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So far, we have examined several stochastic processes using
transition diagrams and First-Step Analysis.
The processes can be written as {Xg, X1, Xo, ...},

where X is the Stakre ~F Hme €. WW P
.A . Markov

\) —
On the transition diagram, X; corresponds to 2)5{L) 1856-1922
Wi bo we are ia ot Bme €

In the Gambler’s Ruin (Section 2.7), X; is the amount of money the gambler
possesses after toss ¢. In the model for gene spread (Section 3.7), X; is the
number of animals possessing the harmful allele A in generation t.

The processes that we have looked at via the transition diagram have a crucial

property in common: Xen A.LPMAJ o/\\(j on X .

It does not depend upon Xy, Xq,..., X; 1.

Processes like this are called Makov clwons . /—\5

- v
Example: Random Walk (see Chapter 7) %= PVat 778

Vo = P+ + 49V
anoe of these steps matter for time t-l‘ll = ( D time t+] A ro @ b
) ‘ ‘\9/ | U
) A =
- %ﬁ: indt A D
. f
1

7

Th o MJlkov CLAW\M) He

fl,.)(w‘e. o({fru\eLS gsm\[9

“pon e presed
NJOT npOoN g Paﬂ-.
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Meet... e Markov fleas!

2?
!I Glee- ‘Purpose-

flea  Forget-flea flea @[[ flea

The text-book image

of a Markov chain has 1
a flea hopping about at e 3

random on the vertices =

of the transition diagram,
according to the probabilities shown.

The transition diagram above shows a system with 7 possible states:

Shake Space, S- %';1,3; &,S, &, ‘-}3.

7N
Himes
Asa \ CLL e Starting from state 1, what is the probability of ever reaching state 77
f3y¢?) C LS e Starting from state 2, what is the expected time taken to reach state 47
cLL® Starting from state 2, what is the long-run proportion of time spent in
state 37— 24 mlbAww .
CL.S e Starting from state 1, what is the probability of being in state 2 at time

Questions of interest /l,(,{-t]@ PNLS

—————

t? Does the probability converge as t — OOM

—>CL ¢,
We have been answering questions like the first two using first-step analysis
since the start of STATS 325. In this chapter we develop a unified approach
to all these questions using the matrix of transition probabilities, called the

troncitHion mabrix.
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5.2 Definitions

The Markov chain is the process X, X, , X,

Definition: The state of a Markov chain at time ¢ is the valne _-r&, Xt :
For example, if X; = 6, we say flw (orocw s A stake 6 of Pmae t.

Definition: The state space of a Markov chain, S, is the set of values that each

X; can take. For example, S = {1,2,3,4,5,6,7}. S = seb o La)gu on
O(A«jrﬂ/“\ .
Let S have size N (possibly infinite).
L ny= # boxes
Definition: A trajectory of a Markov chain is & f?c\f'}'}co\[«f sef Odf Valueg $0F
Xo) X, , Ko, - ”Jrra\'jnc/forj‘ MULAA S {‘PAP{,\\,

For example, if Xy =1, X7 = 5, and Xy = 6, then the trajectory up to time
t = 2 iS ') 15_} G .

More generally, if we refer to the trajectory sg, s1, So, S3, . .., we mean that

Xo = S0, Xi:sl) Xl :Sl) X:g:S}.) oo

“Trajectory’ is just a word meaning ‘od‘ L.

Markov Property

The basic property of a Markov chain is that on He most receqt 'Doﬁl/\‘\'

A e {‘rm\'}ac‘roij "&ﬂ'ﬂdj Wt l’““r’f""\-‘ W)f

This is called the Mﬂflfw\/ mexﬂ' >

It means that Xt+| o{qu,\ab b\?m Xt R 'am\* Aoes net a(_‘_fma\ tAT:_oA
XErtJXE—lJ """ )Xl) Xo :



%’ OF r

NEW ZEALAND
‘Whare Wananga o Timaki Makaura

86
We formulate the Markov Property in mathematical notation as follows:
\'ITL-&LVM*'
J
5’9 P(Xi1=s|Xi =35, Xi1=811,..., X0 =80) = P(Xpp1=35|X; = s),
— R— | —— |
forall t =1,2,3,... and for all states s, s1,..., s, s.
Explanation:
]P)(Xt+1 =S ‘
/I\ VO
A Abinon 0
Da'. K£+] - .- M.PJU\A_S T

npon Xe N N = Wakey o L\RFPMCA
begore Fime £ doesn’t padl .

Definition: Let {Xo, X1, Xo,...} be a sequence of discrete random variables. Then
{Xo, X1, Xo, ...} is a Markov chain if W SAHS’&\ILS Hw Marhov 'o/\of; :.r}—\j:

TP(X’”' =3 y Ke=Se s "‘)Xo:S<’> = ‘?(Kn.ﬂ , Xe:st)
jar ~ =023 ,-- and afar A\ St So, S, -y S¢S

LA
5.3 The Transition Matrix Ko X > Murhoy Mﬂ’?

YLS ((""’J( [P(Ktﬂ — ])(t:,si’) - ,’P(Xty:s)
We have seen many examples of transition diagrams to describe Markov
chains. The transition diagram is so-called because it shows the transitions
between different states.

0.8 ) e,
K, AR O m—" D S OIS

Hot Cold

We can also summarize the probabilities Xk Hok 0.2 08
in a matrix:

(Wt we ((cold \ 0-6 04
E/ﬁ?/\wﬂ*g S)Jr'\rliv -
Fzom from

(™
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The matrix describing the Markov chain is called the Pernsition padrAX
It is the most important tool for analysing Markov chains.
. . X1 To St &S SouIn
Transition Matrix R — SrowS OW
~—— list all states J/ to
list iBert ~—Cows add to 1
&f‘.’i X; all probabilities — rows add to 1
states Dij
T n
| ™ al
.' 4 [ J
The transition matrix is usually given the symbol ? = ( PLJB _
e R
In the transition matrix P: ts ) dment s

P .

o tlhe ROWS rt(arz,sm)( NOW, o FRrom (KE) >
o e ColLumnis \&frasmlr NEXT ), or To (K “\

o Mabix thument (; )D 7 e C‘ONDITJONHL probabs l/\b aa»

going Faom ¢ To j , 'e. fa prol Hut NexT =

CWWEN THAT Now = ¢ .

=)

Notes: 1. The transition matrix P must list all possible states in the state space S.

2. P is a square matriz (N x N), because X;,1 and X; both take values in the
same state space S (of size V).

3. The rows of P should each Suwm +o 1 -

N N
Zpij:ZP(Xt+1:j‘Xt—Z Z]P){Xt i} Xt—l—l—]) = 1.
j=1 j=1

7=1

oWl
This simply states that X, must take one of the listed values. — - row

o 4ok
4. The columns of P do not in general sum to 1. box S
/ o A
‘ 28
oS0 WS Lﬁtf L?:X
1’\’ SLM o
Aor SUPOINE
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'JFM"-HOA Pﬁo\_-;j = AMALU‘_S on N ovrovus.

Definition: Let {Xy, X1, Xo,...} be a Markov chain with state space S, where S
has size N (possibly infinite). The transition probabilities of the Markov

chain are

P = IF(X{J.\ :J )X{: :1> Ejﬁor EJ:) GS ) ‘{'30)1,2)____

N

Definition: The transition matrix of the Markov chain is P - ( P- ) .
“J

5.4 Example: setting up the transition matrix

We can create a transition matrix for any of the transition diagrams we have
seen in problems throughout the course. Foa example, check the matrix below.

p VENUS

| DEUCE (D)|

Example: Tennis game at Deuce. :
@» VENUS
Vs AHEAD (A)

q VENUS
"‘]"0 BEHIND (B)
D A B W L >

D o-@@ 0 0 ¥~/ sems o 1
A q P 0
Crom p p 0 0 0 gq
W o 0 0 1 0
L o 0 0 0 1

—9q ™ |_LOSES @
4

2

1

WINS (W)

VENUS

5.5 Matrix Revision CL&(M @

T~

Notation row i

Let A be an N x N matrix.

We write A = (a;;), N
i.e. A comprises elements a;;.

The (7, ) element of A is written both as a;; and (A);;:
e.g. for matrix A% we might write (A42);;.
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Matrix multiplication o o e . .

Let A= (aij) and B = (blj) °
be N x N matrices.

The product matrix is A x B = AB, with elements

Summation notation for a matrix squared

Let A be an N x N matrix. Then

(A% = D (A(A)rj = D airax;.
k=1 k=1

Pre-multiplication of a matrix by a vector

™
Let A be an N x N matrix, and let 7t be an N x 1 column vector: w =

TR - (o) (A) o

We can pre-multiply A by 7”7 to get a 1 x N row vector,
mlA= ((w"A),..., (7" A)y), with elements

N
(WTA)j = Z UNE
1=1

5.6 The t-step transition probabilities

Let { Xy, X1, Xo, ...} be a Markov chain with state space S = {1,2,..., N}.
Recall that the elements of the transition matrix P are defined as:

(P)ij =pij =P(X1 = j| Xo =) = P(Xpq = j| X,y =4) for any n.
pi; is the probability of making a transition FROM state ¢« TO state j in a
SINGLE step.

Question: what is the probability of making a transition from state i to state j

over two steps? Le. Wk is KIP()(,;_:J ] Xo :13 ,7
—

(7



G"VE . \) NEW ZEALAND 90

We are seeking P(X, = j | Xy = 4). Use the Fartr fon Thaeocon
' phe fedson ia CLL
Plxoog |K=D) = P (xoej) (64 o

= 3 - = . = PJ%HOATLM
> RyCh R ( )
. N e
= Z ?(XL::} \X\:k) XO:E) TP(XI: k. \ A, :’L)
k- K

ws
) \ | om'A
Wt N | 2 ,
=3 P0Gy ek) PGk 1) by e
/ | (‘p
k=)
A L
- E o P by definfons
= Z, Pl ij Just Sw”f’f’:;‘j He ordw &J, PKJJPJ,_
- <?2 ) N (S‘Q‘Q Makrx @WT,S?M),

: ? 2
The two-step transition probabilities are therefore given by Hae matrix .

P (om0 = PO iXest) <00

rany N . -
¢ Plag=3 ) Yos )
iy e o (P
3-step transitions: We can find P(X3 = j | Xy = i) similarly, but conditioning on
. _ R
the state at time 2: "Qus\r oUNl
N Hos
P(X3=j|Xo=1) = » P(Xz=j|Xo=kPX,=k|X
k=1 , :
N (? )“«" l@:
N NG )
k=1 . N
= (P, = S
v ?l)'uu @ PN‘} @

e O 2 3
FWHHOA awf)(z
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The three-step transition probabilities are therefore given by the matrix P3:

-

PXs=j|Xo=1)=P(X,u35=J|X,=1) = (P3)l.j for any n.

General case: t-step transitions

The above working extends to show that the ¢-step transition probabilities are
given by the matrix P! for any ¢:

P(X, § X)) = P(Kag =y 1% 1) = (P,

My
We have proved the following Theorem.

Theorem 5.6: Let { Xy, X1, Xo,...} be a Markov chain with N x N transition
matrix P. Then the t-step transition probabilities are given by the matrix P’
That is,

P(X;=j|Xo=1)= (Pt)ij.
It also follows that
P(X,=J|X,=1)= (Pt)l.j for any n. O

5.7 Distribution of X; Cf&_/ D &
)

Let { Xy, X1, Xo, ...} be a Markov chain with state space S {1, 2,...,N}

Now each X; is a random variable, so it has a ‘9(\0&,0\[3}\]3 AstAbubon .
We can write the probability distribution of X; asan N x| ve Cfor.

For example, consider X,. Let 7t be an N x 1 vector denoting the probability
distribution of X :

™, P(Xo=1)- N= %j‘;m )
m, ﬂj()(ozz) - o 3

(y

L =

M W(KO:N)
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AT OOL X,

In the flea model, this corresponds to fle %up\ oo \,\j o rand om Whacla

vekex W st off from ab Hme O, Suda Haek
R

(TP(E'{M Awsoses Fo St on vutex L) = T,
Notation: we will write X, ~ IET to denote that the row vector of probabilities

is given by the row vector 7”.

Probability distribution of X3

Use the Partition Rule conditioning on Xj:

) P(Xe =)

P43 < 2 ’MX/‘:
= Z T'TL J A—'ﬁ"m{‘wﬁ

0"
’ MZ
S
)

[

A h’r
See "JN_ !V\h.u‘\(.\ l; calron L\'j VL C
] (TT ’P n o Spckion S5, MabAx Rorngron.

This shows that {-P(X\::)): (ET?)J fnr D‘M\_)
The row vector 7l P is therefore flag ngo\ga\'.\lb ArshAL R on :rd—- X\

Probability distribution of(X5

Using the Partition Rule as before, conditioning again on Xj:
N

P(Xo=j) =) P(Xo=j|Xo=0)P(Xg=i)=> (P°), m=(x"P?,.

1=1 1=1
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The row vector ! P? is therefore the probability distribution of Xo:

XO ~ Tl'T
Xl ~ 7TTP
XQ ~ 7TTP2

Xt ~ 7'l'TPt.

These results are summarized in the following Theorem.

Theorem 5.7: Let {Xy, X1, Xo,...} be a Markov chain with N x N transition
matrix P. If the probability distribution of Xj is given by the 1 x N row vector

7’ then the probability distribution of X; is given by the 1 x N row vector
7l P!, That is,

Ko ~

L_
T > X, ~ 77T

&
|

t ) T
Note: The distribution of X; is ><J(' ~ ET P (*Ge Ko "’:_T, )
The distribution of X; 4 is )(4”_I ~ T T ’p“l
Taking one step in the Markov chain corresponds to mwl{%rkb;/\\j t:) P o

e Cgnt.
Note: The t-step transition matrix is | ( heorim o -

The (¢ + 1)-step transition matrix is > €+
Again, taking one step in the Markov chain corresponds to pmunlt :f:b ?:j !710 P

0N He rljb&'

take 1 step...
~ ..multiply by P
—P= on the right
Numbos 4, b . ab = bLa

Makiees A ad 8 0 AB £ BA
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First wiek bade &{/hy gmck,

— 20| and 32 Fods Same MO?

— M ove 325 fes- to Wed 14, &"f
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Y&S? - NO? - Dm\fgbf:":)
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5.8 Trajectory Probability

Recall that a trajectory is a sequence
of values for X, X1,..., X}

Because of the Markov Property,
we can find the probability of any
trajectory by multiplying together
the starting probability and all
subsequent single-step probabilities.

FExample: Let X N@O, i, 0,0,0,0). What is the probability of the trajectory
L2 a2 SR

o {\J_/z\)__/%\)}(_/’s\)j) ) TP(XO; 0 Ul (PR PP Y ¥ Pys *PS%
= 3 2 -z R
ZF T 1 » 5 * 1 * L
ASL
i : 0
_/@, L i)

Proof in formal notation using the Markov Property:

N

Let Xy ~ 1. We wish to find the probability of the trajectory sg, s1, s, . . ., 5¢.

P(Xo = 30,)?1 =51,..., X A s:) ntustchon prb ! P(X s, N X ms, NS,

PO A ! 29 P (& NN X =g
= ]P)(XtZS”thlZStfl,...,X():S(])szstfl,...,){():@ t)

\r\/\u o/ —
ropv\?y

= pstl,stP<)[(t1 =51 | Ximo =519, ..., Xo = 50) X P(Xj_9 = s1-9, ..., Xo = 5)
_ J

“ /
A A ¢

-

P(X; =5 | Xp1 = ﬁP(th =51,...,X0=359) (Markov Property)

<

= DPsi1,850 X Psiaysp1 X oo o X Psgusy X ]P)(XO = 50)

/

P
= pstflvst X p5t72;5t71 X... X p50751 7-‘-50' l/

P(AnR)=T(A]B)P(&)
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5.9 Worked Example: distribution of X; and trajectory probabilities

Purpose-flea zooms around

the vertices of the transition

diagram opposite. Let X; be %

Purpose-flea’s state at time ¢ o \
(t=0,1,...).

06 0.2
Find the transition matrix,@ '
0.6 0.2 0.2
Answer:P =1 04 0 0.6
0 0.8 0.2
¢ lks of
- 3 X — \ Dont ik Al 4
PGS g S 2RE Gk
0.6 0.2 0.2 Y02y one 2t
P(X,=3|X,=1) = (PQ)@: C .- 106
(S . . . . 0.2
[ .
a( ) = 06x02+02x064+02x0.2 4—
. - 228 Lreedly by Aingre

Note: we only need one element of the matP so don’t lose exam time by
finding the whole matrix.

Suppose that Purpose-flea is equally likely to start on any vertex at time O.
Find the probability distribution of Xj. /

From this info, the distribution oK, is=" = (3,3,1). We needX, ~ =’ P.

37373
11 0.6 0.2 0.2
(3 3 3)
P = 04 0 0.6
0 08 0.2

L=
I
—
Wl
Wl
Wl
~—

ThusX; ~ (3,3,3) and thereforeX, is also equally likely to be 1, 2, or 3.
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(d) Suppose that Purpose-flea begins at vertex 1 at time 0. Find the probability
distribution of Xs.
The distribution ofX, is nown™ = (1,0,0). We needX, ~ w! P2,

(1 0 0) 0.6 0.2 0.2 0.6 0.2 0.2
nl’p? = 04 0 0.6 0.4 0 0.6
0 0.8 0.2 0 08 0.2

= 04 0 0.6

0 0.8 0.2

— (044 0.28 0.28).

Thus P(X,=1)=0.44, P(X, =2) =0.28, P(X, = 3) = 0.28.

Note that it is quickest to multiply the vector by the matrisfi we don’t need to
computeP? in entirety.

(e) Suppose that Purpose-flea is equally likely to start on any vertex at time 0.
Find the probability of obtaining the trajectory (3, 2, 1, 1, 3).
]P)(?), 2, 1, 1, 3) = P(Xo = 3) X P32 X P21 X P11 X P13 (SeCtion 58)
= 3 x0.8x0.4x0.6x0.2
= 0.0128.




THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau 97

5.10 Class Structure

Loxas on Aragrem
The state space of a Markov chain can be partitioned into a set of non-overlapping

COMM A cﬁ\.h\rj class es .

States ¢ and j are in the same communicating class if there is some way of
getting from state ¢ to state j, AND there is some way of getting from state j
to state ¢. It needn’t be possible to get between ¢ and j in a single step, but it
must be possible over some number of steps to travel between them both ways.

We write L € J

Definition: Consider a Markov chain with state space S and transition matrix P,
and consider states 7,7 € S. Then state ¢ communicates with state j if:

—7 1. there exists some ¢ such that (P');; > 0, AND wed €>0
2. there exists some u such that (P“)ﬂ > 0. u> o
=> Lo

Mathematically, it is easy to show that the communicating relation < is an
equivalence relation, which means that it partitions the sample space S into
non-overlapping equivalence classes.

Definition: States ¢ and j are in the same communicating class if i é-—>\5 )

o Td— eac srake s accessiL\ ’[fvwv\ Hwe oHwr,

Every state is a member of exadly one 2,4 o NOT comm tan i cehe
— Copmunl caHfj class. :

Example: Find the communicating
classes associated with the
transition diagram shown. 2

J
Solution: % | 7 ) 2 )‘(

g 5’-13 State 2. lends fo shate
& ' Lk shte b doesn’t lead Lad to 2,

So M\J are in VLT(H——WJ' classey.
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Definition: A communicating class of states is closed if 1t 1S not (JO-U’;L:LL to
leave Hank class .
That is, the communicating class C' is closed if p;; = 0 whenever ¢ € C and

j¢C.

Example: In the transition diagram above: . £ el
e Class {1,2,3}is nok ((osed . it 15 Poss‘L,LQ +a 28cape To class

, | 76¢,59.
o Class {4,5}is Closed : cant L@c:?xfa.

Definition: A state ¢ is said to be absorbing if H.o 9ef { . 3 s closed

s CD class.

Definition: A Markov chain or transition matrix P is said to be irreducible if
Lo for Al ) e S ek s, a chain i drredancille O
e shabe Spa e S s o Sinsle Commun'i cafin c lass.

i 05 3

5.11 Hitting Probabilities

We have been calculating hitting
probabilities for Markov chains
since Chapter 2, using First-Step
Analysis. The hitting probability
describes the probability that the
Markov chain will ever reach some

_'___-_-_-_-_‘———_—__
_state or set of states.

In this section we show how hitting
probabilities can be written in a
single vector. We also see a general
formula for calculating the hitting
probabilities. In general it is easier

|[ to continue using our own common
sense, but occasionally the formula
becomes more necessary.
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Vector of hitting probabilities

Let A be some subset of the state space S. (A need not be a communicating
class: it can be any subset required, including the subset consisting of a single
state: e.g. A = {4}.)

The hitting probability from state i to set A is the probability of ever reach-
ing the set A, starting from 1n1t1al state 1. We write this probability as J/l

Thus 'P(XJCQA &FSOMg_kéo \Yo:i>
L\; - (-

Example: Let set A= {1,3} as shown.

The hitting probability for set A is: J'\ @
Xo€ A 1.¢. £20 above </4

L shrbng fromn ks 4 or 3

(We are starting in set A, so we hit it immediately);

/Set A

e O S'}ﬁH@ from stekes & or S

(The set {4,5} is a closed class, so we can never escape out to set A);

e 03 QJWH@ Trom Chate 2.
(We could hit A at the first step (probability 0.3), but otherwise we move to
state 4 and get stuck in the closed class {4,5} (probability 0.7).)

We can summarize all the information from the example above in a Ve ctor 567

L\IH-U PNL o Uhes -

I"ch 1
L\A z by _ 0-3
~ o = 1

l" o

lnF \ ©

Note: When A is a closed class, the hitting probability hl 4 is called the abs orr b
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In general, if there are N possible states, the vector of hitting probabilities is

b s Ptk A | skt ok cbe 1)
bp\: hy = ]P(\ -7 "'Q-)
b ) NP (] )

Example: finding the hitting probability vector using First-Step Analysis

Suppose {X; : t > 0} has the following transition diagram:

12 1)2 /Q
arb
@ @ ® o e
12 1/2 Prosiem.

Find the vector of hitting probabilities for state 4.

Solution: | ot L\Lt,. = TP((AIJ( Shde 4_ | skt ab Side L‘) (_L:hl})@r)
CLMb l/\“,_,_ = 0 «

L\q,q_ = | &
MS?'@ F\SP‘ . |’\f2_,+_ = J?:%O + —?EL]E"I"
["Mu = g + L
Selvigi by, = 4 fala, Vv 4
=) %(ﬂw = —lz‘_ y
Z-IV/ Tl L\ -LV
=ty T T 24~ 3
O
So HAQ VQC}'OI- ”&‘ LUHVICj PfogﬁL'll{.Hg iy f[C‘f" = 1/3 —
2/3 <__
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Formula for hitting probabilities

In the previous example, we used our common sense to state that hyy = 0.
While this is easy for a human brain, it is harder to explain a general rule that
would describe this ‘common sense’ mathematically, or that could be used to
write computer code that will work for all problems.

Although it is usually best to continue to use common sense when solving
problems, this section provides a general formula that will always work to find
a vector of hitting probabilities h 4.

Theorem 5.11: The vector of hitting probabilities h4 = (hiA . 1 € 5) is the
minimal non-negative solution to the following equations: @ Wb A s Yo

=1 for ieAé-“/
il—if: pr i for i¢ A —FSA -eirxsﬁﬂ L\H\,\j
&k) set -

The ‘minimal non-negative solution” means that:

1. the values {h;a} collectively satisfy the equafc'igns above;
2. each value h;4 is > 0 (non-negative); 1t- viable probabilities, > O
A N\,\Mf. given any other non-negative solution to the equations above, say {ga}
where g;4 > 0 for all i, then h;4 < g;4 for all ¢ (minimal solution).

Example: How would this formula be used to substitute for ‘common sense’ in

the previous example? 12 1/2
The equations give: IC gte Ql
FShr | if i=4, /)\ 2 12
a,fv\J t 1 7§ 4.
: hy = L# L\,%
Thus
hiu = hi unspecified! Could be anything!~<
hoy = %hm + %h34
e L

hss = ghos+ 5has = Shoa + 3
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Becauseéh, could be anything, we have to use the minimal non-negatiiteeya
which ish;, = 0.
(Need to checki,4 = 0 does not force;, < 0 for any otheri: OK.)

The other equations can then be solved to give the same aawbefore. [

Proof of Theorem 5.11 (non-examinable):

Consider th ; " 1 for 7€ A, )
onsider tne equations iA = ) *
ZjeSpijth for 1 ¢ A.
—J/

We need to show that:

(i) the hitting probabilities {h;4} collectively satisfy the equations (%);

T —

(ii) if {gia} is any other non-negative solution to (x), then the hitting proba-
bilities {h;4} satisfy h;4 < g;4 for all i (minimal solution). —

Proof of (i): Clearly, h;4 = 1 if i € A (as the chain hits A immediately).

g [aH'fv:j P;\olg& Do j‘c’rq(b
the A 24AS:

hia = P(X; € A for somet >1|X,=1) Y)Y Parkibion Tl . € 5‘5\3 -

Suppose that i ¢ A. Then

= Z]P’(Xt € Aforsomet>1|X; =7)P(X; =7]|Xy)=1)
jes
(Partition Rule)
= Z hjapij (by definitions).
jes

Thus the hitting probabilities {h;4} must satisfy the equations (x).

Proof of (ii): Let hg = P(hit A at or before time t| Xy = 7).
- — —/

We use mathematical induction to show that hg < g;4 for all £, and therefore
hia = limy_, o hl(-iz must also be < g;4.
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Degrne oy - P (Wit & ok or before fime £ | X, 103
' (0) 1 it i€ A, Ase indmcion on £ -
Time t = 0: hz‘A — . ‘
0 if ¢ A
\wmposky”

gia=1 ifi e A,

gia >0 foralli. im o cfer Gola.
(0) (&) fJ

50 gia = huy for all v At time O, il/\mg brapped Lelow tle %31&3,

The inductive hypothesis is true for time ¢t = 0.

But because ¢4 is non-negative and satisfies (%),

Tl trua Sola, iL\m’L
Time t: Suppose the inductive hypothesis holds for time ¢, i.e. hes fo iInUrase ta iby

o Cor\uujul Pk
t

fja < gia torall jo f1iep abor Lapore A it A

Consider "

(¢
hl(i;rl) = P(hit A by time t + 1| Xy = 1) " L\u: < L\({ﬁb €
A
= ) P(hit A by time ¢+ 1| X; = j)P(X; = j | Xy = i)
jes
(Partition Rule)
- Z h% Dij by definitions

jes

IA

Z 9 A Dij by inductive hypothesis
jes

= gia  because {gia} satisfies (%).

Thus hgf:l) < gia for all 7, so the inductive hypothesis is proved.
By the Continuity Theorem (Chapter 2), h;j4 = lim; hg.

So hia < g;4 as required. ]

Quary « doss fas made 3 proof imply flsk 90,8 e nchuelly
Lo (g pebebilines fr some Gigger seb, & DA

T 0, g by our hin S wolk aluags L{{Taffbk
< Me g U



EER)
-

NEW ZEALAND

104

5.12 Expected hitting times

In the previous section we found
the probability of hitting set A,
starting at state :. Now we study
how long it takes to get from i
to A. As before, it is best to solve
problems using first-step analysis
and common sense. However, a
general formula is also available.

(de,\ \ML>
Definition: Let A be a subset of the state space S. The hitting time of A is the

random variable T4, where

H\;r - M]nitzo TXC ép\g

< —
Ty is the time taken before hitting set A FoR THE FIRST TIME .
The hitting time T4 can take values O, |, 2, .- ond oo,

If the chain never hits set A, then ‘_j; = 2O .

Note: The hitting time is also called the reaching time. If A is a closed class, it
is also called the oabgo ff)r\ox\ Fime .

Definition: The mean hitting time for A, starting from state 7, is
M = E(T, | X =t).

Note If there is any possibility that the chain never reaches A, starting from ¢,
Ot Wil peb il bin <L e (7 (X, <) 2 = 20
Calculating the mean hitting times gD—%L_) E(T | X.: [3)
I

(B—)
Theorem 5.12: The vector of expected hitting times m 4 = (m;4 : i € 5) is

HAQ. M‘m},\,\_c\k [\0/\-(\136\.%\/& Solmlﬁ&/\ to H"‘-Q F:Bﬁ {.7Uw\.HO/\j‘ ’
O a-faor e A

Mip =

1+ Z f)“(, : Geor L%f'\
w st g YT e aded {10 pn
ouk of grate 1 got owk o T
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Proof (sketch):

().

Consider the equations m;4 =

0 for 7€ A,
{ L+ ieapiymja for i ¢ A
We need to show that:
(i) the mean hitting times {m;4} collectively satisfy the equations (x);
(ii) if {u;4} is any other non-negative solution to (%), then the mean hitting

times {m;} satisfy m;4 < u;4 for all ¢ (minimal solution). I Q

We will prove point (i) only. A proof of (ii) can be found online at:
http://www.statslab.cam.ac.uk/~james/Markov/ , Section 1.3.

Proof of (i): Clearly, m;4 = 0if i € A (as the chain hits A immediately).

Suppose that i ¢ A. Then | aw O?r Tokd EXP{ Aahon

mia = E(Ta| Xo=1) ( FSA A@ﬁ&)
= 1+ Y E(Tu| X1 = j)P(X; = j| Xo = 1)
jes

(conditional expectation: take 1 step to get to state j
at time 1, then find E(74) from there)

= 1+ Z MjA Pij (by definitions)
jes

= 1+ZpijmjA, because m;4 = 0 for j € A.
j¢A

Thus the mean hitting times {m;4} must satisfy the equations (x).

Example: Let {X; : t > 0} have the same transition diagram as before:

/2 1)2

1
Starting from state 2, find the 1C te Ql

expected time to absorption. /2 1)2
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Solution: _thmh f](NM (=2, We wont o fﬂ‘nﬂ( F (Hime to and«ﬁ)
e A = 2, p} Set 7t o\LDSQrL»J Shedes -

So e LJMJ( " -

A = Mg
NOL’J M'Lﬁ = © t({’
i-l- Zf’ Md

) 4R
go',
Mia = O (Lecamse |G_ﬁ)
meg = 0 [ LeR)

0

Min = i*Jifw LM = Mg s 1 Map
Myp = L4 Lmy + 1 Mha

VZ = M34:i+émzﬁ
(o]

Somiﬁ L B AR Ty

= M = 2

1A ark Moy =2

-

B',: (‘f‘-wa Fime fo qLSQrfDHoA lS}zfl'a‘%' state 2) = M’LA -2 S}‘{fia

— —




THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau 1 O 7

moves to one of the other two vertices at random. What is -
the expected time taken for Glee-flea to get from vertex 1

Example: Glee-flea hops around on a triangle. At each step he %
to vertex 27 =

Solution:

transition matrix, P =

= o= O
o= O N
O NI N

We wish to findms.

0 if i=2,
Now mjs =14 14 Zpijmjg if i%#2.
j#2
Thus
may = 0
mis = 1+ %mgg + %m32 = 1+ %m32‘
mgs = 1+ %m22 + %mu
= 1+ %mm
= 143 (14 3ms)
= mz = 2.

Thus mys = 1+ tmg, = 2 steps.



