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Chapter 5: Markov Chains [ %

it quliyy Inakiors Wikare Yous e, 1Al winere yarue heai...

5.1 Introduction

So far, we have examined several stochastic processes using
transition diagrams and First-Step Analysis.
The processes can be written as { X, X1, X, ...},

where X; is the Stat: ‘ .
: % ¢ af fime € A.A .Markov
On the transition diagram, X; corresponds to WWida Lox 1856-1922

We Wit in ot Sl'éf £

In the Gambler’s Ruin (Section 2.7), X; is the amount of money the gambler
possesses after toss t. In the model for gene spread (Section 3.7), X; is the
number of animals possessing the harmful allele A in generation t.

The processes that we have looked at via the transition diagram have a crucial

property in common: XE-H Mm)\y 0/\&3 oA XJC . Merk o v
It does not depend upon Xy, Xq,..., X;_1. IDf"FW

Processes like this are called Mﬁ/" [U\/ Cloan S .

E le: Random Walk Chanter 7 (compure ity IFD rondom verall,
rample andom Walk (see Chapter 7) (,J\Mf{ o S @aM)

none of these steps matter for time t4‘|1 ( ) time t+]

ThA & Maloov C(/\o\)\A)

H/\Q (& U\A\; oONn
w'oor\m {Di{ie/\k B \b

NoT nfPon Hee UD%S}
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Meet... e Markov fleas!! ¢

&t

2

29

. ! !i Glee- % il ‘Purpose-

= flea  Forget-flea flea  SKill-flea

The text-book image
of a Markov chain has 1
a flea hopping about at ez 3

random on the vertices =
of the transition diagram,
according to the probabilities shown.

=0

o)

The transition diagram above shows a system with 7 possible states:

S}’J&Sfﬁxq) S:g\)z,z)é‘)\g) é/?&

Questions of interest

CLLL e Starting from state 1, what is the probability of ever reaching state 77

Ly e Starting from state 2, what is the expected time taken to reach state 47
e Starting from state 2, what is the long-run proportion of time spent in

C\A(O state 37 E@QUL—/I\»MZ cLE

e |Starting from state 1, what is the probability of being in state 2 at time

t? Does the probability converge as ¢t — oo, and if so, to what?
= CL 6

We have been answering questions like the first two using first-step analysis
since the start of STATS 325. In this chapter we develop a unified approach
to all these questions using the matrix of transition probabilities, called the

ffrA/\J'\Ho/\ /\/\f\k/}){ )
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5.2 Definitions

The Markov chain is the process X, , X, , Xy, -

Definition: The state of a Markov chain at time ¢ is the valng Ja’ Xt .
For example, if X; = 6, we say fl.o pro cess NN stake [ i Fime €,

Definition: The state space of a Markov chain, S, is the set of values that each
X; can take. For example, S = {1,2,3,4,5,6,7}.

Let S have size N (possibly infinite).
v Pa"l/\ )
Definition: A trajectory of a Markov chain is o~ ]ocJ"P“n clay Sef 3&/ vedanes éof'
Ko, Xo ) Xy, -0

For example, if Xy = 1, X; = 5, and Xy = 6, then the trajectory up to time
t=2is |, S, L

More generally, if we refer to the trajectory s, s1, 9, S3, . . ., we mean that

><0 :S") x\:sl B) X’L:‘Sl) X

“Trajectory’ is just a word meaning 'OMHA

3~ 33) o

Markov Property

The basic property of a Markov chain is that on He }MQS}/ re c,e/\{' {09:/\‘/

[N (Y ’rmi)tohg &»HFQC{:S Wt W\ﬂouj et

This is called the Mar e oy PF Olmf .
It means that XE—H O(LPM@ on X‘:) Lot s Aoes NOT DLLP!?/\A on

Yoo Xew ) o, X o Xy G X & knoun ).
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i~ Haos was ?5,\9rLA Le comse /V\wfl«a\/
We formulate the Markov Property in mathematical notation as follows: P -

_most cecenl !ow'l’ Vs Wishory s nsed
P(Xt—H =S |@ = 9)(1%—1 =St_1,...,X9 = 50) = P(Xt—i—l =S ! X = 3t>7

L_Aresk
baste(g s )
for all t =1,2,3,... and for all states sg, s1,..., s, s. ‘3"”
Explanation:
]P)(Xt+1 =S ’
T Vv
sk Lukion 1

K - Nf’ 7
(&/ er! ;Z\M -~ L,l,\p\' ‘/\)\Awl/wzj' L\WM
on JC \ /
lye/(f,pre Fre £ Aoesa 't

Nwﬁ'u,

Definition: Let {Xo, X1, Xs,...} be a sequence of discrete random variables. Then

{Xo, X1, X, ...} is a Markov chain if N‘SVJ(:\SF\LJ He Marfeov Pfofu/tjf
ﬂD(XtH =S , Xt:-ge) ) Xa :Sb - TP(X&H:S lxe :St>
Lol s, ok ol s Sos s

oo™ “u h
5.3 The Transition Matrix ’ fHW\SThWh - mo\/uvw/\k

We have seen many examples of transition diagrams to describe Markov
chains. The transition diagram is so-called because it shows the transitions
between different states.

@
J—% 0.2 @) @Q Ko, (aoxk S)FMFQ

¢ TN
We can also summarize the probabilities Hor Cold
in a matrix: HoY 0.2 Oy é/SIAM‘(“O 1

><k —
\\ chre/\)(> Cold | 06 Of )& Sumbs |
Stwke
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The matrix describing the Markov chain is called the ’rf Aans) {—‘0/\ rakr i X
It is the most important tool for analysing Markov chains.

—_
.. ) X1 Jo
Transition Matrix ——

7\
7 Y

~— list all states

list insert ~——rows add to 1
From x, all probabilities  rows add to 1
— states Dij

(o Ax

The transition matrix is usually given the symbol ? = ( ﬁD o Lal LK !zi>
In the transition matrix P:

,m Qob\)j N./f/‘bge/\{' NOoW , or F@OIV\ (Xt>

o He COLUMNS represcd NEXT, or To (X))

. é/\*@ (LJ> s e ConNDITIopNAL (JmLaL')Ub Hat
NeXT = \) @)ve/\ fladt NO W = . : H/\&/)fo\,,
4 999 FRom shake ¢ To Stede ) -

L‘Dlj = ’F (X%H - \) \ XE: (’> = I?Xe:l (Xtﬂ:\j>

Notes: 1. The transition matrix P must list all possible states in the state space S.

2. P is a square matriz (N x N), because X;,1 and X; both take values in the

same state space S (of size V).
3. The rows of P should each St {”o i ! Wrows ok 96’ 0@
lgo)( htwﬂﬁf swn fy

Zpij:ZP(Xt+1:j’Xt:i):Z]P){Xt=i}(Xt+1:j>: . i

This simply states that X;.1 must take one of the listed values.

4. The columns of P do not in general sum to 1.
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Definition: Let {Xy, X1, Xo,...} be a Markov chain with state space S, where S
has size N (possibly infinite). The transition probabilities of the Markov
chain are

PLJ ZHD(XQH :\5 ) XJC:Z/> o{or ZJJ eS} {':O}))?_}....

Definition: The transition matrix of the Markov chain is ? = ( f B
W

5.4 Example: setting up the transition matrix

We can create a transition matrix for any of the transition diagrams we have
seen in problems throughout the course. Foa example, check the matrix below.

Example: Tennis game at Deuce. ()
VENUS [P o [ VENUS
= AHEAD (A) WINS (W)

P/>

|

(o oS |- (@
1

4

| DEUCH (D

—R o © o ™~

5.5 Matrix Revision m%ﬁ\”\ @ col |

Notation rowi [-----. aj
Let A be an N x N matrix.

We write A = (a;), N by — . N
i.e. A comprises elements a;;.

The (i, 7) element of A is written both as a;; and (A);;:
e.g. for matrix A% we might write (A42);;.
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Matrix multiplication o o o . .
Let A= (aij) and B = (sz) ¢
be N x N matrices. _
- N
The product matrix is |[A x B = AB, with elements (AB);; = airbr;j.

clik

Summation notation for a matrix squared

Let A be an N x N matrix. Then

(A% = D (A)i(A)kj = ) airax;.
k=1 k=1

Pre-multiplication of a matrix by a vector

1
Let Abe an N x N matrix, and let 7t be an /N x 1 column vector: 7w =

TN

We can pre-multiply A by ! to get a 1 x N row vector,
mlA= ((w"A),..., (7" A)y), with elements

N
(ﬂ'TA)j = Z UNE
1=1

5.6 The t-step transition probabilities

Let {Xo, X1, X, ...} be a Markov chain with state space S = {1,2,..., N}.

Recall that the elements of the transition matrix P are defined as:

(P)ij =pij =P(X1 =j | Xo=1) =P(X;,11 = j| X,y = i) for any n.
pi; is the probability of making a transition FROM state ¢ TO state j in a
SINGLE step.

Question: what is the probability of making a transition from state i to state j

over two steps? L Lk S '/]D(XZ:J , XO:LB 7



e Bon
P/ § ol poss) W chakes o Fime 3

P(X\ﬂ:d \X ’CB (KF[HB

3
[Nofe - (])LM NoT (B
/ A\
slmant 1] Fe sqpere 7
:)({/H/\‘LM;]X lonent Y 96/

o refAx P



Simaus 00
We are seeking P(Xy = j| Xog = i). Use the P&J"&’W Fon TL\LOTUV\

POl %@ = B (X-)) (nskabion 3 CL2)

= ) - XL:’ X,ik = lo hhoa
Rl e e
iw(‘(w)x\ A X -A P(X, =k 1X,=0)
- s Mm Hos s doess k aatter (Mar ko ufroebr%:b

“’ 3
i Z HD<><1’ 0L (v\;:o{“/
k=)
:/’_ \OK\) Iou)( G laD A{f'ﬂlhog
- % P o & rusreging
- (KPL)LJ See Motix Revision -

L
The two-step transition probabilities are therefore given by o makAx r‘)

ﬂ)(X =) I X w} ﬂx;;i,\lx, = (7° >m}@

3-step transitions: We can find P(X3 = j | Xy = i) similarly, but conditioning on

the state at time 2: | Joidn we lznow P/bL-aS 0&:{' \0\3 @ chsove .
N
P(X3=j|Xo=1i) = » P(X3=j|Xo=kP(X,=k|Xo=1)

kl {::\ t‘:l P t:g
| peen 5
N'd 27 N
> P O\

Mo ”:fi‘?

\\96 @/
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The three-step transition probabilities are therefore given by the matrix P3:

P(Xs=7|Xo=1) =P(Xpi3=34| X, =1) = (P?)..

ij for any n.

General case: t-step transitions

The above working extends to show that the t-step transition probabilities are
given by the matrix P! for any t:

P10 = PO 1D = (P,
FMJ n.

We have proved the following Theorem.

Theorem 5.6: Let {X(, X7, Xy,...} be a Markov chain with N x N transition
matrix P. Then the t-step transition probabilities are given by the matrix P°.
That is,

P(Xy=j|Xo=1) = (P'),;
It also follows that

P(Xpp =37 | Xn =1) = (P ; for any n. O

7

5.7 Distribution of X; — whwe we wilk be at B £

LD
Let {Xo, X1, Xo,...} be a Markov chain with state space (5
V\N\,\//\/\-—\_,

Now each X; is a random variable, so it has a ‘onogwta'\l;\ij Aostabunon .

We can write the probability distribution of X; asan Nx | ve ctor.

For example, consider X. Let w be an N X 1 vector denoting the probability
distribution of Xj: 1 Colmn >

[F(XO: l\ N

P(X,=2)
P(Xo78) | [N

(7
I

TI_\
T M
~ /13

#,J fP(zxﬂ =N)
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In the flea model, this corresponds to fl.¢ ﬂ(‘&\ 0(«008;@ ’\){' FM”{ 0rm L\)l/v\d,\
votex it stvks gt fwm guch ot

TP( FHloa clooses vetfex ¢ to S7LA/'}F>

-
Notation: we will write ><o ~ TI" to denote that the row vector of probabilities

is given by the row vector 7?.

-’T L f/‘w;m,:g

Use the Partition Rule, condltlomng on Xo \L

/
PIX, =) - ZMW )

L=

= > pom Ly definiFons

Probability distribution of X,

- ; :TJ@ me/\xyj
T | f)({/\m,\,(/\' \ACP\bO/\ \/Qohf
CE P> see Mdhx @ng

This shows that ?(X -J\ (TTD\ afpr ~WU \)
The row vector 7wl P is therefore Ho f/\o b Lk g{AS{—f) fon «fd,. X

o -
XO ~/ IT “ rlD :E'P
Xy~ ETP Ix'N N<n XN

- —

Probability distribution of X5

Using the Partition Rule as before, conditioning again on Xj:

N
P(Xy =j) =) P(Xy=j|Xo=1i)P(Xo=1) = Z m = (7" P?%). .

=1 =1

K
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The row vector ! P? is therefore the probability distribution of X5:

XO ~ 7TT /
X1 ~ 71'TP /

X2 ~ 7'('TP2 v
O\IL; N b U
Her arxbl =L xa

A, B ratices

e AB # BA an
jwd-

Theorem 5.7: Let {Xj, X7, Xy,...} be a Markov chain with N x N transition
matrix P. If the probability distribution of Xj is given by the 1 x N row vector
7w’ then the probability distribution of X; is given by the 1 x N row vector
7wl P!, That is, .

Xo ~ T = Xy ~ 17 P df"rp‘L
~

6:0/1)1/ [

Xt ~ 7TTPt./

These results are summarized in the following Theorem.

t
-
Note: The distribution of X; is Xg ~ I‘: P . , TTT fpb x P
l. ’
The distribution of X1 is Xgey ~ T P o~
Taking one step in the Markov chain corresponds to mkl’hfb ) 5 L\») ? on

Hoae ‘(‘]\3\«\'.

% )
Note: The t-step transition matrix is ? (wr“" .‘5‘ 6

The (t + 1)-step transition matrix is P “ , L @
Again, taking one step in the Markov chain corresponds to /V\V\t'hflg ’\"; \\)
on the 'J\"k :

take 1 step...

..multiply by P
on the right
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5.8 Trajectory Probability

Recall that a trajectory is a sequence
of values for Xy, X1,..., X}

Because of the Markov Property,
we can find the probability of any
trajectory by multiplying together
the starting probability and all
subsequent single-step probabilities.

\_/-—J‘ﬂ—ol—\‘—'/
Example: Letw What is the probability of the trajectory
2, 3,92, 3,47
- Pl
’\F(I)-./.L& (]P ° PJ‘L sz ]D3L st P3‘f

_ 2 2 2 1
= Z x I T
« S L Lrs
N
[0

Proof in formal notation using the —

Let Xy ~ 1. We wish to find the probability of the trajectory sg, s1, Sa, . . ., S¢.
(7 \ "_ .
IP)(XO = So,Xl = S1,... ,)&j’s_t_) "‘j an A Qfg{(/(ﬁ()/\‘, H)(Xo: Se N ><|:Sl N
A - _
= ]P(Xt = S¢ | Xt—l = St—1, 6 . Xo = 80) X P(Xt_l = St_1§ c ey XQ = 80) /)Xt' 39
= P(X; =51 Xp1=51) X P(X41 = 8-1,...,Xp = 89) (Markov Property)
= pst_l,stP(Xt—l = St—1 | Xt_g = S5t—92,..., XQ = 80) X ]P(Xt_g = St—92, ..., XQ = SQ)

= Psi_1,s0 X Psya,se1 X o X Psgusp X P(XO = 50)

- pst—last X pSt—Q,St—l XX p80,81 X 7T30'

P(A~8) =P (a18) P®R)



040 Sal O - 0
I e O e i

i coMf’(inrwi Znd Axffoec
/Z,@/\.
{&\g\\j; @,74 *0-7( ,-,,*O’ﬁé> -’6'74 )%

Sz 5
\_ -
\/\/\/\
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Cliede &ou\rs«obmj

5.9 Worked Example: distribution of X; and trajectory probabilities

Purpose-flea zooms around

the vertices of the transition

diagram opposite. Let X; be %

Purpose-flea’s state at time ¢ o \
(t=0,1,...).

0. 6 0.2 '
Find the transition matrix, P. '
0.6 0.2 0.2
Answer:P= | 04 0 0.6 - O
0 0.8 0.2 S
L v
Find P(X; = 3| Xy = 1). -
e
0.6 0.2 0.2 0.2
P(Xo=3|Xo=1)= (PQ)@ = 0.6
0.2

= 06x02+02x06+0.2x0.2
= 0.28.

—

Note: we only need one element of the matPf so don’t lose exam time by
finding the whole matrix.

Suppose that Purpose-flea is equally likely to start on any vertex at time O.
Find the probability distribution of Xj.

From this info, the distribution oK, isw" = (3,3,%). We needX; ~ w'P.
111 0.6 0.2 0.2
(3 3 3)
P = 04 0 06 (5 5 3)
0 0.8 0.2

ThusX; ~ (3,3,3) and therefore, is also equally likely to be 1, 2, or 3.
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(d) Suppose that Purpose-flea begins at vertex 1 at time 0. Find the probability
distribution of X5.

The distribution ofX, is nown™ = (1,0,0). We needX, ~ =« P2,

(1 00) (060202) /0602 02

alp? = 04 0 0.6 04 0 0.6
b 0 0.8 0.2 0 0.8 0.2
-

= 04 0 0.6

0 0.8 0.2

— (044 0.28 0.28).

Thus P(X,=1)=0.44, P(X, =2) =0.28, P(X, = 3) = 0.28.

Note that it is quickest to multiply the vector by the matrisfi we don’t need to
computeP? in entirety.

(e) Suppose that Purpose-flea is equally likely to start on any vertex at time 0.
Find the probability of obtaining the trajectory (3, 2, 1, 1, 3).
]P)(g, 2,1,1, 3) = P(XO = 3) X P32 X Pa1 X P11 X P13 (SeCtion 58)
= $x0.8x04x0.6x0.2
= 0.0128.
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5.10 Class Structure

The state space of a Markov chain can be partitioned into a set of non-overlapping
C oM A cdﬂ\rxj c lasses.

States ¢ and j are in the same communicating class if there is some way of
getting from state 7 to state j, AND there is some way of getting from state j

to state ¢. It needn’t be possible to get between ¢ and j in a single step, but it
must be possible over some number of steps to travel between them both ways.

We write [N J

Definition: Consider a Markov chain with state space S and transition matrix P,
and consider states ¢, j € S. Then state ¢ communicates with state 7 if:

1. there exists some ¢ such that (P');; > 0, AND 3 t,w tn be = O

2. there exists some w such that (P*).. > 0. C ) 1 S @ 1
! 1= a7 3 D

Fre £20 113
Mathematically, it is easy to show that the communicating relation < is an
equivalence relation, which means that it partitions the sample space S into

non-overlapping equivalence classes.

Definition: States ¢ and j are in the same communicating class if ( &> \5 ) 1€,

i eadh Shake s mccessible fm“ fle oftws

Every state is a member of Uﬂ’\(/’&b ong O MMIN %H:j Clegg .

Example: Find the communicating ‘—//%

classes associated with the

o D=
transition diagram shown. </‘ \ T

Solution: %\)2)33 §¢/g75
gq‘d’a 2 — 4_) lov\)*' Aot Ha revuse , $o ]’t@ ere

\

' A of(n(fff/ua/d( CoOMm ba %\/j C (aSses.
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Definition: A communicating class of states is closed if ik s /W\/ f")ﬁ 1\e

fo Loave that class. (ofpssite f nsual meming 7 “clesed - i5e € 7

in, bk an
That is, the communicating class C' is closed i@whenever 1 € C' and
jé¢C.

Example: In the transition diagram above:

o Class {1,2,3}is nok closed : it s possille fo LScape to lass {(L,Sj.
e (lass {4,5} 1S C,(O_CQ,& . |\" s Nl (oogs‘,gu Yo Mcaf(—-

Definition: A state ¢ is said to be absorbing if He et {C 3 S oo C(_OS,(A class:

1

Definition: A Markov chain or transition matrix P is said to be irreducible if
Le ) gorall v,y € S Thak i, fleclwin s drredicible o e
S\'DJ'(’, space S s o S;/\\jLL COM/\/\(/\/\\\C‘\,F\/L ¢ lass .
\_ Con qek fropm ongullage to oy llbee given thowq S)’e{’;\
% — Y - J V) —J

=

5.11 Hitting Probabilities

We have been calculating hitting
probabilities for Markov chains
since Chapter 2, using First-Step
Analysis. The hitting probability
describes the probability that the
Markov chain will ever reach some

state or set of states.
Sem e e e

In this section we show how hitting
probabilities can be written in a
single vector. We also see a general
formula for calculating the hitting
probabilities. In general it is easier
to continue using our own common

sense, but occasionally the formula
becomes more necessary.
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Vector of hitting probabilities

Let A be some subset of the state space S. (A need not be a communicating

class: it can be any subset required, including the subset consisting of a single
state: e.g. A = {4}.)

The hitting probability from state i to set A is the probability of ever reach-
ing the set A, starting from initial state i. We write this probability as l"L A

Thus
b, = (P(xtéA (forgo,\,\et;o \)(o: L>‘

VA
Jlfo/"\ L - ko §1XA

Example: Let set A ={1,3} as shown.

03 0.7

The hitting probability for set A is: @<i>
(Wit set A b Fme £:28) \ < —
° ﬂ_ S*N"'Tg ?‘0/"\ stles 1 or 3 K

(We are starting in set A, so we hit it immediately); ?EE/LA her = hoa
o O S']’N’Hi\j d«-om shabes & or 5

(The set {4,5} is a closed class, so we can never escape out to set A);

° O‘?) S'}'RfH\/:j ?—WM SH(’, 2 .
(We could hit A at the first step (probability 0.3), but otherwise we move to
state 4 and get stuck in the closed class {4,5} (probability 0.7).)

We can summarize all the information from the example above in a vecfor og/
\,\“,H‘b PN%WL:\A%‘(J .
L. 1A l

o e 0:3

~ A L‘ZA = \
s 0
he 0

Note: When A is a closed class, the hitting probability h;4 is called the abso rﬂ'ﬁ:of\
{ONB AL,'. L\b ~
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In general, if there are N possible states, the vector of hitting probabilities is
o P (it K | st of Sabe 1)
L. = haa PLEAL --- - 2)

X PLirh | - -- N

N A
Example: finding the hitting probability vector using First-Step Analysis

Suppose {X; : t > 0} has the following transition diagram:

Find the vector of hitting probabilities for state 4.

Solution: | ok hey < 1? (L\,k Shate [('M/U\l'wl\lfj l stwt alwom State L>‘
Ctew’b, l/\.4, = O». (

: 1 4
US\“O Gﬁ%f&)r«sjra‘o w\ljsij d{” fle ol Stakes :
hay = Ll + T he, = h,, = 4L,
hag = Llyg 4 'ZL. = by =z
Srest O @ 0 by, = g 4 ‘%i%&l"w?} = by, =
(/\53\“9 O = lues by -

o fle vecho Lt roL.s X
So e vector ity f ho=(o. 42, 1)

r\/f(a} -
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Formula for hitting probabilities

In the previous example, we used our common sense to state that hyy = 0.
While this is easy for a human brain, it is harder to explain a general rule that
would describe this ‘common sense’ mathematically, or that could be used to
write computer code that will work for all problems.

problems, this section provides a general formula that will always work to find

[ Although it is usually best to continue to use common sense when solving
a vector of hitting probabilities h 4.

Theorem 5.11: The vector of hitting probabilities hg = (hja : @ € S) is the
minimal non-negative solution to the following equations:

Smalhesk solmbion > 0O 1 for i€ A, — Wt A m;\lr\zzj):;t \LQAW
to n/\ﬂ, TR PR IRV N A ' In .
17/1\&) d:\]/LooU &Lt( -l—:bsu hZA Zpijth for 1 ¢ A. -FSA %Aj

jes

\/\cprfbo(M% l"LA =\ I({, ’LGA,

The ‘minimal non-negative solution” means that: coln
A

1. the values {h;4} collectively satisfy the equations above; &— ,[:‘,k "’“"Q/L‘% FsA
2. each value hig is > 0 (non-negative); (s a prbabilh!
3. given any other non-negative solution to the equations above, say {g;4}
where g;4 > 0 for all i, then h;4 < g;4 for all i (minimal solution).
S\ NN
FExample: How would this formula be used to substitute for ‘common sense’ in
the previous example? /2 1/2

1
The equations give: 1(1) gte s}

1 if i=4, & /2 1/2
hi4 - Zpijhj‘l If 1 7é 4.
jes
Thus, hy = 1 —

hiy = hy unspecified! Could be anything!  Prollesm .
hoy = %h14+%h34
has = thos+ 3has = shos+ 3

S \acfmcf
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Becauseéh, could be anything, we have to use the minimal non-negatilteeya
which iSh14 = 0.
(Need to check,, = 0 does not force.;, for any other: OK.)

The other equations can then be solved to give the same anas/before. [ @

Lot bode o Mg Wlen We've
; . (A/Lﬂ(«v\ Ron
Proof of Theorem 5.11 (non-examinable): done CLile (4 c )

1 for i€ A,
jESpijth fOI’ Zﬁé A

Consider the equations h;4 = { > (%)

We need to show that:

(i) the hitting probabilities {h;4} collectively satisfy the equations (x); ( For fp@’”‘ L
N

(ii) if {gia} is any other non-negative solution to (x), then the hitting proba?

bilities {h;4} satisfy h;a < g;4 for all ¢ (minimal solution).

Use ‘Adalhon ‘r\gficf\l Muqor Stacly Processes.
Proof of (i): Clearly, h;4 = 1 if i € A (as the chain hits A immediately).

Suppose that i ¢ A. Then
hia = P(X; € A for somet > 1|X,=1)

= Z]P’(Xt € Aforsomet >1|X; =7)P(X; =j]|Xy=1)
jeSs
(Partition Rule)
= Z hja pij (by definitions).
jes

Thus the hitting probabilities {h;4} must satisfy the equations (x).

Proof of (ii): Let h\") = P(hit A at or before time ¢ | Xy = 7).

(/ 3;/* z Hl‘mfyshf“ Sal/\
We use mathematical induction to show that h& < g;4 for all t, and therefore
NN —

higa = limy_, hg must also be < g;4.
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. 1 it ie A,
Time t = 0: h(-gl): o
0 if ¢ A

. . . giA = 1 ifie A7
But because g;4 is non-negative and satisfies (%), .
gia > 0 for all 7.

(0)

S0 gia > h,, for all i.

The inductive hypothesis is true for time ¢ = 0.

Time t: Suppose the inductive hypothesis holds for time ¢, i.e.

t)

hg-A < gja forall j.

Consider
R = P(hit A by time ¢ + 1] Xo = 1)

= ) P(hit A by time ¢+ 1| X; = j)P(X; = j | Xy = i)
jes
(Partition Rule)
jes

IA

Z 9jA Dij by inductive hypothesis
jes

= GiA because {g;1} satisfies (x).

Thus hgjl) < g;4 for all 7, so the inductive hypothesis is proved.
By the Continuity Theorem (Chapter 2), hja = lim; . hEQ.

So h;4 < g;4 as required. ]
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5.12 Expected hitting times

In the previous section we found
the probability of hitting set A,
starting at state 7. Now we study
how long it takes to get from ¢

to A. As before, it is best to solve LE(M) ba

problems using first-step analysis L/c
/*D W) .

and common sense. However, a i
general formula is also available. M'Ow
2 y—{0) ey
Veads

Definition: Let A be a subset of the state space S. The hitting time of A is the <kt

random variable Ty, where L.
T, = mia Z E>o0 @ X, 6r‘\§ (onigf los)

Ty is the time taken before hitting set A d—o tle (f\rs)r Fime .

The hitting time T4 can take values O, |, 2, 3, ... . ond Do

If the chain never hits set A, then ‘j;( - e

Note: The hitting time is also called the reaching time. If A is a closed class, it
is also called the abso rr Fion Rme .

Definition: The mean hitting time for A, starting from state 7, is
Mmin o= BT, | Ko=),

Note: 1If there is any possibility that the chain never reaches A, starting from 1,
:& Ha lmﬁn\f\jfa/\ale I"Cﬁ <1, te E(TA'XO:'LB:DO_

Calculating the mean hitting times

Theorem 5.12: The vector of expected hitting times m4 = (m;4 : i € 5) is flee
/\/\\a/\‘\/\,\;\,\ /\O/\—/\LJ“H‘/Q SOlV\\'?M ‘]’0 e (;Duowb L‘VA‘V{':QASZ

O Lor LEA »rkuumﬁmr&me@m

"

A
Ly 2 p Min for 14 A FSA
7 V¢ A
one shep 4‘03d'ou"aa/ ¢ - pls wwwvwww
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Proof (sketch):

(%)

' . 0 for 1€ A,
Consider the equations m;, =

1+2j¢ApijmjA for Z¢ A.

We need to show that:

(i) the mean hitting times {m;4} collectively satisfy the equations (x);

(ii) if {w;4} is any other non-negative solution to (%), then the mean hitting
times {m;4} satisfy m;4 < u;a for all ¢ (minimal solution).

We will prove point (i) only. A proof of (ii) can be found online at:
http://www.statslab.cam.ac.uk/” james/Markov/ , Section 1.3.

Proof of (i): Clearly, m;s = 0if i € A (as the chain hits A immediately). Soluien Mg

Suppose that i ¢ A. Then sabis d"\u
mia = E(Ta|Xo=1) flw £SA
. . . 24N S.
= 1+ Y E(Tu|Xi=j)P(X;=j|Xo=1) A
jes

(conditional expectation: take 1 step to get to state j
at time 1, then find E(7T4) from there)

= 1+ Z M A Dij (by definitions)
jes

= 1+ZpijmjA, because m;q = 0 for j € A.
JEA

Thus the mean hitting times {m; 4} must satisfy the equations (x).

Example: Let {X; : t > 0} have the same transition diagram as before:

12 1/2

12 1/2

Starting from state 2, find the
expected time to absorption.
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Solution: LOOLLES (fo, M, A Were A = % [ 4’3 (ﬁwgrl,b \S)F‘v\'éb

_ Z (o) '-&, le{(l,g\z

1+ %A . Min ¢ ey Fok
J _

Now
M A

50 e
i O ‘)g Lecamse 1€ IAX
Mea = O Ak €ER 12 1/2

6o @
/2 1/2

N -

Mza

N

O

6\3 @/ MLA = 2 0LL$9»
. Q?(]OLO{/)LA H/V\Q ‘{’o D\L&.orrﬂ“\\o/\ S E('Tf\) < 2 S}Q_ﬁj

—
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Example: Glee-flea hops around on a triangle. At each step he
moves to one of the other two vertices at random. What is L
the expected time taken for Glee-flea to get from vertex 1 b
to vertex 27 .
Solution:
11
03 3
transition matrix, P = % 0 %
11
3 3 U
We wish to findms.
0 if =2,
J#2
Thus
Mmooy =— 0
mis = 14 3mos+ima = 1+ img.
mz = 1+ imas + 3mis
= 14 %mm
= 1+ (1+ )
= Mmgy = 2.

Thus mys = 1+ 5mg, = 2 steps.



