
(\/\O’i’j e culty is that the number N of terms in the sum is itself random.

\")\}(\AMMQTN is called a FMOLO 1;3&” A Swmn ﬂ' 5 A Stm ad, x S
rankoml S\roﬁwﬂk rAAAOM Avmber N of tums

Example: Think of a cash machme, which has to be loaded with enough money to
cover the day’s business. The number of customers per day is a random number
N. Customer ¢ withdraws a random amount X;. The total amount withdrawn
during the day is a randomly stopped sum:

£ ()= ESETIND |
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Cash machine example

The citizens of Remuera withdraw money from a cash machine according to the
following probability function (X): l

S T
Amount, z ($) @) % oot 0°S

FOC=al0p 05 02 3eR

The number of customers per day has the distribution N ~ Poisson(\).

Let Ty = Xi + Xy + ... + Xy be the total amount of money withdrawn in
a day, where each X, has the probability function above, and Xi, Xo, ... are
independent of each other and of V.
T’y 1s a randomly stopped sum, stoppe

—P (a) Show that E(X) = 105, and Far(X) = 272h

(b) Find
withdrawn each day.

andom number of N customers.

the mean and variance of the amount of money

Solution

(a) Exercise. |,

(b) T = DO X, . Id/' we haew bow M@ Forms wore 11 e sum
N - s
(e N), e cood exsily ok E(T) ok U () ac e
pann & Verian e n Sum o indeerdent vovos. \
So ”Prd*u\a\ T we E:ou Low /:();j Yoms we in e Swmae.
Co/\Ah\\‘%Or\ O {\J

v LB (TINY = E (X + o A ) (N))

N s (j%vo\(l;l,u,p\ w:;}wm INSIOE flese Sradek

= (K A +XN> Lecamse A X s we 3/\&1"}0@'\)

— N s troaked 8 consteal INSIDE
e | M e LmCaLU{'S ,

)+ E(XL\) ot E(\(,\O Where N Sg}ghia\:\sfo{ud

@m Ao NOT ned TW“""(&'X;& for |

N

F)

=N+ E () becsmse ok X5 bowe fre Sane maan | EX
= log N V\Q@ (=)



Vor (T, \m Ver (X, + Xy 4o # X, \N)

- e N considared constenl
Ver (X\ +""+XM> it e Csmm

— Lo canmse MXL'\SM;»\A@(% U(S/N
:\/a\r(X}Ar\/cf( ,L>\‘ _+\/ar )('\))
— e DO need | Nhfwkmcuavx,)x - Jor s,

| Morle

= N Vaur (X\) (\i/fl AN X5 buwe Sare \/C‘\I"M\/\C,Q)
\/"J—(TN \N> < 23+2s N ED ). Ver (X > >
N e E(ﬁ )M Vs (77\)\
Tos  E(T) - B § BE(RINYS

- E, 2 loc / E
| = |05 ENQN} ng(?;s)oz(;\
/‘l E (TNB = los N\ VJ(I\\\: N

S, Vo () = B, § Ve (TN + Vi, 9 E(T, N)3
=E $2s N Ve S OSN3
= 2325 E(N)  + Jos® Var(n)
= 2725 N+ 11025 N

Ew = Rsoa |
For ~ to eshimake Whaks need e dfor

(crwkz> W
~ OI?SL & scenwios, mse E (7)) + 1-96 J Ver (T2
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Check in R (advanced)

A\

# Create a function tn.func to calculate a single value of T_N
# for a given value N=n:
tn.func <- function(n){

sum(sample(c (50, 100, 200), n, replace=T,

prob=c(0.3, 0.5, 0.2)))

vV Vv

# Generate 10,000 random values of N, using lambda=50:

N <- rpois(10000, lambda=50)

# Generate 10,000 random values of T_N, conditional on N:

TN <- sapply(N, tn.func)

# Find the sample mean of T_N values, which should be close to

# 105 * 50 = 5250:

mean (TN)

[1] 5253.255

> # Find the sample variance of T_N values, which should be close
z tazzT$§750 * 50 = 687500: Cx“/UtﬁL b‘?:ﬁ 35(7@)*‘]'qu\ﬁﬂ'(ﬂb)
[1] 682469.4 ~ 13037,

All seems well. Note that the sample variance is often some distance from the
true variance, even when the sample size is 10,000.

V V V V V V V

General result for randomly stopped sums:

Suppose X1, Xo, . .. each have the same mean p and variance o2, and X, Xo, . . .,
and N are mutually independent. Let Ty = X; + ... + Xy be the randomly
stopped sum. By following similar working to that above:

E(Ty) =E {f: XZ} = WE(N) & oampl gt LJ&U&%
i=1 Z?»Aﬁ*79A :

N
Var(Ty) = Var { XZ-} = 0?E(N) + p? Var(N).

) N\

/

(/omfomvd’ﬂkwn’v kﬁ{vi’ e To

9 cJ"’?MC( IN
VX LS \/CJ—%W\CQ ;/\ N,




P(O\:,v MUU\)T?LS i ( !fow )<@ Zﬁ d Ak U_@ TSEHLT&&SI\IIBY
&)

IP( z/\/ M r (Ad,\ nerllicaunu
E-Xep_c/('puﬁqr\s‘. t 7 NB '_&/ I,JQ Ml’bu{
3.5 First-Step Analysis for calculating expected reaching times

Prccio ey E (fine b Phetls Bl [ )
(1’ ol Le 0.
Remember from Section 2.6 that we use First-Step Analysis for finding the

probability of eventually reaching a particular state 1 M&a Stochastlc process
First-step analysrs for probabilities uses Condntio

ro\ck
oo Parbibion Thcorim (Lo o Tofed Pre o UhyY. 5
In the same way, we can use first-step analysis for finding the LX(J( o{’ LA rea (L\/\\/j

H/v\.( :
This is the expected number of steps that will be needed to reach a particular

state from a specified start-point, or the expected length of time it will take to
get there if we have a continuous time process.

Just as first-step analysis for probabilities uses conditional probability and the
law of total probablhty (Partltlon Theorem first-step analysis for expeetatlons

uses c_o/\ab\ho Tré 0f\ W\ﬁ\ LMJ Ja, Tok) bXﬁQd’ZJ’(&/\

First-step analysis for probabilities: (,> E % LE (Tl Y}} é gs,l-l{
<ps -

The first-step analysis procedure for probabilities can be summarized as follows:

Pt gorl) = P (cventuek ok | clooice) Plclsic)

7 &ﬂ@\iﬁ%

<9 Vernws Wing

This is because the first-step options form a Pcf'% Ron o/&/ He Somp e \S(W\CL

Q= M vouky shrr BBV
First-step analysis for expected reaching times: Sea p- R0O.

The expression for expected reaching times is very similar:

E (cenchin Fire) = g:)r )r = (ru\d«'\:j tme | cloiee) I (ctorc)
rst-38 L—r

AW

5 = ZE(T Y-y (P(V:O):Eéﬂﬂﬁ
. ,
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T: H/V\L "\0 é‘:/\}S\A

This follows immediately from the law of total expectation:

E(M):E, {E(TINY - E W)Y - zww(m
_ - ZE(T)\/:OB\PO'\D)
Let ﬁ be the reaching time, and let Y be the label for possible ciemms: d’%r@’*s}c'o
clhoias, e V= 1,2,3, ‘Fr loics 1,273,

We then obtain:

E(T) - OZ E(T1Y-5)P(Y=y)

g:_ ((LD\dA\OHM )T> = % &h\oE((U\&\ CL\J,Q? CL,%

Lot
@cample 1: Mouse in a Maze

A mouse is trapped in a room with three exits at
the centre of a maze.

e Exit 1 leads outside the maze after 3 minutes.
e Exit 2 leads back to the room after 5 minutes.
e FExit 3 leads back to the room after 7 minutes.

Every time the mouse makes a choice, it is equally likely to choose any of the
three exits. What is the expected time taken for the mouse to leave the maze?

Exit 2

5 mins 1/3

LQ)( T *’[/\/\L )(‘k(Z,U\ M Now

bl Monse (eaw1s /\/\0\2{

S‘]‘Lﬂﬁ\/\j é/v/v\ foom K

Lok ¥ = exit Hae mouse OQ«O%{A@

fS“' (\/: 1,2, 0r 3))

'DML :é 2ondan |

Exit 1

y v’/‘)
=
w

3 mins




Then EC(A/V\LMOML norztjon d{;f W\MSW \1651
E(T) - E {ETIN]

= 2}: (T 1Y=y) ﬂ)(\fﬂ\
2= &)

= E(T{g:/>*33— + E(TCLY—'Qﬁ +J£(T@\Y-’3>i

Now E(T“(:\) = 2 pmanuty . ©

On 5 :/\) LACJ&"\/\ ﬂoom
E(Tiyeay =5 + E(T)O ofy 2o, badein £

I

/ oOomMm

®) =E(TY.
B; (l_ ‘ Y: 3)3 = 4+ F = (T> — %U- ”}/"2“/\8) Codde 3n
roomm oA E(ﬁm% /‘09,\5

=E(T) -

Sber 0.0,® it @

E(T)= 2% + ES+IET7SJ:% + E?LHETEﬁ
= Ig¥lr + 2(ET ) I/

= E (7)) = 15 miauke.
Notation for quick solutions of first-step analysis problems
gooUu Trotatiot:

As for probabilities, first-step analysis for expectations relies on a
The best way to tackle the problem above is as follows.

DQJ—?/\L MK = E(HM@ to [wvue, rnize \ sﬁﬂl' A £00M>

" N

\ |
Sins )73 M rTMmean ) B
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Example 2: Counting the steps

The most common questions involving first-step analysis for expectations ask
for the expected number of steps before finishing. The number of steps

is usually equal to the ./\l,\;v\\ﬁju’ oT NN INK; Jrfﬁvl/(f:S'L é—rww\
cwrent stake o o

The key point to remember is that when we take expectations, we are usually

CouNTING SOMETHIN G

You must remember to PVBJB on Whatew o OOV\ ST C’O"\NH:j)
+o ev ey sh,f Faleen .

1/3
The mouse is put in a new maze with ()
two rooms, pictured here. Starting from Room 1 1/3

Room 1, what is the expected number of
et ot 13 EXIT

steps the mouse takes before it reaches
the exit? = ¥ rons ']T&WU’JLA‘

Room 2 13

Ler '\/\‘ - E(#@]‘b‘l{ i'\a *Q/\A ‘ SJ‘CJ'{' ‘A QODM i>
M, = B #Shtu/;ro e \ starf 1n R 00ML>

Some cbwaz,zs
2. Firgr-stp aalysis
m‘:é*i+§*('+@>+%(l+@> ©,

o _L>k_1_4--L>k(l+M,>+~L(j_+mz> Q©

T

W% 99 ve @ ce @ S S)Mw\ﬁ/\u‘d {/OV\S \wd‘ " 1’(/\4\5
case RHS® = RH\SO = M= My

Sk in @ = m = L+ L em) e L (1)

= m, = 3 811‘6721 on CWYAR4L-
So My =g = 2 sk fiad answy




Incrementing before partitioning
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3.6

In many problems, all possible first-step
options incur the same initial penalty.
The last example is such a case, because

WU\-D Pos_s“)L\c S}L]o ~AA 1 b He
*‘f‘)hk :F\:Sl’efs.

In a case where all steps incur the same penalty,
there are two ways of proceeding:

T Al e fw\ml\:j on To ead orHO/\ ,qfa\rwtilj) ¢q.
l, m,o= T+ ‘}3‘(1+M,>+Ji(1+1"\1>
2. (U\ij% g dear) : add e Mb once mb’ o R
\ac\j\m/\\:}:

- A
Mu—i+é*0+5""'+ém7_

In each case, we will get the same answer (check). This is because the option

n

probabilities sum to 1, (P&V\’fH‘JA\, 30 N /V\(/HA.aa\ 1 we're ow{a(/\\/j
&*é‘]’é)*i = 1 k1 = i}SMG\SLJQ’/‘@o\AA\)j
In MeH o 2 .

Probability as a conditional expectation

Recall from Section 3.1 that for any event A, we can write P(A) as an expecta-
tion as follows.

Define the indicator random variable: 4 =

—

1 if event A occurs, PfoL = (P(A)
0 otherwise. f/\qg - |- [’Dm>

Then E(I,4) = P(I4 = 1) = P(A).

We can refine this expression further, using the idea of conditional expectation.

Let Y be any randw“’
P = E(T)) - E, § E(T, m§
Lows o Toted  Expectrbion,



J

. PCAY = %WM@W v:@j
E(LINY = Z (A(w 'P(Y:\ﬂ

TN

pwHﬁQAT\»MI MU_M‘Q C.v. ‘,/ M\j ek A

A - JE \l/> r Asoke
g g %O &/:jﬁv_ \,/

\/\)M ({/ X¢ CD/\LW/UA N

Ts iF shU trw Lk

fw E{PM/») fP(AI@f@J‘)
1o D)
=



. O*F(Iy/o V) v Lk PET,-1 | Y)

= P(Th-=1 "V>
2> < P(A 1Y)

\TP(AB:E {EE )] - E P l)z)

This means that for any random variable X (discrete or continuous), and for
any set of values S (a discrete set or a continuous set), we can write:

Thus

e for any discrete random variable Y,

P(® = Z P(A 1v=p) P (7= = Parkikion Thesrem

e A= §xe Sy so P (X es)= Z P(XeS|Y=P (Y=y)
e for any continuous random varuf%le Y, .
uveshn b/ e 'F

lP (’LD j\j ﬁ)(A ] Y\jB é}/ )a&\? S}:LMW%YAA%U;%
flavise P(XeS)- J POESIYg)E DAy chs g ¢ 13

e CME el hw

Example of probability as a conditional expectation: winning a lottery

Suppose that a million people have bought tickets for the
weekly lottery draw. Each person has a probability of one-
in-a-million of selecting the winning numbers.
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You watch the lottery draw on TV and your numbers match the winners!! You

had a one-in-a-million chance, and there were a million players, so it must be
YOU, right?

Not so fast. Before you rush to claim your prize, let’s calculate the probability
that you really will win. You definitely win if you are the only person with
matching numbers, but you can also win if there there are multiple matching
tickets and yours is the one selected at random from the matches.

Define Y to be the number of OTHER matching tickets out of the OTHER 1
million tickets sold. (If you are lucky, Y = 0 so you have definitely won.)
N~

If there are 1 million tickets and each ticket has a one-in-a-million chance of
having the winning numbers, then ( 00d

'~ Poisson < j_) ﬂ'OID/“OX?/"\W&@b ; 'O\PPN)(\I/V\IJ’\\O/\

The relationship Y ~ Poisson(1) arises because of the Poisson approximation
to the Binomial distribution.

(a) What is the probability function of Y, fy(y)?

Y 1\“) - o
/G%, {33 = (P(l:\js = BTQ = __éj;*_a_' ,/G(mr J-O) 2,

(b) What is the probability that yours is the only matching ticket?

P(Mlntﬁoxb /\/\0\*‘*’\5: P(\)/ =0 > = 7;:— = O?)ég

(¢) The prize is chosen at random from all those who have matching tickets.
What is the probability that you win if there are Y = y OTHER matching
tickets?

L W Le He ovedr Hok

mfwr.ow\ s e 1o
A.U'IVQ, \ow\' V\/\c_of\A/\howl
re(mcmﬂoa Aacided Am%
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(d) Overall, what is the probability that you win, given that you have a match-
ing ticket?

P(w) - EY€P(WIY)3 as on p 63

= o 2 Ty (g1)y; <3*‘><3,>@;°{
2 =(yt) -
= = Z l » Do
e Y=o Cﬂ+l> g cod\ %:? e P;‘;f;fg
Sm\as\' . -_\\ i s J
€ o VA
- = o
Qé \ZO V! ;%
- éz/ o - 13
=l-g = o062, 0O

Disappointing?




Teink @ DNA evidence
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W:A/\N(Cn) /\(A/V\\,/LKS\\ = ! DNP\ /\/\&’(’M Crira Scen ¢ S(AM()l:
L puson in 4 m;u;m—cb Ad e deed  (ciming)

— " las Ha LJ'\/\Ab AUV
How ol e Mmabda Hod ODNA o [L?
S T Yot M7y f

=> prob (bl Fijwf U\'MV‘\D :@
e ot w\?w"‘ / Vil 1!
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3.7 Special process: a model for gene spread ( \’)W‘WC Mowo A

Suppose that a particular gene comes in two variants (alleles): an We

might be interested in the case where one of the alleles, say A, is harmful —

for example it causes a disease. All animals in the population must have either

allele A or allele B. We want to know how long it will take before all animals

have the same allele, and whether this allele will be the harmful allele A or the

safe allele B. This simple model assumes asexual reproduction. N =2
®, (@) o

Assumptions: ,
—> 1. The population stays at constant size N for all generations. l

2. At the end of each generation, the N animals create /N offspring and then
they immediately die. O %‘(fh\\"ﬁ ware P(A}:é l?(\@j:% ead,

MB. If there are x parents with allele A, and N — = with allele B, then each
offspring gets allele A with probability /N and allele B with 1 — z/N.

4. All offspring are independent. P/‘OBAEE Lhy %Df fle J%dfnﬁ 2 d h‘l‘f/‘

oU\/eC\Hj f\m,\/\ cwrent ca’xv\]oos{ﬁaq "
(e Pof)m[a)hox\ s Al € N-x R%

The state of the process at time t is Dt J}/ N animads.

Xe = Ha "\W"\LUU’& sranalg will, allele A in W’\HO’\ €.

Each X; could be O, \,2, .-+, N. The state space is {0,1,2,..., N}.

Stochastic process:

Distribution of [ X;y | X¢ ]

Suppose that X; = x, so x of the animals at generation ¢ have allele A.

x
— t
Each of the N offspring will get A with probability v and B with probability ,’U :

46_ N:{o XQO O O o o O O o o o thg, = el Oﬂqf/ﬁ,\

LA 6 6/ <A p o Bupl
Thusﬁmber of offspring at time t+1 with allele A is: s A p- o, B 70

~ » ) N XN
We write this as follows: >< £+ B MOMM& ( )N )

[ K Vx|~ @inomed (N, )

| 7 TS Plorcenss
Binomiak endha 1~/3=J>::7/C
#4400 =\ N



THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau 72

If
[ X¢y1| Xe =2] ~ Binomial (N, —) :

then

?(xul:\j‘xe:x) :< BC\D E,——K_j

o = ¥4,°0 (Binomik F‘”“‘”>
Example with N = 3 A&S 72 QR 4> X, =N

This process becomes complicated to do by hand when N is large. We can use
small N to see how to use first-step analysis to answer our questions.

Transition diagram:

a

ico l—>

Probability the harmful allele A dies out

Suppose the process starts at generation 0. One of the three animals has the
harmful allele A. Define a suitable notation, and find the probability that the
harmful allele A eventually dies out.

Exercise: answer =2/3.
AN
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Expected number of generations to fixation

Suppose again that the process starts at generation 0, and one of the three
animals has the harmful allele A. Eventually all animals will have the same
allele, whether it is allele A or B. When this happens, the population is said to
have reached fixation: it is fixed for a single allele and no further changes are

possible.
Define a suitable notation, and find the expected number of generations to
fixation. 20 ASS 9
Exercise: answer = 3 generations on average. ﬂ)(uo{ at 7‘\> - N=2
E(Hre) 0 N=3
Camvmhr I_—E(HM) : N=|oo

Bonuns Qi P(erd aAY - N=lo0/gwesdN,

Things get more interesting for large N. When N = 100, and = = 10 animals
have the harmful allele at generation 0, there is a 90% chance that the harmful
allele will die out and a 10% chance that the harmful allele will take over the
whole population. The expected number of generations taken to reach fixation
is 63.5. If the process starts with just x = 1 animal with the harmful allele,
there is a 99% chance the harmful allele will die out, but the expected number of
generations to fixation is 10.5. Despite the allele being rare, the average number
of generations for it to either die out or saturate the population is quite large.

Note: The model above is also an example of a process called the Voter Process.
The N individuals correspond to N people who each support one of two political
candidates, A or B. Every day they make a new decision about whom to support,
based on the amount of current support for each candidate. Fixation in the




