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Chapter 8: Branching Processes:

The Theory of Reproduction

Although the early development of Probability Theory was motivated by prob-
lems in gambling, probabilists soon realised that, if they were to continue as a
breed, they must also study (¢ Pf oA nthon -

Reproduction is a complicated business, but considerable in-
sights into population growth can be gained from simplified
models. The Branching Process is a simple but elegant

C[(Al{”w\
=

model of population growth. It is also called the Galton-
Watson Process, because some of the early theoretical re-
sults about the process derive from a correspondence between
Sir Francis Galton and the Reverend Henry William Watson
in 1873. Francis Galton was a cousin of Charles Darwin. In
later life, he developed some less elegant ideas about repro-
duction — namely eugenics, or selective breeding of humans.

\,JM'SN\

Luckily he is better remembered for branching processes.
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8.1 Branching Processes

Consider some sort of population consisting of reproducing individuals.

Examples: living things (animals, plants, bacteria, royal families); e
diseases; computer viruses; o
rumours, gossip, lies (one lie always leads to another!) ~

Start conditions: S—‘mr‘\f A FHme =0, with a S;/\JLQ }/\”{"““;0{"‘0‘\'

Each individual: [ves for fw\tfb L b o fime. A fime A=1) it
pfbdMCﬂ_S 2 (fc.m\l&) ogr o’dz&#gr/i,:f)) ond imwd)f\kf?;[j Ares.

How many offspring? Conld Le O, L2, ... Ths s H"’Z aﬁrf‘\M'\[u‘ Siée,)
\l/, (Y S}’bwﬁl-? éor ”ﬂW"\L:U’ 5& YOM/\\j“ 6&"’ one ‘oweA{"\S-

l?ach oﬁspring.: []VEJ é—fof i (/\Aﬂ’ Oaf HM!L Af ‘HM /\:2) ia f)roa(Mcy
ﬂis own J';uv\b aﬁ O&Srl’%/j) o\,\/k }MMMTQ\*{”{,b aug_g_

and so on...

Assumptions

L AW adividannls ceprodmen ?nﬂ(&fw\b{b o eads oHoer

2. Te fonily sizes o diffeet individinals are indepandent,
Til/\h cmt \jdu\f}mbm;ﬁl FW\AON\ \/G\r]\alou,gq
Fa/"\]b Sixe = Y (# Y&‘u\/\\j\_

Family size distribution, ¥ (Y=l )= p
k

@ &0 % #s Bl

PN [ o e A p

&)

5
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Definition: A branching process is defined as follows.

@ e Single individual at time n = 0. ==

e Every individual lives exactly one unit of time, then produces Y offspring,

and dies. PCﬂ»’\b & Sﬂdfr@ Aon't cotxié} .

e The number of offspring, Y, takes values 0, 1, 2, ..., and the probability
of producing k offspring is ?( Y; k) = ﬁa
e All individuals reproduce independently. Individuals 1,2, ..., n have family

sizes Y1,Ya,...Y,, where Y. NY for U U
e Let Z, be the N b 3'6’ whavidmals born 0\{- time ", ‘éor

—

W=0,1,1,... If“hff'f‘d’ zn as e S12e 03( 3,&/\1)‘@{’{0;\ n .
e Then the branching process is = =Halive @ Fime 1.

{Zo)zhzz_j \3 = {Z/\:/‘tén\)} Mﬁflﬁ.()\/(,(/w.}/\ !_’

Definition: The state of the branching process at time nis 2z, , LWhee eada Z .
CLA 1‘0\121 vodare S 0,1,7_} NO}FCHMJ( Zo:l L\j MS!AMF)”?o@

Z, = size I popularon of Plae A

Note: When we want to say that two random variables X and Y have the same
distribution, we write: X ~ Y ,

For example: Y/\-’Y fvr M T Avideals U

Note: The definition of the branching process is easily generalized to start with
more than one individual at time n = 0. G okion Po P S5 20

Branching Process & & O 2,1
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8.2 Questions about the Branching Process

When we have a situation that can be modelled by a branching process, there
are several questions we might want to answer.

If the branching process is just beginning, what will happen in the future?

1. What can we find out about the distribution of Z, (the population siZe at
generation n)?

e can we find the mean and variance of Z,,?
— yes, using the probability generating function of familyest”;

e can we find the whole distribution of Z,,7?
— for special cases of the family size distributiopwe can find the PGF of

Z,, explicitly; Y ~ Coopmetric s gAl\Aj Non—trivial  cage .

e can we find the probability that the population has become extinct by

generation n, TP( 2, = .
@ — for special cases where we can find the PGE,pfas above).

. . . : 5‘ (&) [Wa
2. What can we find out about eventual extinction? I - witbouk (M ({/j :)

e can we find the probability of eventual extinction, P( cf/uv\ 2 =0) ?
25 OL O\J\V)_? V\gltﬁ H.,\L\OCJ: &Y N9
( Aecd ms\uj)

e can we find general conditions for eventual extinction?

* &“‘l We can f‘mi C,o/\ol,\f‘rO/\j Hwt GUARANTEE eoxtinchio

Wl occw LA rMLtJmLB =1, EY i o/® \«jmmw

e if eventual extinction is definite, can we find the distribution of the time to
L_______"'\
extinction?

. fT("r Sf;-tc,lak XTI RNESVINY U@ “QOUQB'

Example: Modelling cancerous growths. Will a colony of cancerous cells become
extinct before it is sufficiently large to overgrow the surrounding tissue?
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If the branching process is already in progress, what happened in the past?

1. How long has the process been running?

e how many generations do we have to go back to get to the sioghenon
ancestor?

2. What has been the distribution of family size over the generations?

3. What is the total number of individuals (over all generations) up to the present
day?

FExample: 1t is believed that all humans are descended from a single female an-
cestor, who lived in Africa. How long ago?

— S packed ok 2ok 200,000 Yess. ¥
What has been the mean family size over that period? 3
—_ lo/‘OEaL—.b ~ i O&(vvwb; %&fﬁﬁ _‘M,- fef‘«ﬂkz mo{MH' {
—Sfimade = |-002 .

8.3 Analysing the Branching Process

Key Observation: @V% ZAAAUFMw\) A Wi{j WAHOI\) Starts &
NN, \IAMMM L,rMJ/Cl:) process, oS T(g» He Wlole pro eSS
WUt &}aﬂr]/\\j Ny He Be\j;,\ni\i\j m\jo&x\.

=il & 70

“le{ A N\Ad Lr—&/\d«?
,omotsj’.

A N
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f:‘gSs-hrj/\M s

V. Y concept!
Z, as a randomly stopped sum - Mo rhan] n ﬁ " C ko

Most of the interesting properties of the branching process centre on the distri-
bution of Z,, (the population size at time n). Using the Key Observation from
overleaf, we can find an expression for the probability generating function of
L.

jifaf'm)rj

Consider the following. /
(2

o The populakion siac nf Fime A=l s gives L\j N
i L&Lﬁf_\ H«P_S& fﬁr@/\b S lJ z,3 - ) Zna'.

o Lok Y, D FEE YZ - Le tte random O*waﬂb Sy e
(# cLC.loUM) o parats 1,2, -, Z,\_[ .

T ppesiae < e, 2.5t b 4 e
:ﬁ' fese Zr\_| PMM%SL t\‘/"“l N—| ]ow‘t/\.bl 2 .- Z

Z A-

e . Zn: Z Yu ' e duldren Y, Y')_ \1/2

1=

N

=

Tl ZA s & Qﬁ/\ﬂ(ﬂ/\qb Si‘*vﬁozo{ Sum . & St a’d-
Yl JY‘L) et ) rMDMb S‘}_OFFLA Lij HAQ_ (‘MAOM VM&LLL

Z@.

Note: 1. E&\d./\ Y;f\/ Y

2 Y, Y, o Vo ore independed gf eack ofls
AL 7,

=)
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Probability Generating Function of Z,

Let Gy(s) = E(s¥) be the probability generating function of Y. >

(Recall that Y is the 4t YO‘N:’J o indavidnal @ He (wa $H2e

Now Z, is a randomly stopped sum: it is the sum of Y7, Y5, ..., stopped by the
random variable Z,, ;. So we can use Theorem 7.6 (Chapter 7) to express the
PGF of Z,, directly in terms of the PGFs of Y and Z,,_;.

By Theorem 7.6, i Yi+Yo+...+Y, |, and Z,_; is itself random, then
the PGF of Z, is given by:

= G, (D= 6 (6.9) ®

Wlare Gz, . s fe PCF o farv. Z,. .

For ease of notation, we can write:
Gz (D=6, , 4, (=6
! and So OA.

Note that Z“ ,\_j\l/ (:ﬁ‘ ;/\d./\uJ LO(‘/\ 0\*‘ +?/"‘€ ﬂzl>

so we can also write; ‘
I/ClL\{L(S) = 41 (S) = Q(S) fhr 33/\4[3[‘\(:5.
Thus, éfor"\ @ ,

Rrondiing frowss

G, (9 = Qs ( G (s ) QQWS\;}A G rinler

ote: 2, . .
Not 1 Qn (Sj - J;E (5 )) PC'Fod— f_')or/\ 3326 o\’{’ %‘i/‘-\g N .
(j&/\uo\ﬁan /\)

2. G ($) = E(SZA”> - = AT,

o G BT SE(T) | paF g ity s ¥
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We are trying to find the PGF of Z,,, the population size at time n.

So far, we have: Gn(s) =Gy (G(s)) (%)

But by the sClaI:_ela?gljhrr%ent,: Gnﬂl ( Q (r) ) @

(w&cr Inﬂ'@\al :6' S f*o O\t/o?ot c,or\(f‘w&;a/\ f/\ /LLX{” H/Lt>

G (60

G (€) Wlee = G(s)
5“\-7_, (Q(ﬂ ) L’\j @
LG (D = Gan (a(a(9)) Fplacing 5 q(s) .

Substituting in (%)

G, (5D

[

[

al

By the same reasoning, we will obtain:

Gaty = 6, ala(a) )

n-3 3 Fimes
and so on, until we finally get: N~ (nk ;\ =1
C;” () = 4\r\h(n-D ( 4 (q ( G (53 3) )
M T e
n-(n-1) N—| Fimes
:Q(Q(Q( EICEEDD )

n— \hmu

- ¢ (ala(- Q(@,,-‘)})

We have therefore proved the following Theorem.
W

n ‘I'NIM ¢S
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Theorem 8.3: Let G(s) = E(s¥) = > —oPys” be the PGE of the family size
distribution, Y. Let Zy = 1 (start from a single individual at time 0), and let
Z,, be the population size at time n (n =0,1,2,...). Let G,,(s) be the PGF of
the random variable Z,,. Then

Gn(s):G(G(G<...G(s)...>>>. ' O

\ >4

n times

Note: Gn(s):G<G<G<...G(s)...>>> is called the V\'Gﬂotd }"'U‘é\)fa O'O'r q

A 7

n times

We have therefore found an expression for the PGF of the population size at
generation n, although there is no guarantee that it is possible to write it down
or manipulate it very easily for large n. For example, if Y has a Poisson(\)
distribution, then G(s) = e**~1), and already by generation n = 3 we have th?r\

following fearsome expression for Gs(s): ’|P( %3: F) - ;J:J 4 ( O)
Y

e)\(ex(ﬁl)_l)— T : l/\,w\I/L _‘:0]
Gs(s) =e < 1). (Or something like that!) T Aont 1 '

However, in some circumstances we can find quite reasonable closed-form ex-
pressions for G,(s), notably when Y has a Geometric distribution. In addition,
for any distribution of Y we can use the expression G, (s) = Gn_1<G(s)> to

derive properties such as the mean and variance of Z,,, and the probability of
eventual extinction (P(Z, = 0) for some n).

8.4 What does the distribution of Z,, look like?

Before deriving the mean and the variance of Z,, it is helpful to get some
intuitive idea of how the branching process behaves. For example, it seems rea-
sonable to calculate the mean, E(Z,), to find out what we expect the population
size to be in n generations time, but why are we interested in Var(Z,)?

The answer is that Z,, usually has a “boom-or-bust” distribution: either the
population will take off (boom), and the population size grows quickly, or the
population will fail altogether (bust). In fact, if the population fails, it is likely
to do so very quickly, within the first few generations. This explains why we are
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interested in Var(Z,). A huge variance will alert us to the fact that the process
does not cluster closely around its mean values. In fact, the mean might be
almost useless as a measure of what to expect from the process.

Simulation 1: Y ~ Geometric(p = 0.3)

The following table shows the results from 10 simulations of a branching process,
where the family size distribution is Y ~ Geometric(p = 0.3).

Simulation

@@ooqmmphoowH

Often, the population is extinct by generation 10. However, when it is not
extinct, it can take enormous values (12428, 10941, ... ). L’U oLservadion

The same simulation was repeated 5000 times to find the empirical distribu-
tion of the population size at generation 10 (Z9). The figures below show
the distribution of family size, Y, and the distribution of Z;¢ from the 5000

simulations. -
Family Size, Y Zo
o YN Geom ( 0 5)
pen g {, g
P 0%
- S
= 138
I | =
g | MM\ g | M

01\ 5 @15 20 25 30 0 20000 60000

J:E(_“f) family size N VAT
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In this example, the family size is rather variable, but the variability in Z is
enormous (note the range on the histogram from 0 to 60,000). Some statistics

Proportion of samples extinct by generation 10: @

~—_—

Summary of Zn:
Min 1st Qu Median Mean \ 3rd Qu Max
0 0 1003 4617 6656 82486

Mean of Zn: 4 2
Variance of Zn: ¢ 53937785.7

?-
So the empirical variance is Var(Zy) = 5 -39 % (O" . This perhaps contains
more useful information than the mean value of 4617. The distribution of 7,
has 43.6% of zeros, but (when it is non-zero) takes values up tog?2 ,486. Is it

really useful to summarize such a distribution by the single mean value 46177 Not 0
r L&L ::)

For interest, out of the 5000 simulations, there were only 35 (0.7%) that had a
value for Zyy greater than 0 but less than 100. This emphasizes the “boom-or-
bust” nature of the distribution of Z,,.

: : : 0s :
Simulation 2: Y ~ Geometric(p = 0.5) ( Y) - oc - ./L : [((,l\lj&f
We repeat the simulation above with a different value for p in the Geometric ¢} (-ﬁl
family size distribution: this time, p = 0.5. The family size distribution is prewsS

therefore
Simulation Z() Z1 Z2 Z3 Z4 Z5 Z@ Z7 Zg Zg 10
1 1 0 0 0 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0 0 0 0 0
3 1 0 0 0 0 0 0 0 0 0 0
4 1 0 0 0 0 0 0 0 0 0 0
5 1 1 0 0 0 0 O 0 0 0 |
6] 1 7 9 17 15 13 - 0
7 1 2 5 2 5 8 8 3 3 0 0
8 1 2 0 0 0 0 0 0 0 0 0
9 1 0 0 0 0 0 0 0 0 0 0
10 1 0 0 0 0 0 0 0 0 0 0
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This time, almost all the populations become extinct. We will see later that
this value of p (just) guarantees eventual extinction with probability 1.

The family size distribution, ¥ ~ Geometric(p = 0.5), and the results for
Z1 from 5000 simulations, are shown below. Family sizes are often zero, but
families of size 2 and 3 are not uncommon. It seems that this is not enough
to save the process from extinction. This time, the maximum population size
observed for Z1 from 5000 simulations was only 56, and the mean and variance
of 71y are much smaller than before.

Family Size, Y Z10
© Lo
S S
< =
© o
~ 8
© o
o | Il-__ o —_
0 5 10 15 0 10 20 30 40 50 60
family size AT

Proportion of samples extinct by generation 10: 0.9108
Summary of Zn:

Min 1st Qu Median Mean 3rd Qu Max
0 0 0 0.965 0 56

Mean of Zn: 0.965 Q’)MPU‘{ Loy e FOTSIM A
Variance of Zn: 19.497 -
Maan = vas it

What happens for larger values of p?

It was mentioned above that Y ~ Geometric(p = 0.5) just guarantees eventual
extinction with probability 1. For p > 0.5, extinction is also guaranteed, and
tends to happen quickly. For example, when p = 0.55, over 97% of simulated
populations are already extinct by generation 10.
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8.5 Mean and variance of Z,,

The previous section has given us a good idea of the significance and interpre-
tation of E(Z,,) and Var(Z,). We now proceed to calculate them. Both E(Z,)
and Var(Z,) can be expressed in terms of tlg mean € Vov-1 M ce "6' tle

ﬂ(iﬁ/w‘.t\-z) S;Q:L &S}fl|(_-7w¥—:|0f\ ) \I/
Thus, lef EY = u amd Lt Vo (V)= o7 (These ot ponn
Q Voriance 96, e #%Sfﬁ@ o& ONE :np‘{)lvﬁalkxo\lD

Theorem 8.5: Let {7, Z1, Z5, ...} be a branching process with Zy = 1 (start with

a single individual). Let Y denote the family size distribution, and suppose that
|

E(Y) = p. Then n
E (Zn) :/'A . 7
/(/ 2x2 = ¢
Proof: 2% %2 = 2g

@ p- 163 , Zﬂ = YI 4 Y 4.+ Y. 5 « QHNDOMLY SYorPED
J 2 Z 2 an Qum

Zn = Z \'/L,

So LU §3Ll' PL,;IQZ/
‘E(z*’\) - w> ]E(Z,\_’)
/I/l

- » E(Z.)
Eén) = m E(E,\_g LJ S femaat\j

E(Z,J - /Az E(ZA_>

I:n—(n-\)

J

__/,A““ E(Zn-(n*o>
= /Ao’l~| [E(ZI) Lt z}r\/T/ SOE%JT-//\

:,/V(‘, D
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FExamples: Consider the simulations of Section 8.4.
1. Family size Y ~ Geometric(p = 0.3). So Me £y - v - 03 - 27383,
¢ 03

Expected population size by generation n = 10 is:
lo |
E(Zno\:/" = (2'33\0 = 47%4—

The theoretical value, {48, Copnpares well iH, Qwﬁ:lc_ (LA ﬁmm
Cooo S‘lmm\&&‘\\o/ﬁ ((,(, ['I{ (F ]?2’3

)
2. Family size Y ~ Geometric(p = 0.5). Se /1,\: EY< 05 - I
O-5

(o

So E(Z,o):/w’o: = 1
COvaLJ uJ)\ Ltha Smr\.( M ean 0165 (f']:’lz’} ;

Variance of Z,,

Theorem 8.5: Let {7, Z1, Z5, ...} be a branching process with Zy; = 1 (start with
a single individual). Let Y denote the family size distribution, and suppose that
E(Y) = p and Var(Y) = 0?. Then

Var(Z,) =

1_ n
ol ( a > if p#1 (>1or <1).
u |

—

Proof:

Write V,, = Var(Z,,). The proof works by finding a recursive formula for V.
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Using the Law of Total Variance for randomly stopped sums from Section 3.4
(page 62),

Zn—l
Z = 3V
=1
= Var(Z,) = {E(Y)} x Var(Z,_1) + Var(¥;) x E(Z,_1)
= V, = 1V, +0*E(Z,,)

= Vo = @ Vaa+oyt,

n—1

using E(Z,,_1) = p"~ " as above.

Also,
Vi = Var(Z;) = Var(Y) = o°.

Find V,, by repeated substitution:

Vi = o’ \

Vo = (Vi +0%n = po’ + po? = po*(1+ p)

Vs = Vot oy = plo? (1+p+ )
Vi = ?Va+ o2y’ = pPo? (14 p+p® +p?)
etc.

Completing the pattern,
Vn — Hn_102(1+ﬂ+ﬂ2+---+ﬂn_l)

n—1
_ n—1 __2 r
= p"loty g

r=0

1 . n

= u"lo? ( a ) : Valid for pu # 1.
L—p

(sum of first n terms of Geometric series)
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When p=1:

Vo, = 1" (10+ 1" 4. +1"Y) = o°n.

~"

n times
Hence the result:
a’n if u=1,
7 ) =
Var(Z,) (1=
o u" —— | if p # 1. O]
L —p

Examples: Again consider the simulations of Section 8.4.

1. Family size Y ~ Geometric(p = 0.3). So M:E(Y):%:%ZZ?)B.
FL:V"J‘(Y): —j-/;_ = s - 1-18.
f 0-3"
2 9 ' T
Ver (2.) = o7 (_'_ﬁ_) - 5.32x 10",
=

?..
(Smru VRTINS Ofmm S000sims was 5. 37xlo ) P ’Dr'l)

S
S
Sy

2. Family size Y ~ Geometric(p =0.5). So u=E(Y)==-=— = 1.
o=z VN‘(\\/> = ¥ _os 2

_—

P 0-5"
Use ?FMKLL f"‘” Ver (2,) tlan /v\:(
[/o\r(%(J = a5, =240 =20,

—

Comple vahoe (as 195 (5. 173).



