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Chapter 7: (Generating Functions

This chapter looks at Probability Generating Functions (PGFs) for discrete
random variables. PGFs are useful tools for dealing with sums and limits of
random variables. For some stochastic processes, they also have a special role
in telling us whether a process will ever reach a particular state.

By the end of this chapter, you should be able to:
e find the sum of Geometric, Binomial, and Exponential series;
e know the definition of the PGF, and use it to calculate the mean, variance,
and probabilities;
e calculate the PGF for Geometric, Binomial, and Poisson distributions;
e calculate the PGF for a randomly stopped sum;
e calculate the PGF for first reaching times in the random walk;
e use the PGF to determine whether a process will ever reach a given state.

7.1 Common sums ;E
1. Geometric Series (o)
l l+r+ re e = = e e
X =0

This formula proves that > (P(X = x) =1 when X ~ Geometric(p):k LEAR (.
 —

(CSEICHY
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2. Binomial Theorem for ¢ ﬂzj ood ]&Jra\j;f n,
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The Binomial Theorem proves that Z

?(X —x) = (}f’ (|e ?Dr =0, n,
s 2, P(X=) - 2(2) ")
= [pe (D) by Biemidh T

oP(X = 2) =1 when X ~ Binomial(n,p):

3. Exponential Power Series

fFor amy AR,

This proves that > 2 /P(X = z) = 1 when X ~ Poisson(\):
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Note: Another useful identity is:

X “
6 = i»;m g 1+ -}\;\3 éor xéﬂz
N es Don't learn d’-abf' kYIS




X F X +Y

m(\@;r e oy (= E(

X+Y ) 3 E{gst)

THE UNIVERSITY

OF AUCKLAND
es. s Gx (2) = E( 2N = mnwmbe e
5= G (N = E(rMY = E(D =1 Lo any K. =E(s )JE(;Y)
7.2 Probability Generating Functions -aﬂ LY M

The probability generating function (PGF) is a useful tool for dealing
with discrete random variables taking values 0, 1,2, . ... Its particular strength
is that it gives us an easy way of characterizing the distribution of X +Y when
X and Y are independent. In general it is difficult to find the distribution of

a sum USINg the Tracitional probability function. The PGF transforms a sum
into a product and enables it to be handled much more easily.

Sums of random variables are particularly important in the study of stochastic
processes, because many stochastic processes are formed from the sum of a
sequence of repeating steps: for example, the Gambler’s Ruin from Section 2.7.

The name probability generating function also gives us another clue to the role
of the PGF. The PGF can be used to generate all the probabilities of the distri-
bution. This is generally tedious and is not often an efficient way of calculating
probabilities. However, the fact that it can be done demonstrates that o

POF Hells ws evuytlon flue s b kaow abonk Hu Lsibubion.

Definition: Let X be a discrete random variable taking values in the non-negative
integers {0,1,2,...}. The probability generating function (PGF) of X is

qx (5) - E(5X) ) 'deor o»(k SeﬂZ ;far Whicda e swan (E) Cor\uUj!J

Calculating the probability generating function

G0 - E(S) = 2 6 P(Xex). &

(_['.lu, E(j(X\\cZ 3(%\1?()(:1\ : L\_w) j()():;(. )
Properties of the PGF': w0

1. G))}(O) — P(X = 0):
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2. Gx(1)=1: Gx (i\:Z_ 1P (K = Zﬁ)(x*} =1
Example 1: Binomial Distribution 7/: {—P‘

Let X ~ Binomial(n, p), so P(X = x) = <n>pan_x for x =0,1,...,n.

)
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e
((’Q = ( P + 6,/\“ L'\j e Biaomial %Fw)' Frue g"r all 56”2-
li(\s) = (f’5’+ 7)"1 aﬁar sel 7 XNBWL]
q)((""‘) X ~ Bin(n=4, p=0.2) et ¢
Check Gx(0): . G@=(r MJB
oY= (pro+q) ? -od
= 154 g«g
Comfcﬂ_ entle B
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Example 2: Poisson Distribution
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Let X ~ Poisson()), so P(X = z) = ge Aorx=0,1,2,.. -
Gy (9) = Pz(s ) S e
5 S P o (=€ fr selR
N
A
) v  Eyponnkial
_ e/—) S O\.c\{ s X ~ Poisson(4)
-¢> g~ J
_ e/-mxs 5;
G (9 = 20 w - m
40 -os w s s

Example 3: Geometric Distribution

Let X ~ Geometric(p), so P(X
where g =1 —p.

G(s)

QX(SBZ E(S%> E]_(Dr selR

=2xz) = p(1 —p)* = pg* for x = 0,1,2,...,

X ~ Geom(0.8) P: 0 ’g’ 7/: 0L :T“S:
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7.3 Using the probability generating function to calculate probabilities

The probability generating function gets its name because the power series can
be expanded and differentiated to reveal the individual probabilities. Thus,

331/&/\ ua\\j He PCF QX(Q; EE(.SX)) we Can Vecove A
prolaliliFies TP (X =x).
For shorthand, write p, = P(X = z). Then

NN Y A
Gy (Y = E() - D PSS = f tpst P$S+f35 +r>q:s ...
N\

Thus Po :F(X: O) = GX (O) (lﬂv\f S=0 h here jfud ﬁ,)

First derivative: Ci)i () =/ P+ lﬁLS + 3 f, s+ 4—@53’ oo

Pl/v\'_ A S=0 » J-y(‘ ’9&' (ﬂﬁl’m“:j ‘f—U‘M*' J-—fbrM A,.’&—Moh\a/\
- s wloudd for an infinike e
Thus Pl = TP()( :]3 = qx (O) qu Ox(wtjs s oK ufpr P(‘lFS)

See Loty polen)
Second derivative: Q; (s) = 2‘0 + 2%3 Py S + 3*&{; s o
7 7

Thus P‘L - P(X:lﬁ _ 2|__4 q; (O)

1y

Third derivative: QX (Q “k2%32 p * 243 %4 Pt:‘ + - -
3

Thus p = T (Xe3) = —‘B-r 6, ()
In general:

p o= P (Xen) = (fﬁ) (o) - (71? j:fx

=0
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Example: Let X be a discrete random variable with PGF Gx(s) = 5(2 + 3s57%).
Find the distribution of X. 1
A 3 3 | _ - _
S) = =S + = - — = O - =0
QX (j S = S = I% o qx (O) TP(X )
/ _ 2 9 *+ — - Lo - = _ -
Gl = 2+ L > p = a0 - 2 =P ()
{1 i TS _ _ L /1 o _ O _ ]P(X':l
Gy (9 = s > g = L6 (0) )
" g ( W _ 3 = =
Gy () = < > g sy =2 Fx=y)
Gf“‘(s) B O;;:o,-alkm,@. =>Q:opraun;4,,
{ [ Wit f’roL . ?_/5.
‘o 3 € - l/s__
Uniqueness of the PGF
1
The formula p, = P(X =n) = { — Gg?)(O) shows that the whole sequence of
n!

probabilities pg, p1, po, . . . is determined by the values of the PGF and its deriv-
atives at s = 0. It follows that the PGF specifies a unique set of probabilities.

Fact: If two power series agree on any interval containing 0, however small, then
all terms of the two series are equal.

Formally: let A(s) and B(s) be PGFs with A(s) = > jans™, B(s) = > bus".
If there exists some R’ > 0 such that A(s) = B(s) for all —R' < s < R/, then
a, = b, for all n.

Practical use: If we can show that two random variables have the same PGF
in some interval containing 0, then we have shown that Hw fvo  vandom

Vof'”"k’m have fle same M*"r:l. mHO/\. j{;&t‘r —
Another way of expressing this is to say that He PGF oaf X tdls s
wz@m@ Hue & fo khrow about tle dishrlubon ot X

[]} tebwa chuisest e Asha OE[/ X. j
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7.4 Expectation and moments from the PGF

As well as calculating probabilities, we can also use the PGF to calculate the
moments of the distribution of X. The moments of a distribution are He

(AAVE S val i e, e)(g, .

Theorem 7.4: Let X be a discrete random variable with PGF Gx (s). Then:

/ oﬁq FACT : PLF alwanm oxisks
L Ml. E(X) _ GX (i) = .;{_‘f— oy af Ss=1. L,o'“;;jr,l((,?’

k.
ety 2 EE X)) (ko) Y= 60 (1) - L%
LTCCJ s e o+ Qﬂo\d’af‘ia\ Mmomet D’éz)ﬁ)

S=1.

Proof: (Sketch: see Section 7.8 for more details)

1. QX (Q :Z Sx Px

X ~ Poisson(4)

/ oo X-1 3 18 jP Py
So QX (S) = ’)LZ‘ LA P +Uf"\*].:j—-wm g N

* A ebabio
:> QX/ ( i) - Z-_ “ P')L - '[E (X) ) 0.0 0.5 1.0 15
w, o d"Gx(s) < -
9. GY(s) o = Y a@—1)(x-2).. (x—k+1)s" Fp,
r=k

SO Gg];)(l) = ix(w—l)(m—@...(w—k—l—l)px
=k

- E{X(X—1)(X—2)...(X—k—i—1)}. 0
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Example: Let X ~ Poisson(A). The PGF of X is Gx(s) :@ Find E(X)

and Var(X). X ~ Poisson(4)
Solution: N o
Q () = N , @ -
. , N (1-1) .
2 EX) = 6, (1) =)\ =\
@o :l i 0.0 0.5 1.0 15

For Vor (X)), oncidu ) e e
E{XOeN) = 6. (D= e | =X

Se Ve ()= E(XY) —(JEX/Y
= E{ X(K"\)\i-f— E(X) —GEX)
= N + N - XN
Vor () = X ©
- known A fonas

7.5 Probability generating function for a sum of independent r.v.s

One of the PGF’s greatest strengths is that it turns a sum into a product:

E (s<X1+X2)) =K (lesXQ) .
Aasknlbuhon
This makes the PGF useful for finding the p&%ﬁfﬁﬁﬂrﬁeﬁ{s of
n s o indepd
Theorem 7.5: Suppose that X,..., X, are independent random variables, and

let Y =X1+...+X,. Then X }L, "/\a&_.r}
LS MS e |
Gy (9 = w (9 ([ merk)

— dont rued P have e
Sere 0&;\5}'/\_
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Proof: 4‘( (s) = E( S )

= B (5 .-,.SX">

= E(S L) E(S7) becomie XX,
n i~depndent
- :’I QXL (‘S> &S W”.?uﬂr“u‘_ 1B

Example: Suppose that X and Y are independent with X ~ Poisson(\) and

Y ~ Poisson(u). Find the distribution of X + Y.
Solution: Cxﬂ/ (s)y = G, () 9 (%) ('i"(iz/]o>
oMo o b 123
_ 6)\(;-0 + m(s-1)

(A4 (5-1)

Rk Hu i e PC,P: '
°ﬂ’ the PO?SSOA(x-f/Vb dU\.Sll“f\\l_-;VVHOAA SOJ ‘s\j l’\’\\c’/b‘—bflL&S’ Da, PC{F})
X4Y ~ FPoisson (>\+/M\/.

Randomly stopped sum

RATIONAL BANK OF REMUERA

Remember the randomly stopped sum model from
Section 3.4. A random number N of events occur, -
and each event ¢ has associated with it a cost or L

reward X;. The question is to find the distribution
Ty is called a randomly stopped sum because it has a random number of terms.

of the total cost or reward: Ty = X7 + Xo + ...+

Example: Cash machine model. N customers arrive during the day. Customer ¢

withdraws amount X;. The total amount withdrawn during the day is Ty =
X1 +...+ Xy
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In Chapter 3, we used the Laws of Total Expectation and Variance to show
that E(Ty) = pE(N) and Var(Ty) = 0?2 E(N) + p? Var(N), where p = E(X;)
and 0% = Var(X;).

In this chapter we will now use probability generating functions to investigate

the Wlol, AstALuxion T (( 4. we Mg vecoqnise
Vk " il’j PQF\ MU Po?(qu/Jl\/aj E‘:'\J
erc
Theorem 7.6: Let Xy, Xs,... be a sequence of independent and identicallv dis-

tributed random variables with common PGF Gyx. Let N be a random variable,
independent of the X;’s, with PGF Gy, andlet Ty = X14+... + Xy = Zf\il X;.
Then the PGF of Ty is:

— q (S) - q{\j (C"X (QB
T, L
Proof: C'T',d (s) = E(yTN) = E($X1+...-+Xm)
Xy 4 -4+ Xy L anv TQM
= B_—__N {ﬂ:’(ﬁ bl\/'j)} g’i:)@d—:,ﬁo,\

X X
i IO 3 Whoe N treated
EM i ( ) Ay onSront ihsicle

N Cendon II[

3

mU\MMA"U;‘ —(O‘ZCMM&&XL’JM L3
spe iy W 029 T indep ot o N, Lo
xgw"*’?' AL
e ‘,;kgas NO,T\W: om'l M
3;+M\D aa, e K\ 5 ‘O L X ;
X,y /X X, ceomte A\
B, BB LB G g
G () @ L_%J eady ot
N A —

Naarﬂ,um

= Em % [éx(s)].\l 3

= q (s) L{M
o (59 o (ongftd) = Efongtany )

o (Clx(@) :1};( Gy ls)™ )

o
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Example: Let Xi,X5,... and N be as above. Find the mean of Tly.

E(T) - Q; (1) - Eé [ N (@Lﬂj]ssl

/ / .
q”f (QJ)) (—Tx/ <) \S:I DTﬁ'qu'whi:
= Gy (_Qx(iﬂ q (9 s»»Ler:h\Hg 5= )

[— |

Qkﬂw e (D= p- 132 L“""S X E)( L\\_’) p- 134
= /
p- 5L = GA (‘1') =X rg;\ne, ANV dfaf‘ E(VN)

TACERIORESIEY
Example: Heron goes fishing p-x oy

My aunt was asked by her neighbours to feed the prize
goldfish in their garden pond while they were on holiday.
Although my aunt dutifully went and fed them every day,
she never saw a single fish for the whole three weeks. It
turned out that all the fish had been eaten by a heron
when she wasn’t looking!

Let N be the number of times the heron visits the pond
during the neighbours’ absence. Suppose that N ~ Geometric(1 — 6),
soﬁ}t[’v'—z/@ = (I -0)0"Nforn =0,1,2,.... When the heron visits the pond
it has probability p of catching a prize goldfish, independently of what happens
on any other visit. (This assumes that there are infinitely many goldfish to be
caught!) Find the distribution of

T = total number of goldfish caught.

——

Solution: L o L b ﬁl«\ VK
[ N Ce PASINAN on VISHHT L
Lok ﬁ(; - E ¢

0 ofwwise.

Tlheen }/'Tvz X‘ -F-XL +-.-+X@ ((‘ov\alow\l\j ghﬂuA Sw}
- rondom F vigiks.

So C;T (Q - GN G)( (S) &— X{’s 7&=&10’r a{, ead

Vis ks . . . . oHeo ard 9({7 N .
X.'s o 4 o o 4 =2 T= 2 Fsl cenght = X, TR+ Xy + X +%s -




Now Pfl’rumﬁvc\l-j X~ Bin (1} F)

Gy (D = £ (s
- s P(Xxeo) + s P (=) »
L8 = e ¥ ops -
P‘(_s’o QN ((3 - f r” IP(NCA} _ Z 0 ('-"5“)@'“
(( %> % (F%/)
Gy (0 = l’:zr for Il < _é-;.
(______————'-_'_'—_——_—_ -
So G_(- Gl Cr(©) r=G. () above
- |- <
l-—%&x(@
_ = |- © i 6. - Fpe n
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2 @< &=
&
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| = ')(,i‘-_,.fl-xr\)

B \ -y
= T ~ Goometac ( "W"’r\ |
CL\AMLQ?L ‘, aLLfy:c)( flos on & OMQD(“GMF,,/
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Lk X=fbrs T 9o vomd yellow [oor (,odiprg,
M"IH@ A Shde S
K ~ C(e,omd/i‘c(f)_
frove EX = v _ l-p FCA .
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e Geomebnc 1 - 8‘ﬁ A,

=o+Pp
| [y
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Why did we need to use the PGF?

We could have solved the heron problem without using the PGF, but it is much
more difficult. PGF's are very useful for dealing with sums of random variables,
which are difficult to tackle using the standard probability function.

Here are the first few steps of solving the heron problem without the PGF.
Recall the problem:

e Let N ~ Geometric(1 —60), so P(N =n) = (1—-0)0"

e Let Xy, Xy, ... beindependent of each other and of N, with X; ~ Binomial(1, p)
(remember X; = 1 with probability p, and 0 otherwise);

e Let "= X1+ ...+ Xy be the randomly stopped sum;
e Find the distribution of 7T'.
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Without using the PGF, we would tackle this by looking for an expression for
P(T = t) for any t. Once we have obtained that expression, we might be able
to see that T has a distribution we recognise (e.g. Geometric), or otherwise we
would just state that 7" is defined by the probability function we have obtained.

To find P(T = t), we have to partition over dfferent values oN :
P(T=t)=Y P(T=t|N=n)P(N=n) (%)
n=0

Here, we are lucky that we can write down the distribution of 7'| N = n:

o if N = n is fixed, then T" = X; 4+ ... 4+ X,, is a sum of n independent
Binomial(1, p) random variables, so (T'| N = n) ~ Binomialn, p).

For most distributions of X, it would be dfficult or impossible to write down the
distribution ofX; + ...+ X,,:

aw g
we would have to use an expression like Cony o luh 9N
t t—x t—(z1+...+Tp—2) J
PXi+..+Xy=tIN=n)=3 S ... ¥ {P(Xlle)x
21=0.7,=0 &io

P(Xy = 22) X ... X P(Xp_1 = 2p1) X P[Xp =t — (w1 + ...+ xn_1>]} .

Back to the heron problem: we are lucky in this case that we know the distri-
bution of (T'| N = n) is Binomial(N = n, p), so

ZL P(T:t\N:n):CZ)pt(l—p)"t fort=0,1,...,n.

Continuing from (x):

P(T=t) = iP(T:t\N:n)P(N:n)
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= i (ZL)Pt(l —p)" (1 —0)¢" Lorrill
n=t S
—7  — (1-0) (ﬁ)i (Z’) oa-p)] (**)m
= ...7

As it happens, we can evaluate the sum in (x%) using the fact that Negative
Binomial probabilities sum to 1. You can try this if you like, but it is quite
tricky. [Hint: use the Negative Binomial (£ + 1,1 — 6(1 — p)) distribution.]

1—46
Overall, we obtain the same answer that T" ~ Geometric | ——— |, but
1—60+6p

hopefully you can see why the PGF is so useful.
Without the PGF, we have two majonticulties:

1. Writing downP(T =t|N =n);
2. Evaluating the sum overin (xx).

For a general problem, both of these steps might be too difficult to do without
a computer. The PGF has none of these difficulties, and even if G7(s) does not
simplify readily, it still tells us everything there is to know about the distribution
of T.

7.7 Summary: Properties of the PGF

Definition: Gx(s) = E(sY)
Used for: Discrete r.v.s with values 0, 1, 2, ...
Moments: E(X) = G (1) ]E{X(X 1) (X — ke 1)} =P )

L
Probabilities: P(X =n) = EGQ(O)

Sums: Gxiy(s) = Gx(s)Gy(s) for independent X Y
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7.8 Convergence of PGFs — i~ or bk s \sh < Son~g What
th’ ve a(ofxfa : v @O ?6;

We have been using PGFs throughout this chapter without paying much at-
tention to their mathematical properties. For example, are we sure that the
power series Gx(s) = > -~ s"P(X = ) converges? Can we differentiate and
integrate the infinite power series term by term as we did in Section 7.47 When

we said in Section 7.4 that E(X) = G’y (1), can we be sure that Gx (1) and its
derivative G'x (1) even exist?

This technical section introduces the radius of convergence of the PGF.
Although it isn’t obvious, it is always safe to assume convergence of Gx(s) at
least for |s| < 1. Also, there are results that assure us that E(X) = Gy (1) will
work for all non-defective random variables X.

Definition: The radius of convergence of a probability generating function is a
numberR > 0, such that the suntx(s) = > .-, s"P(X = xz) converges if
|s| < R and diverges- oo) if |s| > R.

(No general statement is made about what happens when |s| = R.)

Fact: For any PGF, the radius of convergence exists.
It is always > 1: every PGF converges for at least s € (—1,1).

The radius of convergence could be anything from R =1 to R = oo.

Note: This gives us the surprising result that the set of s for which the PGF Gx (s)
converges is symmetric about 0: the PGF converges for all s € (=R, R), and
for no s < —R or s > R.

This is surprising because the PGF itself is not usually symmetric about 0: i.e.
Gx(—s) # Gx(s) in general.

Example 1: Geometric distribution

Let X ~ Geometric(p = 0.8). What is the radius of convergence of Gx(s)?
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As in Section 7.2,

Gx(s) = 3 s7(0.8)(0.2)" = O.8§:(O.23)$

0.8
= —— forall h that0.2 1.
1= 03: or all s suc at0.2s| <

This is valid for alls with |0.2s| < 1, so it is valid for alls with |s| < 55 = 5.
(.e.—5 < s <5.)
The radius of convergence is= 5.

The figure shows the PGF of the Geometric(p = 0.8) distribution, with its
radius of convergence R = 5. Note that although the convergence set (—5,5) is
symmetric about 0, the function Gx(s) = p/(1 —¢s) =4/(5 — s) is not.

Geometric(0.8) probability generating function
G(9) to infinity f

2
|

T
-5 0 5 s

; .
Radius of Convergenee—/

In this region, p/(1-gs) remains finite and well-behaved,
but it is no longer equal to E(s ).

At the limits of convergence, strange things happen:

e At the positive end, as s T 5, both Gx(s) and p/(1 — ¢s) approach infinity.
So the PGF is (left)-continuous at +R:

limGx(s) = Gx(5) = oc.

sTH

However, the PGF does not converge at s = +R.
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e At the negative end, as s | —5, the function p/(1 — ¢gs) = 4/(5 — s) is

continuous and passes through 0.4 when s = —5. However, when s <
—5, this function no longer represents Gx(s) = 0.8 > ,(0.2s)", because
10.2s] > 1.

Additionally, when s = —5, Gx(=5) = 0.8> .~ ,(—1)" does not exist.
Unlike the positive end, this means that G'x(s) is not (right)-continuous
at —R:

;im5 Gx(S) =04 7§ Gx(—5).

Like the positive end, this PGF does not converge at s = —R.

FExample 2: Binomial distribution

Let X ~ Binomial(n,p). What is the radius of convergence of Gx(s)?

As in Section 7.2,
- x n xr NnN—=I
Gx(s) = Zs <x>pq
. n xr NnN—x
= > (x) (ps)“q

=0
= (ps+q)" by the Binomial Theorem: true for &l

This is true for all- < s < oo, S0 the radius of convergencels= oc.

Abel’s Theorem for continuity of power series at s =1

Recall from above that if X ~ Geometric(0.8), then Gx(s) is not continuous
at the negative end of its convergence (—R):

lim Gx (s) # Gx(=5).

Abel’s theorem states that this sort of effect can never happen at s = 1 (or at
+R). In particular, Gx(s) is always left-continuous at s = 1:

ligl Gx(s) = Gx(1) always, even if Gx(1) = oc.
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Theorem 7.8: Abel’s Theorem.

Let G(s) = Zpisi for any pg, p1, p2, . .. with p; > 0 for all 7.
i=0

Then G(s) is left-continuous at s = 1:

imG(s) =Y p = G(1),
im G(s) ;p (1)

whether or not this sum is finite.

Note: Remember that the radius of convergence R > 1 for any PGF, so Abel’s
Theorem means that even in the worst-case scenario when R = 1, we can still
trust that the PGF will be continuous at s = 1. (By contrast, we can not be
sure that the PGF will be continuous at the the lower limit —R).

Abel’s Theorem means that for any PGF, we can write Gx (1) as shorthand for
limsﬂ Gx(S).

It also clarifies our proof that E(X) = G’y (1) from Section 7.4. If we assume
that term-by-term differentiation is allowed for G'x(s) (see below), then the
proof on page 136 gives:

.¢]

Gx(s) = Y s"pa,

=0

SO Gy (s) = Z rs" p, (term-by-term differentiation: see below).
r=1
Abel’s Theorem establishes that E(X) is equal to limg G'x(s):
E(X) - prx
r=1

= Gx(1)
— lim &’
im G (s),
because Abel’s Theorem applies to G (s) = > -, xs* !p,, establishing that
G'x(s) is left-continuous at s = 1. Without Abel’s Theorem, we could not be
sure that the limit of G’y (s) as s T 1 would give us the correct answer for E(.X).
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Absolute and uniform convergence for term-by-term differentiation

We have stated that the PGF converges for all |s| < R for some R. In fact,
the probability generating function converges absolutely if |s| < R. Absolute
convergence is stronger than convergence alone: it means that the sum of abso-
lute values, "7 |s"P(X = z)|, also converges. When two series both converge
absolutely, the product series also converges absolutely. This guarantees that

Gx(s) x Gy(s) is absolutely convergent for any two random variables X and Y.
This is useful because Gx(s) X Gy (s) = Gx.y(s) if X and Y are independent.

The PGF also converges uniformly on any set {s : |s| < R'} where R’ < R.
Intuitively, this means that the speed of convergence does not depend upon the
value of s. Thus a value ng can be found such that for all values of n > ny,
the finite sum > _ s"P(X = x) is simultaneously close to the converged value
Gx(s), for all s with |s|] < R'. In mathematical notation: Ve > 0, Iny €
Z such that Vs with |s| < R/, and Vn > ny,

n

ZSQCIP’(X =z)—Gx(s)| <

=0

Uniform convergence allows us to differentiate or integrate the PGF term by
term.

Fact: Let Gx(s) =FE(s*) =07, s"P(X =), and let s < R.

1. G'X(s):% (Z s"IP ) z%;l— = x)):Za:sx_lIP’(X = ).

(term by term differentiation).

2 [ G- [ (z B — @) =3 ([ wpec =)

=0

00 1
:ZS P(X =2x) for —R<a<b<R.

8
_I_
—_

(term by term integration).
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7.9 Special Process: the Random Walk € -

T e I

We briefly saw the Drunkard’s Walk in Chapter 1: a drunk person staggers
to left and right as he walks. This process is called the Random Walk in
stochastic processes. Probability generating functions are particularly useful
for processes such as the random walk, because the process is defined as the
sum of a single repeating step. The repeating step is a move of one unit, left

or rlght at random. The sum of the first ¢ steps gives the position at time .

PCFEe we © 90 Aee\\ whitl, Swwng.
The transition dlagrwglpn bglow sh&f;s the Sb,??\mvl“rm r MOM walle

(Wl Praas 1PoAs lave {)Fo\go\\, \A\:D P=1/p )
o 1/2 1/2 1/2 1/2 1/2 1/2

No
Lot -l ol —ml 1 —l o=l 1 [—{ 2| —{ 3]--- & .
‘~__a” \_/ \_/ \_/\_/ \_/ ‘\__,
1/2 - 1/2 1/2 1/2 1/2 1/2 1/2

e —— . - |
Question: #\ i

What is the key difference between the random walk and the fambler s ruin?

|
)L\L FC\/\A-DM WK\L( L\OLS AN —J-(\]FFN’TE— ! D&D9 """ @r()
e s i

The Camllos Ruan stho °ps aF Gofl, ends. &

This fact has two important consequences:

A

e The random walk is hard to tackle using first-step analysis, because we
would have to solve an tnfinite number of simultaneous equations. In this
respect it might seem to be more difficult than the gambler’s ruin.

e Because the random walk never stops, ol Srades age %b\‘v\ -

In the gambler’s ruin, states are not equal: the states closest to 0 are
more likely to end in ruin than the states closest to winning. By contrast,
the random walk has no end-points, so (for example) the distribution of
the time to reach state 5 starting from state 0 is exactly the same as the
distribution of the time to reach state 1005 starting from state 1000. We
can exploit this fact to solve some problems for the random walk that
would be much more difficult to solve for the gambler’s ruin.
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PGFs for ﬁndlng the ribution of reaching times

For random walks, we are particularly interested in reaching times:
e How long will it take us to reach state j, starting from state 27

e Is there a chance that we will never reach state j, starting from state 7

In previous chapters we have seen how to find expected reaching times: the
expected number of steps taken to reach a particular state. We used Ht (an

oa,_ Fotal «U)(]oa_(,hh on i A %d%‘ﬁhf’ Mab&?_s (_Szc 3-5).

However, the ezxpected or average reaching time doesn’t tell the whole story.
Think back to the model for gene spread in Section 3.7. If there is just one
animal out of 100 with the harmful allele, the expected number of generations to
fixation is quite large at 10.5: even though the allele will usually die out after one
or two generations. The high average is caused by a small chance that the allele
will take hold and grow, requiring a very large number of generations before it
either dies out or saturates the population. In most stochastic processes, the
average is of limited use by itself, without having some idea about the Ve wAce

19\/\0L Sl?_en.\_} ar'& Hoe /{4‘5}5‘@\«,‘%04_

With our tool of PGFs, we can characterise the whole distribution of the time
T taken to reach a particular state, by finding its PGF. This will give us the
mean, variance, and skew by differentiation. In principle the PGF could even
give us the full set of probabilities, P(T" = t) for all possible t = 0,1,2,.. .,
though in practice it may be computationally infeasible to find more than the
first few probabilities by repeated differentiation.

However, there is a new and very useful piece of information that the PGF can
tell us quickly and easily:

Whet 15 e probability fhek e NEVER read: sfate
Q}MF\S from 9}“\«’1‘& L 7

For example, imagine that the random walk represents the share value for an
investment. The current share price is 2 dollars, and we might decide to sell
when it reaches 7 dollars. Knowing how long this might take, and whether there
is a chance we will never succeed, is fundamental to managing our investment.
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To tackle this problem, we define the random variable T" to be the time taken
(number of steps) to reach state j, starting from state i. We find the PGF of
T, and then use the PGF to discover P(T = o0). If P(T = 00) > 0, there is a
positive chance that we will NEVER reach state j, starting from state .

We will see how to determine the probability of never reaching our goal in

Section 7.11. First we will see how to calculate the PGF of a reaching time T’
in the random walk.

Finding the PGF of a reaching time in the random walk

___.>

) S

— -

1/2 1/2 1/2 1/2 1/2 1/2 1/2

Define T;; to be the N L~ Ja' \g)f&{ﬂ faleen to ready Sh‘{'t \3)

T;; is called the  first Cenlning hime drom chate L Fo Shafe .
We will focus on Ty = # S)ft,fv\s to M 64/10;‘/\ ¢hate O To Chehe i

Problem: Let H(s) =E (s") be the PGF of Tp;. Find H(s).

|0| ~ ‘0.'
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Use Hos nobkion Gﬁr F"OLL:M—?
Notation for quick solutions of first-step anaiysis for finding

As with first-step analysis for finding hitting probabilities and expected reaching
times, setting up a good notation is extremely important. Here is a good

notation for finding H(s) = E (s7).

S/ggk Hi)= E(s7).

N ow 1 W p- J/2_
L+T/ 47" wWheoe T ~T  ~

Lk T=T, -

6‘ w»‘n. I"L

/)
(A

I-|—T’+T” LJ() lfL

So HEO = E(sT)
'7L_S\ N JiH:—(SwT’fr”)

s+ —]2-'5 E(JT’)E(JT”>

A
72
J}-_s + L [H(Q]L Lecamse T '~

L’U}“A"T % 7T

l

— It
|~

s SHE” —2HG) + s = O .
So\va fle o[/malrah“c, oA select fle Corredt root as quﬂart) b
) HO = ‘“fFf £ lsl< 1.
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7.10 Defective random variables e

A random variable is said to be defective if i+ coaa ta ke He value o9
In stochastic processes, a (ta Ll,\‘u@ Fime T:j S g{.&é"cuﬁ\/c ?({f Hwe -5
Y posihve chonwe Hink e NeEVER reach Spake |, S}WH\,j MM L-

The probability that we never reach state j, starting from state i, is the same
as the probability that the time taken is infinite: 7;; = oo:

bt | B (T P (we NEVER rends shake §, shrbing from shabe )

In other cases, e Lol f\l/wagf veada S}Kh J mml'v\d\j) Sbfk.\,j

fre

In that case, T-"J can NOT talke e vedme o<

I?(TL;\ =00) =0 i We are CERTAIN 4o Yead stete ),
Q}—UHO ar—v-om 5']“\"& L.

Definition: A random variable T is defective, or improper, if |+ can f‘o\[/u, Hw

valbne 0o Tlhak i,

T s defechwe I's P(T-=2) >0
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Thinking of > .° P(T'=1t) as 1 — P(T = oco)

Although it seems strange, when we write Y . P(T' =t), we are NOT incbmdin

He vame E=00. &OO'J“AA&’U“l'k“’l%OLJaw it Aot
inchmded A £20,), 2, --- T45s nok n ﬂﬂh\fﬁl /W\MLU
The sum Z;ﬁ o continues without ever stopping: at no point can we say we have

‘finished’ all the finite values of ¢ so we will now add on t = oo. We simply

HQVUSI* fo £ =zoc Whn we e i

For a defective random variable 7', this meang'tohat 4 (0)= ? (_T: O)
s G(1) =2 PT=t)= |
2_P(T=¢) < L.
t=o

because we are missing the positive value of P(T" = 00).

All probabilities of T" must still sum to 1, so we have

L. S P(Tee) + P(T=w)

in other Words

z P(T=6) = L - P(T-x).
/; S — )
‘OK‘OL i’ln.«-.'\'-\"ﬁ—alu_‘ o\l/OLlML PNLMA’ ’{-QQ-S“J‘
in Ha nabhwad nual s

PGPFs for defective random variables

When T is defective, the PGF of T' is defined as the power series

Lo
0 S =0
H(s)=Y P(T =1t)s" f < 1.
) ;( g Orva Frolsl<

The term for P(T" = 00)s™ is missed out. The PGF is defined as the generating
function of the probabilities for finite Valueskonly
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Because H(s) is a power series satisfying the conditions of Abel’s Theorem, we
know that: H v H()

e H(s) is left-continuous at s =1, i.e. limgyy H(s) = H(1). L_/f_ﬁij)

This is different from the behaviour of E(séj, if T is defective: 1

HoO=EGT) g Isl<1

e E(sT) = H(s) for |s| < 1 because the missing term is zero: i.e. because
s = 0 when |s| < 1.

e E(s7) is NOT left-continuous at s = 1. There is a sudden leap (disconti-
nuity) at s = 1 because s> =0 as s T 1, but s =1 when s = 1.

Thus H(s) does NOT represent E(s7) at s = 1. It is as if H(s) is a ‘train’ that
E(sT) rides on between —1 < s < 1. At s = 1, the train keeps going (i.e. H(s)
is continuous) but E(sT) jumps off the train.

We test whether T' is defective by testing whether or not E(s”) ‘jumps off the
train’ — that is, we test whether or not H(s) is equal to E(s?) when s = 1.

We know what E(s7) is when s = 1:

e E(sT) is always 1 when s = 1, whether T is defective or not:

E(11) =1 for ANY random variable 7.
But the function H(s) = > =, s'P(T = t) may or may not be 1 when s = 1:

o If T is defective, H(s) is missing a term and H (1) < 1.

e If 7" is not defective, H(s) is not missing anything so H(1) = 1.

Test for defectiveness:

Let H(s) =", s'P(T =t) be the power series representing the PGF of T
for |s| < 1. Then T is defective if and only if + (L) < 4
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Using defectiveness to find the probability we never get there

The simple test for defectiveness tells us whether there is a positive probability
that we NEVER reach our goal. Here are the steps.

1. We want to know the probability that we will NEVER reach state j, start-
ing from state 1.

2. Define T' to be the random variable giving the number of steps taken to
get from state ¢ to state j.

3. The event that we never reach state j, starting from state ¢, is the same
as the event that T' = co. (If we wait an infinite length of time, we never
get there.) So

ﬁ)(nzvd ready | ]Shf{*bh’r L) = )?(T: m)

4. Find H(s) = > .2, s'"P(T = t), using a calculation like the one we did in
Section 7.9. H(s) is the PGF of T for |s| < 1. We only need to find it for
|s|] < 1. The calculation in Section 7.9 only works for |s| < 1 because the
expectations are infinite or undefined when |s| > 1.

5. The random variable T is defective if and only if H(1) < 1.

6. If H(1) < 1, then the probability that 7" takes the value co is the missing |

piece: P (T=m) = - H(1)

Overall:

P (neve reada skake | | shart b 1) =P (":%) = 4 -H(1)

Expectation and variance of a defective random variable

If

)

—

(___JO

&

T is defective, there is a positive chance that 7" = oco. This means that

E (T) =
@y Vo (T) = oo
—
|

E_(T'ﬂ): 0o }or My powy A > 0.
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E(T) and Var(7T) can not be found using the PGF when T is defective: you
will get the wrong answer.

When you are asked to find E(T") in a context where 7" might be defective:

e First check whether 7 is defective: s H (L) <1 or = | 7/
o If T is defective, then JF (T ) = 20 .
o If T is not defective (H(1) = 1), then [E (T)= H ’(j_) as ugnal

7.11 Random Walk: the probability we never reach our goal

In the random walk in Section 7.9, we defined the first reaching time 7j; as the
number of steps taken to get from state 0 to state 1.

In Section 7.9 we found the PGF of T; to be:
N | - JI-¢*
H () - ?ar lfl < 4.
S ",
—~>
Questions: L é——-@ @
a) What is the probability that we never reach state 1, starting from state 07

b) What is expected number of steps to reach state 1, starting from state 07_-

Solutions:

D To is defective & H(D < 1.

_ == : -
Now - (i\ = j_] = 1. Qo Ty, ﬂ&{&dﬂd(-
Tows P (nwe cendnshabe 1 | shrb b 0) = 4-H(1) = O

e will depaibely vends stabe L wedtally ) ey T it fube
o vy lo:j Rme
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(To\) = H/ ( 1.) S U\Sb\[v{. TMI:D o
T L A T A
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‘—S—l - Ji (g*;:\jh'/q, (;25»3) ,DO/\ t Slmr\«d&\j

(\

So H'($)

L LYoty JN\f e A to STAL"S}
\ =1
Tas E(T) = Lom WO = Lo f-L & L
$T| sTI S 83 _SLL"

= 0o, (dnug{jmf)
So He X pe cdhed, or avUq9e N o oar S}Ofd to vead, shate |,
g%w\%:j from shake O, s inEathe
E(T,) = ~.
This result is striking. Even though we will definitely reach state 1, the

expected time to do so is infinite! In general, we can prove the following results
for random walks, starting from state 0:

e
Property Reach state 17 P(Ty; = 00) E(T) |:
p>q Guaranteed 0 finite ) S C;I ,f
_ 1
— p=q=3 Guaranteed 0 @ — Critical
p<q Not guaranteed % >0 process

Note: (Non-examinable) If T is defective in the random walk, E(s?) is not
continuous at s = 1. In Section 7.9 we had to solve a quadratic equation to find
H(s) = E(sT). The negative root solution for H(s) generally represents E(s”)
for s < 1. At s = 1, the solution for E(s?) suddenly flips from the — root to
the + root of the quadratic. This explains how E(sT) can be discontinuous as
s T 1, even though the negative root for H(s) is continuous as s 7 1 and all the
working of Section 7.9 still applies for s = 1. The reason is that we suddenly
switch from the — root to the + root at s = 1.

When |s| > 1, the conditional expectations are not finite so the working of
Section 7.9 no longer applies.
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