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Chapter 3: Expectation and Variance

In the previous chapter we looked at probability, with three major themes:
1. Conditional probability: P(A| B).

2. First-step analysis for calculating eventual probabilities in a stochastic
process.

3. Calculating probabilities for continuous and discrete random variables.

In this chapter, we look at the same themes for expectation and variance.
The expectation of a random variable is the Lon\jv'\'qf M MU@L "6? H«L

r’&\/\kom l/ou*tx r\.k\g\,e_

Imagine observing many thousands of independent random values from the
random variable of interest. Take the average of these random values. The
expectation is the value of this average as the sample size tends to infinity.

We will repeat the three themes of the previous chapter, but in a different order.

1. Calculating expectations for continuous and discrete random variables.

2. Conditional expectation: the expectation of a random variable X, condi-
tional on the value taken by another random variable Y. If the value of
Y affects the value of X (i.e. X and Y are dependent), the conditional
expectation of X given the value of Y will be different from the overall
expectation of X.

3. First-step analysis for calculating the expected amount of time needed to
reach a particular state in a process (e.g. the expected number of shots
before we win a game of tennis).

We will also study similar themes for variance.
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3.1 Expectation

The mean, expected value, or expectation of a random variable X is writ-
ten as E(X) or uy. If we observe NV random values of X, then the mean of the
N values will be approximately equal to E(X) for large N. The expectation is
defined differently for continuous and discrete random variables.

Definition: Let X be a continuous random variable with p.d.f. fx(z). The ex-
pected value of X is

E(x) = | %@

— >0

Definition: Let X be a discrete random variable with probability function fx(x

The expected value of X is 65 ( %) = ?( )(- 7(>

E():- Z g - Z P(x=0).

Expectation of g(X)

Let g(X) be a function of X. We can imagine a long-term average of g(X) just
as we can imagine a long-term average of X. This average is written as E(g(X)).
Imagine observing X many times (N times) to give results x, zo, . .., zn. Apply
the function g to each of these observations, to give g(z1),...,g(zx). The mean
of g(x1), g(x2), ..., g(xyn) approaches E(g(X)) as the number of observations N
tends to infinity.

Definition: Let X be a continuous random variable, and let g be a function. The
expected value of ¢g(X) is

B(s00) = [ gle)sxa)do

oo

Definition: Let X be a discrete random variable, and let g be a function. The
expected value of ¢g(X) is

E(g(X)) = Y g@)fx(x) = > g()P(X =
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Expectation of XY: the definition of E(XY) (= l"”\\'a\“}(

X = wa 3\»\‘

Suppose we have two random variables, X and Y. These might be independent,
in which case the value of X has no effect on the value of Y. Alternatively,
X and Y might be dependent: when we observe a random value for X, it
might influence the random values of Y that we are most likely to observe. For
example, X might be the height of a randomly selected person, and Y might

7 be the weight. On the whole, larger values of X will be associated with larger
values of Y.

To understand what E(XY) means, think of observing a large number of pairs
(x1,91), (T2, Y2), - - -, (xn,yn). If X and Y are dependent, the value x; might
affect the value y;, and vice versa, so we have to keep the observations together
in their pairings. As the number of pairs N tends to infinity, the average
A le\il x; X y; approaches the expectation E(XY).

For example, if X is height and Y is weight, E(XY) is the average of (height
x weight). We are interested in E(XY') because it is used for calculating the
covariance and correlation, which are measures of how closely related X and Y
are (see Section 3.2).

Properties of Expectation ﬁg,v‘isl)ﬂf\ p ff—”"“o‘\ ’

i) Let g and h be functions, and let @ and b be constants. For any random variable
X (discrete or continuous),

E{ag(X) + bh(X)} - aE{g(X)} v bE{h(X)}.

In particular,
E(aX +b) = aE(X) + b.

ii) Let X and Y be ANY random variables (discrete, continuous, independent, or

non-independent). Then
E(X+Y)=EX)+E®Y).

More generally, for ANY random variables X7,..., X,
]E(Xl + ... —|—Xn) = E(Xl) + ... —I—E(Xn)
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iii) Let X and Y be independent random variables, and g, h be functions. Then

E(XYY < (EX) (EY)  Nee .
s 3OO WYY} :{E(j(xﬁﬁ %LE(L(:/))}

Notes: 1. E(XY)=E(X)E(Y) is ONLY generally true if X and Y areINch/PENDW
[

2. If X and Y are independent, then E(XY) = E(X)E(Y). However, the
converse is not generally true: it is possible for E(XY) = E(X)E(Y) even
though X and Y are dependent. T T T

Probability as an Expectation

Let@ be any event. We can write P(A) as an expectation, as follows.

Define the indicator function: probaLility
A
. IA i i 1 ¢ vk R occurs p Z
Lom O ollswise l-p - /
rw-.\/wq\ A\ i ]7/;/: 2_—_) Vji—?(Ma
Then I, is a random wvariable, and 0 1 Iﬂ
|
E(Iﬁ) = ; 's TP(I“:T)
=0
- 0% P(Tgz0) + 1#P(T4= 1)
e—————
- ”)(Ipf: |) (j,—ﬁ'-il ) <:_> A 0ccwk

= P (a)

O e T
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3.2 Variance, covariance, and correlation

The variance of a random variable X is a measure of how Sfﬁzad out it is.
Are the values of X clustered tightly around their mean, or can we commonly
observe values of X a long way from the mean value? The variance measures
how far the values of X are from their mean, on average.

Definition: Let X be any random variable. The variance of X is

Vor (X)) E X- ms) E = E(X") - (JEX\L.*

(.
(\( /‘A\ ~HMJ =t {JurfoSc/Con u.f)f o Ltz <d ijﬁ b
N~ j"\ -ﬂ’ Ve AL Luwh more hgg&.,i far CDMP"‘ n.

2 The variance is the meeon Sq/.wecl AuwiaRon  of a random variable from its
own mean.

If X has high variance, we can observe values of X a long way from the mean.

If X has low variance, the values of X tend to be clustered tightly around the
mean value.

Example: Let X be a continuous random variable with p.d.f.

{2x2 for 1 <z <2, Qe 4

fx(x) = _
0 otherwise.
Find E(X) and Var(X). )
E(X) = f X & (1\6{1 = 5 'S Z'X.ﬂl O[’K.

)

51 2" dx
= EZ&J(%}]T

= ZLﬁZ_
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Ver (X = E (X)) - (EXY. v
Consider E(XCY = [ 2 (e

—_—

\Sl . 2 Ax
f

= JL 2 dx
fe]
= 242 — 2x|

LHZ(XL) = 7.
o er(X) - E(XY) - (EXY

= 2_, - (2 {,93 2 }L
Ver (X) = 0-03g2.
Covariance Ll n'mc.rj

Covariance is a measure of the[association or dependence between two random
variables X and Y. Covariance can be either positive or negative. (Variance is
always positive.) My = EX
/L\Y - E \(
Definition: Let X and Y be any random variables. The covariance between X
and Y is given by — ./
cou (X, Y) = £ (Kp) (T-p) | = E0)-@X) (EV)
- C J
WL\U‘L /A)( = lEXJ /A"{ - E\r 1 COAW())(/ L’J hl\j%f“\) R
£ (X i darchidi ng betfer for Computation

1. cov(X,Y) will be pos: Ve jf large values of X tend to occur with large values
of Y, and small values of X tend to occur with small values of Y. For example,
if X is height and Y is weight of a randomly selected person, we would expect
cov(X,Y) to be positive. Y {

X = L&/\\OW -
= ue?o\w\’
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X (¢9- a5¢)

2. cov(X,Y) will benes «bve if large values of X tend to occur with small values
of Y, and small values of X tend to occur with large values of Y. For example,

if X is age of a randomly selected person, and Y is heart rate, we would expect
X and Y to be negatively correlated (older people have slower heart rates).

3. If X and Y are independent, then there is no pattern between large values of
X and large values of Y, so cov(X,Y) = 0. However, cov(X,Y) = 0 does NOT
imply that X and Y are independent, unless X and Y are Normally distributed.
X ndept = Cov (X,Y) =
Properties of Variance Xis Vi yuso €. 9 ‘¢ X Y are W"‘k bt
At dowsn’t follow llw petlon, CAN 92 Cou (K.

i) Let g be a function, and let a and b be constants. For any random variable X
O ally Tandotn vatlable «

(discrete or continuous), o~d Y /(]Lw\o(' E
i (n500+ D) = = Vo (300)
In particular,  \/&r (?\ X + lo) - a Ver (X)

ii) Let X and Y be independent random variables. Then

Ver (X+ 7Y = Ver (XY + Ver (T | O(J:,{LLFT(X“F@

iii) If X and Y are NOT independent, then
Vor (X4Y) = Ver (X) + Ver (Y) + L cov (X,Y)
Df»l,«l(: (%U)l = 3’“ + Z.X_j ’J
The correlation coefficient of X and Y is a measure of the linear association

between X and Y. It is given by the covariance, scaled by the overall variability
in X and Y. As a result, the correlation coefficient is always between —1 and

Correlation (non-examinable)

+1, so it is easily compared for different quantities.

Definition: The correlation between X and Y, also called the correlation coefficient,
is given by

cov(X,Y)

corr(X,Y
( )= \/ Var(X) Var( )
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The correlation measures linear association between X and Y. It takes values
only between —1 and +1, and has the same sign as the covariance.

The correlation is £1 if and only if there is a perfect linear relationship between
X and Y, i.e. corr(X,Y) @ — Y ﬂ + b for some constants a and b.

The correlation is 0 if X and Y are independent, but a correlation of 0 does
not imply that X and Y are independent.

3.3 Conditional Expectation and Conditional Variance

Throughout this section, we will assume for simplicity that X and Y are dis-
crete random variables. However, exactly the same results hold for continuous
random variables too.

<.y T elught X = et
Suppose that X and Y are discrete random variables, possibly dependent on
each other. Suppose that we fix Y at the value y. This gives us a set of
conditional probabilities P(X = #|Y = y) for all possible values x of X. This
is called the OO&AAHOAMJJML,Q\—QOA Ja—- X, Jium Haat Y;J

Definition: Let X and Y be discrete random variables. The conditional probability
function of X, given that Y =y, is: P (412)- IP(:“HU@!

—><= x | Y- - IP(X=x AnD Y:\ﬂ | ?(®)
P ( R \73 e

We write the conditional probability function as:

4 (19) = P(Xex | Vey).

Note: The conditional probabilities fx|y(z|y) sum to one, just like any other
probability function:

SPX=c|Y=y) = Byy(X=a)=1,

using the subscript notation Pgyy_,y of Section 2.3. xZ ia ( X= x) = 1

E(X{l\ | Y:u,omyj o

wx«{rj\«\’
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We can also find the expectation and variance of X with respect to this condi-
tional distribution. That is, if we know that the value of Y is fixed at y, then
we can find the mean value of X given that Y takes the value y, and also the
variance of X given that Y = y.

Definition: Let X and Y be discrete random variables. The conditional expectation
of X, given that ¥ =y, is

/Exn’:j (X‘Y:CD *.
Mxlvay = E (X ] Y=y) =2 "¢ ()

xL

o dakron S K WiT H ReSPECT
:ﬁ:? k::bwﬁomxk ijuﬂ”ﬂ aa, X jivb\ - Z % ”) ()(:-7( \ \‘/‘_\V)}
=9 ~« 2
J —

E(X|Y =y)isthe mem velne 9f X when Y i (f{)(;_plw{'-\j-
[e-‘a- Hhe puan LJQ\OLJ' %or people ’6‘ Lw/?au'\j_j

Conditional expectation as a random variable

The unconditional expectation of X, E(X), is just o numblo

4. B_:.X:_'P'Slfj or EX = GOlej-
The conditional expectation, E(X |Y = y), is \%

If Y has an influence on the value of X, then Y will have an influence on the

average value of X. So, for example, we would expect E(X |Y = 2) to be
different from E(X |Y =3). E(X| = HDU.,) E(X]Y=1L0owm)

We can therefore view E(X |Y = y) as a Ton o on Lo
N&\v/‘\{fw\ﬁ> dbio dTUVL) S’ﬂ\j ’Oﬁmoh L

£ (Xly=y9)"= hj
To evaluate this function, h(y) = E(X |Y = y), we:

i) Fix V ot e closen vadaa J ;

i) rk fle expechnbion o6 X Lbun Y i fxed ol Hus valne.

= E(X1¥Y
SN Y:L\M(}«\'

> Y

L1
\,\k‘{\ -k b(\\‘/)
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()
However, we could also evaluate the function at a random wvalue of Y:
1) Ol:aSWL OL(‘NAOMVM 96' Yj E[E(X\}/)]:
Y

i) Fox V ok Hat obsoved random value

i) evalmake (X | Y= olsoved vandom WJML).

We obtaina rardom varialle © E (X 1Y) = h (Y)Y

The readomness copmes from M rendopness 1n T ) nof in X

—

e'f)' [E()( H’\ = muuhj{ we}j[/\%' éor a QﬁMDOMﬁOW Y

— i
Condiriona b({otoh»’r'fon) = (X |Y)) 5w readom
Vw'lﬁ\la\-?,) [/J;H,\ Fmiomw J‘ALq_;r]Jr‘_A fvwm Y) V\Q‘\"

—from X
) B with probability 1/8 7 |- .
Example: Suppose Y = {@Wi th probabili t% ro~Aorne Ss a4 Y

2Y  with probability 3/4 ,
3Y with probability 1/4 .

and X|Y = { 1 " rand omanss ¢ X

Conditional expectation of X given Y = y is a number depending on y:

Tg ¥=l) ton X|(Y=1) = i@“‘*‘*f’%-@

\"4
I =
—h S

3 . 73

so E(XIfN= 22 4 344 <
I& Y:Q_) ﬂ»-u\ X ,Q'/_-:Z): 4' 'l""-f’- 3/@ =
= é """F' l/(/')l

\

So JE{XIV:Q_}:Z(.*% 4 é;ﬁc_é - ,_'_8_

Tons E(xlv:ﬁzé Lt l

?} 9=2 -

So E;(X 'Ysj) S a Nnmba w::j on \«j) or o fw\d';m

X
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( Conditional expectation of X given random Y is a random variable:

> from asove, IE(X]Y) é e, I's Y= (pr\ol,o\l:'lirj '/8)
/

8/6 i V=i ( probekiihy g

So E(><|V):{ g Lt prob = V8 7\ e are Vs

! e Lo
& /?'f” RN (N PfaL. < :]‘/g . FN&;QL—:.L{" e,

not X’s.
ﬁ()( | \/) i o fandonm vari alle

fTE\e.. (oo mngss in E(X'_Y) ] ?AL\JU‘H'LA af\’\f’f"\ Y) not ﬁmx

Conditional expectation is a very useful tool for finding the unconditional
expectation of X (see below). Just like the Partition Theorem, it is useful
because it is often easier to specify conditional probabilities than to specify

overall probabilities.

Conditional variance

The conditional variance is similar to the conditional expectation.

e Var(X |Y = y) is the variance of X, when Y is fixed at the value Y = y.

e Var(X |Y) is a random variable, giving the variance of X when Y is fixed
m
at a value to be selected randomly.

Definition: Let X and Y be random variables. The conditional variance of X,

1

given Y, is given by \/N_QC\ E(X?) (HEX )

m( )—{E(xwﬂ

- E{ (X"/”w) ‘ Y%

[lee i)(.f)eﬂci-whox\ Vesr (X \ , \.j) s o Aumber a(__(_fg,\A,\ OAJ
(o frolion ),

Wheees  V/ar ()( |§/) s o (endom variable Wil oA om ness
aburibed /(f,,o,v\
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. L\O'vd We hse (LDMLJﬁ 0«4\%2%'&

) or "Fotal
to GQ/\A Dl/U“UU\_ rc/)(:;e_q'lﬁod-

If all the expectations below are finite, then for ANY random variables X and
Y, we have:

Laws of Total Expectation and Variance

v

_ Yw .
LEﬁRN I ec \ 04
) E () - E, ] E(XM\SJ L ows o ool Expecteh

Note ke can ‘O?ck ANY  rondom verialde \]/J o melee g easy
8 e (an fo calcnlate e er)zob\ﬁon.

i) Mf(x\ = I, (VN’(X\Y)) +VWY(E()<|Y)>
o

Low of Tokeh Verionce -

Vel an L

Note: Ey and Vary denote expectation over Y and variance over Y,

i.e. the expectation or variance is computed over the distribution of the random
variable Y.

The Law of Total Expectation says that Ha {‘OM avuage 1< e awvw ‘tj t

f& cm-brcﬁz AVUAHLS.,

e The total average is [ X

e The case-by-case averages are ﬂ; ( X l \]/) ﬁr e a{:W Vedaes S&Y.

e The average of case-by-case averages is fl owmj 2 ovu Y d’d.. e

(—case avUh4es | e I, ( E(Xl‘)’}),
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Example: Intheexampleabove, wehad: E(X |Y) = { 198/;14 xti EEZEZEEg %27
U

The total average is:

EOO-E fEMXIN e Txd v 8,3 - yy

& &

Proof of (i), (ii), (iii):

(i) is a special case of (ii), so we just need to prove (ii). Begin at RHS:

29. 9(Xy= X
—I RHS = By [E(g(X) V)| = By [> g@)B(X =2]Y)
(——mm v
_ Z [Zg(w)]P’(X =z|Y =y)|P(Y =y)
= > Y g@)P(X =z|Y =y)P(Y =y)
= g@)> P(X =z2|Y =y)PY =y)
= Z g(x)P(X =) (partition rule)
— E(gy(X)) = LHS.
Laws o} Tk Verionn oo o)
(iii) Wish to prove Var(X) = Ey[Var(X |Y)] + Vary[E(X | Y)]. Begin at RHS:
Ey [Var(X | V)] + Vary [E(X | V)] 7\ Just mlgdvm
e S —

~~

E(X) by part (i)

= By {E(X?|Y)} ~Ey{[E(X | Y)]?} + By {[E(X | Y)]*} - (EX)?
—

= Ey {E(X*|Y) - (E(X|V)’| + {Ey { P - [EEE ] YMQ}

E(X?) by part (i Com

— E(X?) - (EX)’

= Var(X) = LHS. O
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1. Swimming with dolphins

Fraser runs a dolphin-watch business.
Every day, he is unable to run the trip
due to bad weather with probability p,

independently of all other days. Fraser works every day except the bad-weather
days, which he takes as holiday.

Let Y be the number of consecutive days Fraser has to work between bad-
weather days. Let X be the total number of customers who go on Fraser’s trip
in this period of Y days. Conditional on Y, the distribution of X is

[(X |'Y) ~ Poisson(uY). \

(a) Name the distribution of Y, and state E(Y) and Var(Y).

(b) Find the expectation and the variance of the number of customers Fraser
sees between bad-weather days, E(X) and Var(X).

(a) L ek ”Smcczss“ Le L,aA-wf,&»H,\.U' on\th ‘?p\]lﬂ-\}'(u Le worl(—/la:j.
Tren Plsnccas) = p = PLad-veak

\( XN (N #%L‘? Lefore Hﬂ&’(ﬁrﬁ SINCCLsS

So ' ~ Gaometac (iﬂ

Trcs (Lecomse e rmenber Hm“‘j)} E(Y): ’I’E‘E

Ver (Y) = J-p
lo?..
v , v 4. Wred'/l/\ ¢ astommurs
b) We know (X 1Y) ~ Poisson ([" ) orle vy

_ ' = e
E(X|Y) = MY Lecarse W know w%{\g?fz&_l'ﬂ\f

PO:SSGA ()\
VCJ‘(XP\/S :/"\‘/ !/\AJ /\/\m?\: L/cJ‘:>\
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Fef\f\ma[;f LLCOMLJ V\Anﬂbzi_c\j/xaw Haek™ Y N
Ha oaly rov. left Ay -

- E (Y
B - M E(Y)

E(0 < k) Lecmnse E(0)7 28 for (o Ceon ().

éé oo Lowo ﬁ&-’Ta¢ax Veroance
‘jvw(x\ E, (var(xh/ﬂ v Ve ( %))
/"Y /V\‘( logH,\Lﬁﬂ"oM’?f

_ ,’EY (/"‘Y} + VM‘;’ (/"‘Y) #FXIWPGWI‘“)
= EL0) + Vel

= M (l'f) + /'/‘:L (('E) ?Pf Y!‘\/QQOM(F)'
P L
Vo (x0) - mLepbrn
r:,'?,

il

If you know how to use a statistical package like R, you can check your answer

EChecking your answer in R:
to the question above as follows.

# Pick a value for p, e.g. p = 0.2. LU
# Pick a value for mu, e.g. mu = 25 4*A‘ ShLL*

# Generate 10,000 random values of Y ~ Geometric(p = 0.2):
y <- rgeom(10000, prob=0.2)

# Generate 10,000 random values of X conditional on Y:
# use (X | Y) ~ Poisson(mu * Y) ~ Poisson(25 * Y)
x <- rpois(10000, lambda = 25%*y)

el ~ Pisson (25 4.)

V V V V V V V V V

’Lm Poiscon (2?

rzc
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> # Find the sample mean of X (should be close to E(X)):
ﬂ > mean(x)
- [1] 100.6606

s

> # Find the sample variance of X (should be close to var(X)):

> var (x)

[1] 12624.47

>

> # Check the formula for E(X):

>25 % (1 -0.2) /0.2 /'/'('*E};LEX

[1] 100 P

>

> # Check the formula for var(X):

>25 % (1 -0.2) * (0.2 +25) /0.272

[1] 12600

The formulas we obtained by working give E(X) = 100 and Var(X) = 12600.
The sample mean was T = 100.6606 (close to 100), and the sample variance
was 12624.47 (close to 12600). Thus our working seems to have been correct.

RATIONAL BANK OF REMUERA

2. Randomly stopped sum

This model arises very commonly in stochastic
processes. A random number N of events occur,
and each event ¢ has associated with it some cost,
penalty, or reward X;. The question is to find the

mean and variance of the total cost / reward:
Th=X1+Xo+ ...+ Xn.
The difficulty is that the number N of terms in the sum is itself random.

Ty is called a ('ov\iofv\l S+OFP{A St s ik is A St "a' XL /j) rMAo/ub
5’1’9@01()\ o He rondopn nmber Jar I\J torms.

Example: Think of a cash machine, which has to be loaded with enough money to
cover the day’s business. The number of customers per day is a random number
N. Customer ¢ withdraws a random amount X;. The total amount withdrawn
during the day is a randomly stopped sum: Ty = X7 + ... +
NoiC
3 ><‘ cugr. cndt radop
L i I\j
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Cash machine example

The citizens of Remuera withdraw money from a cash machine according to the
following probability function (Xj=——7

Amount, ($)T€E)\\ m 200

P(X =) [0.3](0.5/ 0.2
re-distribution/ N ~ Poisson ().

The number of customers per

Let@_: X1 +Xo+ ...+ Xy 5be the total amount of money withdrawn in
a day, where each X; has the probability function above, and@XQ, ... are
independent of each other@ -

T’y is a randomly stopped sum, stopped by the random number of N customers.

_ _ E(X)=S0+0-14 [00x 05+ .
—b (a) Show that E(X) = 105, and Var(X) = 2725.

(b) Find E(Ty) and Var(Ty): the mean and variance of the amount of money
withdrawn each day.

Solution

—>(a) Exercise. - N | |
(b) Ld’ T,:] = ?_ Xi . ia{r /e b.rww N (: #"'_UN in _fum\) F WOl«.l_cl L-A -Ga\jj
to E]t';/\ﬂk _EL:('TAJ\ ad Ver (TN) ns He mean £ var 06’ o St Of

}/\A,Lf) E/\ﬁli/\k V.Vv.S . \So ”Prt‘l'f/\ol“ we kﬂ ow N.) e CDI\A.:\HO/\

on IN. (]\O&SXU{ #Froms ;AMSM
(D) N bes N FURTHERZ nflmence an “Y of

E (T IN) - E(x,mﬁ,..‘ﬁffd | N) ?ﬁfif&)

s
f’n‘"ttb\ﬂk N s hnown & ConsFank JUT
(. TREAT N lle a wastad)

_ Lecomse X[ ¢ indepY 3( N
= g()(,Jr...-+><,\J NLUQNTJAOLJA:E(,@‘”LAﬂ:f
o CO/\J{_M%_ aIn !Zﬁj

(X)) + EOGQY -+ E(XY)
(Ao NOT need indept X;'s for Hm)

N;{f E(X} LQCMSA sJh xiiﬁ lave Seane (Mean EX
(0S5 N

t |

{1

(T, IN)
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B

Vir (X0 4 X0) (trenting N s conshant)
(‘aLCMIS&, Xi's 3@0{\' 86*‘\))
= VDJ’()(..) + Ver (X\D b+ \/GJ‘ ()(r\)) (Ina'%f) "a' le)
L bo ned incdep T Xl Jor s snLar—J
N Ve (X)

M(T IN) = 2325 N \

rg Lows o Tobsk Expectbion & Voronce .

E(m\ - E, { E(T I

= E, (15N
= 'OS(ERJ) [\)r\/Pafj_sor\ (>\\
F (7o) = 105X so EN= Var(N) = N

L, Vor (T)) = By Ver (T W]+ Wogy TE (T, 1]
- K, § 2325 N+ Ver, § 105N
= 2325\ + (109 )

2325 X + 11025 A

Vor (T,\J\ = 13350 A \ 2 A forvn iy Mndi |cfjxf
(fﬂ Flos JUK&M[”LQB

Q‘)ru U\\‘J VoJ e . fle

N

ﬁ" ~ ’U\ [t"'- C&LCv\l‘vk-‘\O/\ +0 I/\MQ' b\ACU’FMf\b LA :ﬂ’ Cusromeu=s
«’V\OMQ\A P’\OA\fzj Q(;or ~ 135 7t resk s most of He wNetar
Aaoj L?“imﬂ&i n Ty - [BehJCijfomPVM:'M
ne E(T)) + 14¢ ﬁ/ar (TX Spadhs tum afm.su\l:s herage
\ ~ U\Awmmbafpr ™~ a—rﬁxwk N,
(lik& CLT)
Ew PLW—JrouF» vm««c{]



THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau 62

Check in R (advanced)

\2

# Create a function tn.func to calculate a single value of T_N

\4

# for a given value N=n:

A\

tn.func <- function(n){
sum(sample(c(50, 100, 200), n, replace=T,
prob=c(0.3, 0.5, 0.2)))

> # Generate 10,000 random values of N, using lambda=50:

> N <- rpois (10000, lambda=50)

> # Generate 10,000 random values of T_N, conditional on N:

> TN <- sapply(N, tn.func)

> # Find the sample mean of T_N values, which should be close to
> # 105 * 50 = 5250:

> mean (TN)

[1] 5253.255

> # Find the sample variance of T_N values, which should be close

> # to 13750 * 50 = 687500: Covungt from E (Ty )+ 1-9¢ J Ver(Ty)
> var (TN) s 093 03
[1] 682469.4 (expeckeh abowd 09350 ot (:MQ_

All seems well. Note that the sample variance is often some distance from the
true variance, even when the sample size is 10,000.

General result for randomly stopped sums:

Suppose X1, X, ... each have the same mean p and variance o2, and X1, X, . . .,
and N are mutually independent. Let Ty = X; + ... + Xy be the randomly
stopped sum. By following similar working to that above:

N N -
_ . _ — Sim \16} M"J\’\{’\J{_ ‘)a'
w3} - e | e

7
x|
=1

= o?E(N) + p? Var(N).

\J\,\_/\/"j‘/

“Luifan Oro v\r“ k

\%ICEN)::Var{

7

=N

I M_W en JF’D'-T
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3.5 First-Step Analysis for calculating expected reaching times

Nofe tank in (B procest, E(fimafo readh K) =00 Y16 e

Remember from Section 2.6 that we use First-Step Analysis for finding the 3’4‘
probability of eventually reaching a particular state in a stochastic process.
First-step analysis for probabilities uses cordifHonal PMB&L]U\U ond Hra

Pv’fﬂr"’o/\ Teor em [Lau ova/ Ttk Pl AL,L\%\,)B
In the same way, we can use first-step analysis for finding the Wfﬁ o ed rea d’\(\j
+irme Gf.or ~ stake .

This is the expected number of steps that will be needed to reach a particular
state from a specified start-point, or the expected length of time it will take to

get there if we have a continuous time process.

Just as first-step analysis for probabilities uses conditional probability and the
law of total probability (Partition Theorem), first-step analysis for expectations

uses  CondiHional o,xfg,c.{zh'mx O I WO YW & fotad LXfxd‘drian.

First-step analysis for probabilities:

The first-step analysis procedure for probabilities can be summarized as follows:

/PP(EVM\MA Jon\\\ = Z 1P (evenfuak JO“L | OFHM} {'P( aerM)
7N\ Firet-ske ) N
ophions Vo = P Vs + Ve =

his is because the first-step options form a P‘-‘v' HHon ’6’ fle Swf’h S(M\CQ
(p-20-21Y.

First-step analysis for expected reaching times:

I'he expression for expected reachingjcimes is very similar:

\_?E((md/u:j 'H;v\a_) = Z E(reacln'\:.) Fme |gr,)—;o,\> TP(OF’HW\>

é—lr ST - Sl'cf
o(ahou



Lt E(XIY)= h(Y)
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= k. { E(X1Y) 13: %_ EXIY-) P (V=9
This follows immediately from the law of total expectation:

E(X) = E, {E(INY = 2 EXTV-9)P(Y=)
;

Let X be the reaching time, and let Y be the label for possible options: ' -
\(: L1y, - 6£or O‘Oﬁonj 2%, -
We then obtain:

E(xy= 2 E(X\Y:JBF(‘.@Q
J
e E(rac\d"‘i\j h’“’) = z E(Qad«“j‘\'\\/"kc‘ OPHM‘\ ]P(Oﬁ’ﬁo/\s.

é-‘.rs} -5}
oﬁ%rm_str

Example 1: Mouse in a Maze

A mouse is trapped in a room with three exits at
the centre of a maze.

e Exit 1 leads outside the maze after 3 minutes.

e Exit 2 leads back to the room after 5 minutes.
e [xit 3 leads back to the room after 7 minutes.

Every time the mouse makes a choice, it is equally likely to choose any of the
three exits. What is the expected time taken for the mouse to leave the maze?

(Poor \ow’( +rwlbqfo\/{’ noh\ho/\l E)EI'[Z
See P ts }9" dﬁz&ﬁf V\B%"Hﬂaf\ﬁ E:@IE | 13
> 1/3 ]
Lot X= bimetalean for monse o 1 Room | L Exit1
enve maze, Starhing af R T ] 18
Lok Y = ot e mounse chooses Exit 3

on the Prsr sk (1,2, 0r Q).
(et step



T EOO - E, {E(XIN]

- 32 E (X T=9) IP (- 3) B
Yo
E(X\:E(XIYSIN% *IE()(\ 23-1 H'(xl“/)g @
—
Bk E X‘ -13 2, minntes

E(X] ¥-2) - 5+ £(9)
':acﬁo.ln Qoam ’h\[ﬂ_ﬂ EX

(ofto Sains, prouwse s
on o\uef‘\a& +o 31’(— o»\k)

E(X\y=2)= F + EX) + Ladefo sht ofto Frming.

Sb»\,5¥,41am"n@i
EOO= 344 o (SHEX)L 4 (F4E0)4

E(X) = 154 + %_JE(X)
LE <6+

E(X) = 18 miante

Do He er1
flss WRY:

Notation for quick solutions of first-step analysis proble

As for probabilities, first-step analysis for expectations relies on a good notation.
The best way to tackle the problem above is as follows.

DQOLIAQ, Mp\ = E ("‘?M{. +'0 (£Al/{ MaZo \ S"}UI' in Qoom)
M o “MLon ‘
'C“ar_ar—g‘hr An;\\l,.,)sﬁ_s:

My = Jj:k} + é(?*-’"\&>+ —lg-(jr+n4&>

= 3ZMp = 24T+ F + 2m,
= Mﬂ_ = (8§ amdas ~S QI%DF‘{

S~
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Example 2: Counting the steps

The most common questions involving first-step analysis for expectations ask
for the expected number of steps before finishing. The number of steps
is usually equal to the numles od, T ows +ravased afwm A~ Current
Shake to the nA .

The key point to remember is that when we take expectations, we are usually
CﬁLM)r‘Cj SOMAJ(’W,:j .

You must remember to g Ad on Whnktve you e Cowx.Jan R +o M/U\”j
S%'e,f talren .

1/3
The mouse is put in a new maze with (\j
3.

two rooms, pictured here. Starting from ROOI’Uzl

Room 1, what is the expected number of A
steps the mouse takes before it reaches 13 (@ EXIT
the exit?

Room 2 13
) Notrbon: e @

e By iy | s £

LN

My = g( #le‘efu }"o ﬁ":‘d" ] SJ"H'—\' “l’ Qoam Z)

D FSA -

M, = éki - é(HMlBJré(HM?_) @
mzz—g;l+ii(i+m,)+é((+nql> @

MSV\% Solve A3 S}MMH"N\LO‘QS -Zﬁ/\i) LW\A' L\qpe_, e Con Seel M
Qis v gk for Lot egns So M=,
Vs @ = B, = |+ l4m 4 [+ m
My = X S+LfLJ
Se oS0 My = 3 S’}:ff\j

)
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Incrementing before partitioning
In many problems, all possible first-step
options incur the same initial penalty.
The last example is such a case, because
WU:I_/) po s Lle S}—Qt‘: adds 1 &}c.P
(4 crrow)) to flw totad #-51(&[:4 taleen.

In a case where all steps incur the same penalty,
there are two ways of proceeding:

1. Aob’\ e amomt enbo YTNON OrROA Stiae\rwl-&b ; [LJL\U\— wgd»@’( clij.}

{,j, VV\l = Jé# ‘ -+ Ji(""/"\‘\ + '\?I;(l*'m‘z,}

2. (U\m&j a,/ww\uy /L,e}chr): add Ha amonat once o/\lt)) atr Mo
lo{.:)\'-r\"\\mi);

MI_—i +é%O+EMn +é
In each case, we will get the same answer (check). This is because the option
probabilities sum to 1, S0 in MeHod 1 wWe are Aa{b“\,j <é+£ -}-é\* |
= |lx) = |, He Some as we o\r-e,aa{ali\nj " Metfod 2 .

My

3.6 Probability as a conditional expectation

Recall from Section 3.1 that for any event A, we can write P(A) as an expecta-
tion as follows.

1 if event A occurs,

Define the indicator random variable: 4 = )
0 otherwise.

Then E(I4) = P(I4 = 1) = P(A).

We can refine this expression further, using the idea of conditional expectation.
Let Y be any random variable. Then

P(AY = E(Iy) = E b E(T 1] )
L o
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Thus RIASUHS Ao @,

P(=-E{ E@INY = E{PaIM

This means that for any random variable X (discrete or continuous), and for
any set of values S (a discrete set or a continuous set), we can write:

ek A = (X e ST //EyfIP(xele\g

e for any discrete random variable Y, P % K
S oNn

— P (XeS) = ZT)(XeS, Vey) P (7-4)
or P (A :zfpmw@ (Yoy)  Seme flosg

e for any continuous random variable Y,

or P(A) = L P (A | Y=y) & (D 0(3

Example of probability as a conditional expectation: winning a lottery

Suppose that a million people have bought tickets for the
weekly lottery draw. Each person has a probability of one-
in-a-million of selecting the winning numbers. If more than
one person selects the winning numbers, the winner will be
chosen at random from all those with matching numbers.




.r-w\rlw M PLD{OLL \‘]/: #OTHM (’J'h" M‘J-OL‘
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s OTHER "1 pmill pesple §

You watch the lottery draw on TV and your numbers match the winners!! You
had a one-in-a-million chance, and there were a million players, so it must be

YOU, right?

Not so fast. Before you rush to claim your prize, let’s calculate the probability
that you really will win. You definitely win if you are the only person with
matching numbers, but you can also win if there there are multiple matching
tickets and yours is the one selected at random from the matches.

Define Y to be the number of OTHER matching tickets out of the OTHER 1
million tickets sold. (If you are lucky, ¥ = 0 so you have definitely won.)

H If there are 1 million tickets and each ticket has a one-in-a-million chance of
| having the winning numbers, then \rw 2 A ( | million —T—|—H~; }

er/ Po 1 $S0A (i) ‘\F(‘»M\z‘im“’l‘%, LH

The relationship Y ~ Poisson(1) arises because of the Poisson approximation
to the Binomial distribution. J-((’ n Vv (“’:‘J‘ P p v Smalh
Youn gim,\,\]@\ (an ~ Poisgnn (""P)
(a) What is the probability function of Y, fy(y)?

NN
L -Plieg- -7 < g Fryome
for \J/NPOLJS‘M (i)
(b) What is the probability that yours is the only matching ticket?
TP (Mﬂme_ﬁ onb moth.,lA) < fP(/to oM (vmf'dm,&b
<Plv=0) = L = 03¢8. =

(¢) The prize is chosen at random from all those who have matching tickets.
What is the probability that you win if there are Y = y OTHER matching
tickets?

Lokl Le Ha overt § T winb.
PlW]vy) = —

v[\/ J*
2 weak oveall ?(Lb
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(d) Overall, what is the probability that you win, given that you have a match-
ing ticket?

Py - E, { P(wiv)i j_gw
ke

P vy Pyt
> IARETY -
JL:O J B ™ P prbion Tom.
s [ |
- 55 2
7 QMN\(‘Q
pert(C)
2o \
o
T e %, (440) 4!
= 4 S B - e 1 14
6%(U+N @._14Z+3' 3
2
A~ T
@{ UZ 9! o
2 {orponeabisk sxpasion)

¥ = 0432 0 NE A

. . . | L/
Disappointing? —> 09 ..
(0,000,009 .
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3.7 Special process: a model for gene spread

Suppose that a particular gene comes in two variants (alleles): A and B. We
might be interested in the case where one of the alleles, say A, is harmful —
for example it causes a disease. All animals in the population must have either
allele A or allele B. We want to know how long it will take before all animals
have the same allele, and whether this allele will be the harmful allele A or the
safe allele B. This simple model assumes asexual reproduction.

Assumptions: Lﬁ‘% - Qg "

1. The population stays at constant size N for all generations.

2. At the end of each generation, the N animals create N offspring and then
they immediately die.

7}9 3. If there are x parents with allele A, and N — z with allele B, then each
offspring gets allele A with probability /N and allele B with 1 — x/N.

4. All offspring are independent.

Stochastic process:

The state of the process at time ¢ is x - Hw number r((( animeds il
alkhe Ay . at 9"‘”‘*”’" L

Each X; could be O) 1,2 Z,. > N The state space is {0,1,2,..., N}.

Distribution of [ X1 | X;]

Suppose that X; = x, so x of the animals at generation ¢ have allele A.

2
Each of the N offspring will get A with probability — ~ and B with probability 1*:\}—& :

Thus the number of offspring at time t+1 with allele A is: XE“ ~ @ N0 ik (I\J -—~

We write this as follows:

[X{H, | X, :x} ~ Biromiel (/\J) %)
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If
[ X¢11| Xt =2x] ~ Binomial (N, %) :

then

Pty XY= (V) ) {1- 5177 B

Example with N = 3

This process becomes complicated to do by hand when N is large. We can use
small N to see how to use first-step analysis to answer our questions. A )

Transition diagram: X = =iy |/\0\u;i\j Al A ab +:ﬂ«€/jm04 t.

Exercise: find the missing probabilities a, b, ¢, and d Wher@ Express
them all as fractions over the same denominator. N =3 an mals.

d

o

2126

Probability the harmful allele A dies out

Suppose the process starts at generation 0. One of the three animals has the
harmful allele A. Define a suitable notation, and find the probability that the
harmful allele A eventually dies out.

Exercise: answer =2/3.
—

s Ass 2

’-—____,_,_,_.—._J
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Expected number of generations to fixation

Suppose again that the process starts at generation 0, and one of the three
animals has the harmful allele A. Eventually all animals will have the same
allele, whether it is allele A or B. When this happens, the population is said to
have reached fization: it is fixed for a single allele and no further changes are
possible.

Define a suitable notation, and find the expected number of generations to
fixation.

Exercise: answer = 3 generations on average.

Things get more interesting for large N. When N = 100, and x = 10 animals
have the harmful allele at generation 0, there is a 90% chance that the harmful
allele will die out and a 10% chance that the harmful allele will take over the
whole population. The expected number of generations taken to reach fixation
is 63.5. If the process starts with just x = 1 animal with the harmful allele,
there is a 99% chance the harmful allele will die out, but the expected number of
generations to fixation is 10.5. Despite the allele being rare, the average number
of generations for it to either die out or saturate the population is quite large.

Note: The model above is also an example of a process called the Voter Process.
The N individuals correspond to N people who each support one of two political
candidates, A or B. Every day they make a new decision about whom to support,
based on the amount of current support for each candidate. Fixation in the
genetic model corresponds to concensus in the Voter Process.



