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Chapter 2: Probability

The aim of this chapter is to revise the basic rules of probability. By the end
of this chapter, you should be comfortable with:

e conditional probability, and what you can and can’t do with conditional
expressions;

e the Partition Theorem and Bayes’ Theorem:;
lla;ﬁ ) dea i e Couite
Nk o First tep Analysis for finding the probability that a process reaches some

Mo state, by conditioning on the outcome of the first step;

e calculating probabilities for continuous and discrete random variables.

2.1 Sample spaces and events

Definition: A sample space, (2, is a set of possible outcomes of a random
experiment.

Definition: An event, A, is a sﬂq\lgﬁgt of the sample space.f{ — ()
This means that event A is simply a collection of outcomes.

Example:

Random experiment: Pick a person in this class at random.
Sample space: Q) = {all people in class
Event A: A = {all males in class

Definition: Event A occurs if the outcome of the random experiment is a member
of the setA.

In the example above, event A occurs if the person we pick is male.
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2.2 Probability Reference List

The following properties hold for all events A, B.

e P(0)=0.

e 0 <P(A) <1,

e Complement: P(A) =1—P(A).

e Probability of a union: P(AU B) =P(A) +P(B) — P(AN B).
For three events A, B, C"

P(AUBUC) = P(A)+P(B)+P(C)-P(ANB)—P(ANC)—P(BNC)+P(ANBNC) .

If A and B are mutually exclusive, then P(AU B) = P(A) + P(B).

P(AN B)
P(B)
e Multiplication rule: P(AN B) =P(A| B)P(B) =P(B|A)P(A).

e Conditional probability: P(A|B) =

e The Partition Theorem: if By, B,, ..., B,, form a partition of {2, then

P(A) = zm:IP’(A NB;) = zm:IP’(A | B;))P(B;) for any event A.

i=1 i=1
As a special case, B and B partition €, so:
P(A) = P(ANB)+P(ANB)
= P(A|B)P(B) +P(A|B)P(B) for any A, B.
P(A|B)P(B)
P(A)
More generally, if By, Bo, ..., B,, form a partition of €2, then

_ P(A[Bj)P(B)) -
P(B;j|A) = ST B(A| B)P(By) for any j.

e Bayes’ Theorem: P(B|A) =

e Chains of events: for any events A;, Ay, ..., A,,

P(ANAsN. . .NA,) = P(A)P(As | A)DP(As | AN AL ... B(A, | ApiN...NAD.
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2.3 Conditional Probability

Suppose we are working with sample space
(2 = {people in class}. I want to find the
proportion of people in the class who ski. What do I do?

C ot “p He Aumbler Od' pw‘oh A Hee clags wlho Ski, ornd divs de
lo\\j e dobkel nimb o Ja' PQOF\L A He dass.

:H:QLJUJ ]a Clm
on ]LAI = -
/E( pYSon S ~£) total H P—QOFLA in Clags ¢« _( = {N”\jo"ﬁ

Now suppose I want to find the proportion of females in the class who ski.

What do I do?
CounY np #g—em«lg A e class Wiy Slﬁ_) o davi Ae L\‘j Heo

Fotak ‘-H:é—vvm«\tﬁ A Hn( class .

' a s a cla
F(aﬂwala_ Sk“u) - kil a&N | shkios = | m

_ /;_’}GF":«L :&&U"\Q\LS ‘A c lnss HD(G) }
Ao sempe SPET | 7
A= 447

By changing from asking about everyone to asking about females only, we have:
TOm asKing about everyone

° rf;S“‘rr; d’cot &H'U\Sr.tor\ +"5 e Sl)i' °6’ /&O"\dd oqb R
or: raokv\cu\ AN'S SO\MP[&L SF&_LQ, ﬁpo;\/\ Hae Set aar LW{JLO@ +

—

Hwe stk O’éf é—em«bd
—> or: Cor\vUHOxu.iL o~ N WU\,{“ {émk[e_"s ,

We could write the above as:

P (sl ‘ g,m\ah) =

:H:Q@wdt ghios a clags
’}“’H #Q&/"\RLM ?f\ C/[ﬁ_g_g_

Conditioning is like changing the sample space: we are now working in
a new sample space of females in class.
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In the above example, we could replace ‘skiing’ with any attribute B. We have:

# ;Egmaﬁesiers in class
)

# skiers in class

P(skis) — P(skis | female) =
(skis) s (skis | female) # females in class
SO:
#6{5 }’\ CL‘\S_G
bobal drpeople in Class
and:

#WL B's 1A class
P(B [female) = ™ 4 A #a"_maiu vA class

Hin class Who are BoTH B and feomeke
Hin clags wlo eve (’fm«a&

Likewise, we could replace ‘female’ with any attribute A:

(_:H;'jf\ class Wlo e botlh B AnND A) /(# in dm)
L (# hoclass Wo are AY) ) (#0n claSS)'

P(B|A) =

This is how we get the definition of conditional probability:

rply- LoD Plean
P4 P (A) i P(AY

By conditioning on event A, we have CW&J\ e S«:Mfl(,e Spae b the
ek ol Als onb.

Definition: Let A and B be events on the same sample space: so e ) Ben.
The conditional probability of event B, given event A, is

P

(’J—Eﬁ/\\& ﬂ, (P(@ | f\) S “ff‘ote&l;'['\jj ’6’ g} ’fﬂom L FTHIN ﬂ,\(ﬂ’\s‘\‘
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Multiplication Rule: (Immediate from above). For any events A and B,

E?(an@ - P (a1 P@)
—— g

P(BUC ) = P (8 )fl?(C );(P(@n( )

Conditioning as ‘changing the sample space’

—

P(aln)PA) = T (8nA)

I\

The idea that "ConJJ\Jn'orG:ju = ”clmcﬂ?i\j the -%Mflt space ) can be
very helpful in understanding how to manipulate conditional probabilities.

Any ‘unconditional’ probability can be written as a conditional probability:

P(&) = P(R | M)

Writing P(B) = P(B|€2) just means that we are looking for the probability of
event B, out of all possible outcomes in the set (2.

In fact, the symbol P belongs to the set ): it has no meaning without ().
To remind ourselves of this, we can write

PP

JL
Then {P(@') = TF(@'.Q_) = TPAF(@)

Similarly, P(B | A) means that we are looking for the probability of event B,
out of all possible outcomes in the set ﬂ ,

So A is just another sample space. Thus We ean mmszu” ¢ onds Froask
probcoiliies TP (. 1 4) Jwst like ~y oftur proLaliliBes, AS LONG
AS we mlwav_r Sf'f:j Instde He same Sa\/v\]DLQ space, A.

The trick: Because we can think of A as just another sample space, let’s write
PO 1A = B () NOTE Aok shend
A ' n oFzon l
L worle'ng ol |
IZQL«OL\ @) /\b ,

Then we can use P, just like P, as long as we remember to keep the
A subscript on EVERY P that we write.
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This helps us to make quite complex manipulations of conditional probabilities
without thinking too hard or making mistakes. There is only one rule you need

to learn to use this tool effectively:

P(B1C) = P(&)| CaR) for my A6, C.

(Proof: Exercise).

P(-[A) = Pa(-)
P,(B|C)=P(B|CNA) forany A, B, C.

The rules:

Examples:
1. Probability of a union. In general,

PBUC) = P(8) + P(C) - P(8nC)
So, 1?4\ (BUC): |R (B) + lP,a( (C) - R(@ﬂC) IQOLOL\.'

Thus, TP(@UC 'PD = HD(B 1100 + \F(C \A) _ "P(@ﬁC]FO_
Eagy !
2. Which of the following is equal to P<BDC’|AZ‘? ]'P (@nc) Sy .
= A

(a) P(B|C N A). () P(B|CNAPC|A). ¢ ¢
P(B|C)
®) ~pea (d) P(B|C)P(C'| A).

,S'ol'l_l,tion:rp(Gnc Iﬁ) _ IPA (60() .
- fPI(B\I)(Pﬁ(c,)‘} rog v
P(B&1cnan)P(ciA)

A/\SLJU' C .

N



3. Which of the following is true?

b (a) P(B|A) =1—-P(B|A). (b) P(B| A) = P(B) — P(B| A).
Solution:
2 - P (B
P(BIA)- I, (B) ]w@ﬂ "
= 4L -F (&)

= L -PBIA)Y. @ Aiswor a.

4. Which of the followmg is true? /@ TS Qor[Lc)r

(a) P(B N A) = P(BN A)! P(BN A) = P(B) — P(B N A). X
LH< QHS
Solution: _ —
s - REAR) - PIELR)PIA)

(0 A W)e [ f @(é) " (A
T L - {eme P

= PR - P(&IAY P (4)

- F P(fﬂ*ﬁ)(gmﬁ)
5. Trueor false: P(B|A) =1—-P(B|A)? 4— = RHS 3& Q(erSS;M@

Answer: F&LSL ) [P(@\Py) ﬁ) (@3 TD\U“Q_ s Ao W\j ij

J/B, CO/\VU‘FWS é/bf\’\ ? J[-o IP“ , P{‘o%hl,wlahg\g ON ONL SWP\L

N AD/\”( *M}\ Ky Aan
Space about prolLalbilihes on &
M Yok Sample Spbgt @

Exercise: if we wish to express P(B|A) in terms of only B and A, show that
P(B) — P(B| A)P(A)

P(B|A) = —

1 —P(A)

Note that this does not simplify nicely!

P (3 A)- Fed &8 o A e

frechion Xk T o &/l /;\\?\?\R\\
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Definition: Events A and B are mutually exclusive, or disjoint, if fj[ NGB = Qb .

Thos means A A & con not Ly teseflr TF A
6\10]0{/\ Ji’- 6 "-ﬂom
s ,axcl/wM_S (S @{V‘\OM LVNPTOMMQ arA Vi vusa .
wels e NoT

Bic O G

If A and B are mutually excluswe qu g) |? fﬂ +P( @ 0{4/? edence boho
For all other A and B,

Pave)=PE) + (B =P (And).

Definition: Any number of events By, By, ..., B; are mutually exclusive if every

ir of th ts is mutually exclusive: ie. (2. - VLW
palr of the events is mutually exclusive: 1 BL/\B\)*—SD ’OeDF"Jk 3 ﬂu;ﬂﬁ,\\

£
&fj@»l@zé oY

Definition: A partition of €2 is a9 Weckon ré, M'/\k'l/\ﬁxilj WX Can s Ve Lvenk
LJ\AOSA{_, [/\.’\10/\ s (0 .

23

e Bosis éor ax-u 36/ Stoclaatic fjfocfud s
2.4 The Partition Theorem (Law of Total Probability)

MU MWI"‘V&

That is, sets By, Bo, ..., By form a partition of € if (l )

NOo OUU
BinB; = 0 forall i,j with i #j,&7  Lefwen

and | JBi = BiUB,U...UB; = QR( Y 8 coues

AN onfcomesia SL -

Bq, ..., By form a partition onifthey'/wwt no OUUl“f MA
calde(]vQL,] cover ol Foss“.l.\,z oul cores
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Examples:

B & \*
Partitioning an event A

Any set A can be partitioned: it doesn’t have to be €.
In particular, if By, ..., By form a partition of €, then (AN By),..., (AN By)
form a partition of A.

-

I

Gy
_— <
Theorem 2.4: The Partition Theorem (Law of Total Probability)

Lok By, By, B Lot a parkihion - Ten

of wok A d&) [ i Fr
S = X
P = 2 Ph0&) = Z P(als)P(8)
Ha 1=\ o=
Wkt

Both formulations of the Partition Theorem are very widely used, but especially
the conditional formulation Y " P(A| B;)P(B;).

15 e Ctwm Vs wtr.
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Intuition behind the Partition Theorem:

The Partition Theorem is easy to understand because it simply states that “the
whole is the sum of its parts.”

AN By AN By

- m A
e~ Kawl
@

AN B3 AN By

P(A) = P(A m‘Bl) L P(AN By) + P(AN By) + P(AN By).

2.5 Bayes’ Theorem: inverting conditional probabilities

Bayes’ Theorem allows us to “invert” a conditional statement, ie. + ° QX]Df <S5

P (R 1A) ian tums adf (A '&3

Theorem 2.5: Bayes’ Theorem

——

m P(A1s) PR
o .

For any events A and B:

Proof:

P(BNA) = P(ANB)
P(B|A)P(A) = P(A|B)P(B) (multiplication rulc)

P(B|A) — MAH‘D’(BX?(B). 0
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Extension of Bayes’ Theorem

Suppose that By, By, ..., B, form a partition of (). By the Partition Theorem,

P(AY = 2 P(A 1B P(8)

Thus, for any single partitio rember B;, put B = B; in Bayes’ Theorem

to obtain: \ ’
5 P(ATE PR P(418;) Pley)

1n) - m
s P(8) Z P (a18y) P&

fo¥

TN
TN o iy ),

Bs B,

P (@2 |A) represeted
L\j Ha refe oar red oree

to Ireen ovea

Special case: m = 2

Given any event B, the events B and B form a partition of Q. Thus:

I P (4|
Pa)ay - P (A2 P(2)
PP(MQH’(Q + YP(A\@);P(@)

—

Example: In screening for a certain disease, the probability that a healthy person
()

wrongly gets a positive result i§ 002 The probability that a diseased person
wrongly gets a negative result i

population being screened is 1%. If my test gives a =pﬂ_ositive result, what is the

probability I actually have the disease?

) The overall rate of the disease in the




iﬂﬂ/fﬂ;@l D = fhave J{ASWB —I—B - %x\wﬁlsu@%
P = {Pos Hue +N)r3 =N = %Mj“h"{’ {F‘l“)fj

PP IDY - o he
= 0 0072

pay I/\/Gformw\ﬁoa C);VMZ
 alse Posrwﬁuq, ra)rp_ s 008 =
patcg,g V\.fémHVe, (ke s 0002 = j—])(N ]b )

= ﬁ) ( \Dﬁ Y = O-0) o

Disease cake s |7
}__;__LQOI(Oﬁ (‘J.Fnr , ()) (D \ P )
P(5P) = fﬁ"(—@‘?l& By T &

PEF) Now  IP(PID)= 1 - ﬁ’ﬁlb)
= 4 - PN
=1 ~0'00L

=0978 (@

PPADPD) + T (PID)P(D)

Al IP(P) =
= 0-998 * 0-0] ‘l‘?_ﬁg((—O»o;)
= 0:0594L%. @
st .0 1 ®:
0-49% = O-0|
= - 0168
o P(d e S ocait - 8
Given o fog,Huc, *M}) nij JYYINSY ,&, lxwui/j e disease 1S o,ﬂj I6-8°%
™ —
: — 0
P11 § o— PPID .
f sock Lo e D Lox f = posi¥ive Fedy
P(P\®Y = Dﬂ‘l‘&ﬂ } | sbadked ved.
ng‘k T 1 X
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2.6 First-Step Analysis for calculating probabilities in a process

In a stochastic process, what happens at the next step depends upon the cur-
rent state of the process. We often wish to know the probability of eventually
reaching some particular state, given our current position.

Throughout this course, we will tackle this sort of problem using a technique

called Fied— S“r{f An &L\anlS )

The idea is to consider all possible first steps away from the current state. We
derive a system of equations that specify the probability of the eventual outcome
given each of the possible first steps. We then try to solve these equations for
the probability of interest.

First-Step Analysis depends upon condzitional probability and the Partition
Theorem. Let Sy,. .., Sk bethe k possible first steps we can take away from our
current state. We wish to find the probability that event £ happens gventually.
First-Step Analysis calculates P(F) as follows:

9&’{2\3::”‘ = P(E lS/\JlP(SJ + PEIS)P () +ot P(els,) PSe).

x/‘\H‘\—\__
i N 7
Mu_f N E \ Iy S)ﬂ»f - - 15} S'}‘Lf 1
wv\\’hd&) s te &, t» skie S
Here, P(S1),...,P(Sk) give the probabilities of taking the different first steps

1,2,... k.

Example: Tennis game at Deuce.

Venus and Serena are playing tennis, and have reached
the score Deuce (40-40). (Deuce comes from the French
word Deuzx for ‘two’, meaning that each player needs to win two consecutive
points to win the game.)

For each point, let:
p = P(Venus wins point), g = 1 — p = P(Serena wins point).
Assume that all points are independent.

Let v be the probability that Venus wins the game eventually, starting from
Deuce. Find v.
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q

VENUS P VENUS
@ AHEAD (A) = WINS (W)

| DEUCE (D)

VENUS VENUS
> | BEHIND (B) | ™ q LOSES (L)

P
NSe F.rﬁns)u? P\M\Ljsi_s_ Tle PO_CJ]L\.:, ff-%r\s}' S){‘LfJ S}Kr;i\j &NM bimu, ere:
1 Vs wins He next poing (FML"RL’"“U Y. move to Sheke A .

2. " loses - ) (FNQ“*L'L;D pmove to Shde B
Lk V Le He wed e Vaews wiag EVE?:\)TMP(LL_Y s’bu-{-."\/:j E?’("’"" b,guq)
So P ( V \ D j

Sﬂwk—.\,\j from Dewer, te fossa\a‘u s)re_ﬁu e to States A ad B, Q.
Vo= ?(szw\s Wing 'D) (ﬂ) V‘D))

( V) L[’O'ﬁﬁl\ nofrkion @ Seq p- 20]_

o™ ?(V|A32 .(V|@3 )

Pf""‘wi:\:bgnw\,a = PV A ¢ + P(VIRY 4
*“_S F\-!l}’

E/\a‘w of &'I, = ;

Y e Ra \'\’(VWP A ﬁ’w&b ®

—

Now we nud fo find ’P(um)w{ P(VIBY. Use Fre g}?ﬂm\ijwv.d
POVIAY = B (VIW)p + B (vibd)y

MP v Ply1d) g

- ak Dewee b Bae I

[P(le() - 1 * P+ )
Swilaly, P(V]R,) - ﬁ; (V] Ls) 7 7 e (Vlszlo
_ 0*7/ + Vf

?(Vlgw = Ve @
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ZER

vV = (P+1V) p + (Vf’> i = NEW ZEALAND 30
vV = ‘o’L + V. 9.‘97/
v(1-2p9) =
= N V. s ventnadly
v = P Frob that Verws w db

“2py | Sy feom Do

L
Note: Because p+ g =1, we have: il - (P*‘I/\ = f’l’f@l + zf"L
Se 1 - Zf:?/ = Pld‘@l .
So the final probability that Venus wins the game is:

. 7L
M .
= 2p4, )

Note how this result makes intuitive sense. For the game to finish from Deuce,

either Venus has to win two points in a row (probability p?), or Serena does
(probability ¢*). The ratio p*/(p® + ¢*) describes Venus’s ‘share’ of the winning
probability.

First-step analysis as the Partition Theorem:

Our approach to finding v = P(Venus wins) can be summarized as:

TP(VU“"* Wins “’”‘)"""‘53 = Voo Z HD( V |1F|‘ﬂ’r 5’rvfr} ,P[(fﬁr\s}r S)’T)

*Fn rsy ‘d*f,r.j

First-step analysis is just the Partition Theorem:

The sample Space S AL = ?"‘1& possibe RouTes é"”"‘ Deuwce fo fla W(E'

An example of a sample pointis: D2 A > D 2 8 =D > B8 5 [
Another example is: n S _5p > AW,

The partition of the sample space that we use in first-step analysis is:

Q! = %Duu POSS’}QL&“ rowjres DM.\U, Fo EAA MS’?‘UJ' Los i b~>A3
Qlai"‘ v " : . "‘ba@j
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Then first-step analysis simply states:

PV) = PvIe) PR + P(VIe,) P(e,)
= B, (VIA) B(AD - ;’Pf)r(\/jgmﬁ)(eg,

Notation for quick solutions of first-step analysis problems

Defining a helpful notation is central to modelling with stochastic processes.
Setting up well-defined notation helps you to solve problems quickly and easily.
Defining your notation is one of the most important steps in modelling, because
it provides the conversion from words (which is how your problem starts) to
mathematics (which is how your problem is solved).

Several marks are allotted on first-step analysis questions for setting

up a well-defined and helpful notation. D/"é"‘ A~ S
- L R pD A U
W W q | BNV
N SQ\N\‘S "V\S S on Rt A
49 Lo p VENUS |_P_ o [ VENUS
o< ’“3"3 : AHEAD (A) WINS (W)
_ WO ¢ [ DEUCE ()
v VENUS VENUS
or ﬁ’{w R BEHIND (B) | g ™| LOSES (L)
P

Here is the correct way to formulate and solve this first-step analysis problem.

Need fo FrA PNS,AL?U\D Huk Vo winas Wm’rw&«lb) szhrl’i»j 6,\.“,\ Dome.
l. Di)&’—inz noknhon lev

Vo = P (Venws wins wwerkally | stort at Steke )

Va = (P(VMN WiAS Wm*m«.b l stk ab ke /ﬂ( )

g = ﬂ)( Vernns wing WM*‘*HJ | 6>
/l'\

/\.
\
oM Lawe soae gl wl stk indiffernk places
!
2. Firsk-shep ow«bsﬁ: o= PVa t 1% ©
Va = pAl + 1 % @
a = pvy + 440 ©
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3. Su\bs)r]h«’rt and (© iate (&)
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e

P

i

= v, (1- Pg, - P’L)

p* :
Vb = _— o8 Lgﬁor{ @

| —2
M/ _ M~ ea) U
/_ wa:jﬁ So\u;:j.

O o Ao &gk e ekl i oLl

2.7 Special Process: the Gambler’s@

This is a famous problem in probability. A gambler
starts with $x. She tosses a fair coin repeatedly.

If she gets a Head, she wins $1. If she gets a Tail,
she loses $1.

The coin tossing is repeated until the gambler has either $0 or $N, when she
stops. What is the probability of the Gambler’s Ruin, i.e. that the gambler L/,
ends up with $07

X 1/2 1/2 1/2 1/2 112 1/2

Co 1— 2|—» 3|---> - x [ _>N\j@

A \ W WP W U ST SR o~

1/2 1/2 1/2 1/2 1/2 1/2
[/\J]S\/\ "—a é-;/\fk ﬂ:)(X/\AJ LJ:HA $O | g}-aj’[j i HA $’)L> ]
Define Notehon Lok p = Pladswit $o | stk wit ifn:)_
Fr =01, .., N

= 1 (Aefinitely rwined if of gete £0)

0] (&(FU{D Won S}‘OP) So Can't Le Fb-.;m-ug

&
lo_,L :@P")L—H + éf’l__. E}Eor 1:‘,2;---;N-|,

(Z_U\o\;’\

o~

S

KMLJA i/\? qu_,Ho,\ .

ro
PI\J
ﬁr@f'r-s\m‘o ﬂ/\absif :

'I;.L P —~ I/'L

m=n 5 (=
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E‘j/\ @ .

Solution of difference equation (x): -
¢

¥ Pz = %px—l—l""%px—l fOI'I:l,Q,...,N—l;

%OM}\GJ—\B
arons

A 4B solyed
nging Huse .
We usually solve equations like this using the theory of 2nd-order difference
equations. For this special case we will also verify the answer by two other
methods.

9N

1. Theory of linear 2nd order flerence equations

Theory tells us that the general solutionef i@;@for some constants
A, B and forx = 0,1,...,N. Our job is to indA and B using the boundary

conditions:
Pz At Bx for conshads Aad B ak for %<0,1,,N.
SO ‘:F = A*F@*O :A => A:)

o]
e

O = PN - A+ BN 148N (Lecomse A=) J““} Gfow\_k)
O = 4 4+ B\

.::.-)(% =

If

-1
N
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For Stats 325, you will be told the general solution of the 2nd-order difference

equation and expected to solve it using the boundary conditions.

For Stats 721, we will study the theory of 2nd-order difference equations. You

will be able to derive the general solution for yourself before solving it.

Question: What is the probability that the gambler wins (ends with $N),

starting with $x?

P(onds wilh §N)

i

gl &
N

2. Solution by inspection

The problem shown in this section is the symmetric Gambler’s Ruin, where
the probability is % of moving up or down on any step. For this special case,

P

we can solve the difference equation by inspection.

We have:

Pz — %px—i-l + %px—l
%px'i_%px - %pm—l—l + %px—l

Rearranging: @ = Dy — Puil-

There areN steps to go down
fromp, =1topy = 0.

Each step is the same size,
because

(p:zzfl _p:r) = (px - px+1) for all x.
So each step has sixeN,

= py=1,p=1-1/N,

W
afér «=0,1,

1 - P (ks Witk 0)

N,

Boundariesp, = 1,py = 0.

QO --
T

N= 3o
= \Q
rP(u?n\: éga

po=1—2/N, etc. 0
So .
. =1 — — as before.
b N

—_—
—_—_—

1'\' "7, —— (P1—B) samesize
Y
.______75_7/ for eachx
T
A ®
1 2 N
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3. Solution by repeated substitution.

In principle, all systems could be solved by this method, but it is usually too
tedious to apply in practice.

Rearrangéx) to give:

Pz+41

= (z=1) D2

(z=2) D3

(z =3) D4

giving  pa

likewise PN

Boundary condition:
Substitute inx):

Px

Pz

= 2Py — Pr-1
= 2p1—1 (recallpy = 1)

= 2pp—p1=2(2p1—1) —p1=3p1 — 2

= 2p3—p2=23p1—2)— (2p1— 1) =4p; — 3 etc

in general,  (xx)

= ap1— (x — 1)
= Np;— (N —1) at endpoint.

pvn=0 = Np—(N-1)=0 = p=1-1/N.

= app— (z—1)
) e
r—y—r+1

= 1—- as before. O

2.8 Independence 12 eviSion

)

Definition: Events A and B are statistically independent if and only if

P(AN B) = P(A)P(B).

This implies that A and B are statistically independent if and only if

P(A|B) = P(A).

Note: 1If events are physically independent, they will also be statistically indept.
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For interest: more than two events

Definition: For more than two events, Ay, A, ..., A,, we say that Ay, As,..., A,
are mutually independent if

P (ﬂ AZ-) = [[P(4) for ALL finite subsets] C {1,2,...,n}.

1eJ e

Example: events Ay, Ay, A3, Ay are mutually independent if
i) P(A,NA;NA) =P(A)P(A;)P(A) for all 4, j, k that are all different; AND
iii) P(A; N Ay N A3 Ay) = P(A)P(As)P(A3)P(Ay).

Note: For mutual independence, it is not enough to check that P(4; N A4;) =
P(A;)P(A;) for all i # j. Pairwise independence does not imply mutual inde-
pendence.

2.9 The Continuity Theorem QQ‘S‘A . N(’A»J b ok [9/\,[/() v‘&"-'{

—_— Lk subt
The Continuity Theorem states that probability is a continuous set function:
o (P i’u J/d’ 1—‘11‘"&[
Theorem 2.9: The Continuity Theorem :,\ co w3 .

a) Let Ay, Ay, ... be an increasing sequence of events: i.e.

A CAC...CACALC... .

prob ot L‘.er.]'\@sx,k 00
Note: because A; C Ay C ..., we have; lim A, = U A,.

Then

Lok ;f{/ P)“OL,&»[O'\I.:HEJ
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b) Let By, Bs, ... be a decreasing sequence of events: i.e.

BiDBy2...2B,2Bpi12....

Then
IP( lim Bn) — lim P(B,).

n— 00 n— o0

n— 0o

Note: because B; O By D ..., we have: lim B, = ﬂ B,.
n=1

Proof (a) only: for (b), take complements and use (a).

Define C; = Ay, and C; = A\A;_1 fori =2,3,.... Then Cy, (s, ... are mutually
exclusive, and |, C; = U;_; 4i, and likewise, | J;2, C; = U=, 4.

Thus
P(lim A,) =P (U Ai> =P (U C’i) = Z]P’(C’Z-) (C; mutually exclusive)
n—oo
i=1 i=1 i=1

= Jim ) PG
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2.10 Random Variables Q (v \Son QM»A

Definition: A random variable, X, is defined as a function from the sample space
to the real numbersx : Q) — R.

A random variable therefore assigns a real number to every possible outcome of
a random experiment.

A random variable is essentially a rule or mechanism for generating random real
numbers.

The Distribution Function

Definition: The cumulative distribution function of a random variable X is
given by

Fy(z) = P(X < )

Fx(x) is often referred to as simply the distribution function.

Properties of the distribution function

1) Fx(—o0) =P(X < —0) =0.
Fx(+00) =P(X <o0) =1.

2) Fx(z) is a non-decreasing function of x:
if r1 < X9, thean(xl) < FX(.I'Q).

3) If b > a, then P(a < X <b) = Fx(b) — Fx(a).

4) Fx is right-continuous: i.e. limyjo Fx(z + h) = Fx(x).
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2.11 Continuous Random Variables AQMA

Definition: The random variable X is continuous if the distribution functior¥'x ()
Is a_continuousunction.

In practice, this means that a continuous random variable takes values in a
continuous subset @&t: e.g. X : Q — [0,1] or X : Q — [0, 00).

Probability Density Function for continuous random variables

Definition: Let X be a continuous random variable with continuous distribution
function Fx(z). The probability density function (p.d.f.) of X is defined
as

d

fx(x) = Fx(z) = ——(Fx())

The pdf, fx(z), gives the shapeof the distribution of X.

Normal distribution Exponential distribution Gamma distribution
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By the Fundamental Theorem of Calculus, the distribution function Fy(z) can
be written in terms of the probability density function, fx(x), as follows:

= ffoo fx(u)du
Endpoints of intervals
For continuous random variables, every point z has P(X = z) = 0. This
means that the endpoints of intervals are not important for continuous random

variables.
Thus, P(a < X <b)=Pla< X <b)=Pla< X <b)=Pla<X <b).

This is only true for continuous random variables.

/lr\wuc ~ PDF , nok a f)raLa\L'\l'i-)
Mmass
Calculating probabilities for continuous random variables X 6LW‘ .

on

X Ty {,OAHAV\.O‘M&) YP(X = ?(\ = 0 éaf ALL oC . PDF P/\ggwlo\l’\f DE[\]S?T'{

To calculate P(a < X < b), use either b
PlagXcW)=F (D)-F (a) cdF 6 ()
DF = c anmaulahve A ¢hn
or C fmch' o

P(acX f} |- P
J\é 'SL: - - x”(:r”_) <
( ) o~ X(’x)d{x PDF }()

Example: Let X be a continuous random variable with p.d.f. dx

@for1<:):<2, 7
fx(z) = -
0 otherwise.
=
. . . . >

(a) Find the cumulative distribution function, Fx(x). o i .
(b) Find P (X < 1.5). T
g8

a) g(x):—f:ai(m)p{m sz\'lo(u\ dfor |<x <2

=[] 2- 2 e

X

[



So F (%) - -0 for x<

» &
2*_';; 'Jfor <% <2 A1
1 [ﬁor =L
D) P(X<c1s) = £ (15) Ly defpnibion
2_
= 9 — —\—g
-2
3
2.12 Discrete Random Variables ﬁ@é\a\‘. ﬁwis%,«,

Definition: The random variable X is discrete if X takes values in a finite @mount-
able subset of R: thus, X : Q — {1, x9,...}.

When X is a discrete random variable, the distribution function Fx(z) is a Step
function.

Fx(ZL‘)

Probability function

Definition: Let X be a discrete random variable with distribution function Fx(z).
The probability function of X is defined as

fx(z) =P(X = 2x).




THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau 42

Endpoints of intervals

For discrete random variables, individual points can haveP(X = x) > 0.

This means that the endpoints of intervals ARE important for discrete random
variables.

For example, if X takes values 0,1, 2,..., and a, b are integers with b > a, then

Pla< X <b)=Pla—1<X<b)=Pa<X<btl)=Pla—1<X <b+1).

Calculating probabilities for discrete random variables

To calculate P(X € A) for any countable set A, use

P(X € A) =) P(X =u).

reA

P«

Partition Theorem for probabilities of discrete random variables

Recall the Partition Theorem: for any event A, and for events By, Bo, ... that
form a partition of (1,

AR P(A 18OP(8)

We can use the Partition Theorem to find probabilities for random variables.
Let X and Y be discrete random variables.

° Deﬁ'm& QV&AJ( A z % X:X

.Dﬁ/&?’\e‘ ovents @0)@1Jg1,‘-‘ A @\D :%Y:J\S?Or
_U:O} \,71,... (or wWUU'V‘JA@
° ‘.]T,\f/\) L?\lj N PN'HHM TL\LOPQ/V\) Y ’l"ﬂf/&&()

7 P(X=) = % P(X=x|Ye9) F()’:J)
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2.13 Independent Random Variables

Random variables X and Y are independent if they have no effect on each
other. This means that the probability that they both take specified values
simultaneously is the product of the individual probabilities.

Definition: Let X and Y be random variables. The joint distribution function
of X and Y is given by

Fxy(z,y)=P(X <zadY <y)=P(X <z,Y <y).

Definition: Let X and Y be any random variables (continuous or discrete). X and
Y are independent if

FX7y($,y) = FX(.T})Fy(y) for ALL T,y € R.

If X and Y are discrete, they are independent if and only if their joint prob-
ability function is the product of their individual probability functions:

Discrete X, Y areindept <= P(X =z ANDY =y) =P(X =2)P(Y =y)
for ALL z,y
— fxvy(ilf,y) = f)((ilf)fy(y) for ALL z, Y.

g“(‘j e wonk fo ndestand b\b P (AnR) = P(A) P(2) i
& & indegh
Supprse A beppens 4t ime s P(A) =
A &B ey = B doesnt ~ffed A |
So A sleuly «lo L\Aﬁw\ on L\ﬁi& Ao tines Had

S l«hf)f)bd,
S Plang) - 4 P@) = P(A)P®).




