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Chapter 8: Branching Processes:

The Theory of Reproduction

Although the early development of Probability Theory was motivated by prob-
lems in gambling, probabilists soon realised that, if they were to continue as a
breed, they must also study

Reproduction is a complicated business, but considerable in-
v sights into population growth can be gained from simplified
models. The Branching Process is a simple but elegant
model of population growth. It is also called the Galton-
Watson Process, because some of the early theoretical re-
sults about the process derive from a correspondence between
Sir Francis Galton and the Reverend Henry William Watson
in l§z_§_ Francis Galton was a cousin of Charles Darwin. In
later life, he developed some less elegant ideas about repro-
duction — namely eugenics, or selective breeding of humans.

Luckily he is better remembered for branching processes.
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8.1 Branching Processes

Consider some sort of population consisting of reproducing individuals.

Examples: living things (animals, plants, bacteria, royal families);
diseases; computer viruses;
rumours, gossip, lies (one lie always leads to another!)

Start conditions: Skart a¥ Fime n=0, wWwith a \Sfftj'e individnal -
Each individual: v &qr 1 WX aaf- time - At fime n=1, ;Jf PNG{MU
A fklv\\b d’df 01’&5(3/1/:3) MA }/hmal{]ak‘f;b A‘IC—-(\

How many offspring? (Could Le O, PR A This Ir Hw -aeﬂ_:_n:[j
ize ) \l/ . [ ' S}'MA_S éor qnuuv\laU 0dr Yow\ b ’1
\j .

Each offspring: |\ves &ﬁor 1 A 9&- Fime - Pi’f Fime n=2, (is produces
s oun /Of_uwb aa, %r,;,j) s ‘nmzc{'w\,lw,\tj Ay,

and so on...

Assumptions

1. )qu indav i Aduals fﬂ,‘)fogbu\cj_ IAaL(,FuJL(/\li,j ’6’ 7N oler.

2. Tha éa,\m\tj Sy2e Ja/ p’(}z%—/o-'m‘\* Individuals are ;AWEAJL)
antically bibubed s We denske foe famly S2e
% Y = Nambu 58/ Li/ow\j

Family size distribution, Y P ( Y < k) <P
=

|0 0 B #e S
@

P(Y=y) | P P,' P

7

5

£
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Definition: A branching process is defined as follows.

e Single individual at time n = 0.

e Every individual lives exactly one unit of time, then produces Y offspring,

and dies. Parents € 0%(»—5@ NeVU Coex st

e The number of offspring, Y, takes values 0, 1, 2, ..., and the probability
of producing k offspring is [P (\/f le ) = p .

e All individuals reproduce independently. Individuals 1,2, ..., n have family
sizes Y1, Y5, ...Y,,, where ¢ocl YL ~ \I/ & 2. 2ala . e Some a(;‘;rl*/\

e Let Z, be the numb.a aé Adw 1 dunals Losn o e n, s
6&:( n=0,1,2,-. Tnoteprek 2 &S fle siZe & f}(/\w?on n.

e Then the branching process is
s {ZO)ZUZZJZ'_%)----BI an:heN\i_

Definition: The state of the branching process at time n is 2, Where LA h 2,
Con talee yalnes O, 1,2, --.. 2. He Stete S(oo\c,g: fo, l,2,..-. 3 _

Note Huk 2, < 1 mlw-«\js-

Note: When we want to say that two random variables X and Y have the same
distribution, we write: X ~ Y,

For example: \r’ ~ Y} e ‘r., X H,{?&M.\lj Size 03? (adav; dinal <

L

Note: The definition of the branching process is easily generalized to start with
more than one individual at time n = 0. Gonwakion  Po o Cixe

O Zom1l

Branching Process

2 Z,-5
2 23; 8
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8.2 Questions about the Branching Process

When we have a situation that can be modelled by a branching process, there
are several questions we might want to answer.

¢ 4. Autase llee Sivine Lo

If the branching process is just beginning, what will happen in the future?

1. What can we find out about the distribution of Z, (the population siZe at
generation n)?

e can we find the mean and variance of 7,7
— yes, using the probability generating function of familyesiy’;

e can we find the whole distribution of Z,,?
— for special cases of the family size distributiopwe can find the PGF of

Z,, explicitly; Yns Cropetic s M\lj non—triviad cade.

e can we find the probability that the population has become extinct by
generation n, [ (2,-0) ?
— for special cases where we can find the PGE,pfas above). \{'~ (. ¢omehy e

2. What can we find out about eventual extinction?

e can we find the probability of eventual extinction, I ( Lim Zn = O> ?

— \lje,_s) ox(wa;tj_g) U\S;f\\) flw PQF odr Y. n= 00 L\"H'\AQ - Ol
f‘ra La \\ \ "‘\‘j .
e can we find general conditions for eventual extinction?

— yes, e can G/H‘/\.A condFlons Haat ju\c\rw\b& eoxtinctioa will
occur LOHHA f;/\ogabﬁlab i ij/ \<\ |

e if eventual extinction is definite, can we find the distribution of the time to
extinction?

o &{of 5f>£ci:i fa/ YA LJLI./L lve. can /0(";/\&{ H FCJC 9‘— Z/, )

Example: Modelling cancerous growths. Will a colony of cancerous cells become
extinct before it is sufficiently large to overgrow the surrounding tissue?



5o THE UNIVERSIT

NEW ZEALAND
Whare Wananga o Tamaki Makaura

166

If the branching process is already in progress, what happened in the past?

1. How long has the process been running?

e how many generations do we have to go back to get to the sioghgnon
ancestor?

2. What has been the distribution of family size over the generations?

3. What is the total number of individuals (over all generations) up to the present
day?

Example: 1t is believed that all humans are descended from a single female an-
cestor, who lived in Africa. How long ago?
N — STt A ak ~/ 200,000 Years ~5e -
What has been the mean family size over that period?
— PML mL,b UU\D ose JFO 1 cf.e/vwl,( ,/%J rm:j
\017 aﬂbv\m\c O\D(*AU:) €9 25N Aade ]+ 002 .
o or vyy SO0female parenls, we 9k ont extrm foale o sprins

8.3 Analysing the Branching Process

Key Observation: euw LAV Amal A lveij Jmua\-]o/\ st ks a new,
IADQ«(?U\A:A’( Larﬁf\tln}\/j FPOCQSS) 6.5 ';GL M bJL\oLe_, P/\ocess (Vere g’z/[\/j
p\!r e L:alﬂ;j}f\r\\l\rj G\jm'.,\,

«
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Fime Z am—sfr]o X Have n

Z, as a randomly stopped sum

Most of the interesting properties of the branching process centre on the distri-
bution of Z,, (the population size at time n). Using the Key Observation from

overleaf, we can find an expression for the probability generating function of
L.

Consider the following.

° m Fa(}h\l’v{:\o/\ sShet ”‘"(' 1":""0— n-| s J;VCA L Zn-|‘
(: Hsz‘mb er Frme n-{, Hosk U‘u PNAMOQ \j,g,\u-mf‘;w\ V\)

° !_,oLLL\ He \II\O(-»;U?#{V\A,LL ~X "‘}MQ A (H«q pcfe/\h) n
L2, - A,
° LL’( Y v YZ'

) / “?__ VI

a l_-,l_ He 'roV\dlo/v\ d)—a-e.M:\lJ Size
.aaf Hee faa\r‘e/\B b2, ., A

N=) -

° TL\:; ﬁrfﬁrsrﬁ:\j ok Fime n, 24) i eﬁzbml o Hw okl
Nl f&r 0?{’6’5(0’%/\\3 06? o ‘DGJ‘U\’f:s L, -, ZA_, .
Z

T\ﬁlr TS) Z

.S Y &

=1

So 2,\ s a ﬁGJ\AOMlyI S%OPrua\ Sum
—

o S Il Y, Yo, o, m«w{mlj

Shopped by e ru Z

A=)

e tach iadivideadd 0], 2

-




QSS ; Z,\ = \J/,‘f"‘ + \’/Z,\_,
G(NZE(sP)= By § E(sT L s |20)

EER)

Cindep J2 = F;  § E(<™)- E(s‘znt)g S
“Ea, ¢ E(sOY - q, (4@) /6-”

Probability Generating Function of Z,

Let Gy(s) = E(s¥) be the probability generating function of Y.

(Recall that Y is the 4 \/o.,\:j gﬂ, one 1ndovidaed fre fﬁm\lj $xe >

A cLuldrn
Now Z,, is a randomly stopped sum: it is the sum of Y3, Y5, ..., stopped by the

random variable Z, f S6 we can use Theorem 7.6 (Chapter 7) to express the
PGF of Z,, directly in terms of the PGFs of Y and Z,,_;.

TT—

By Theorem 7.6, if Z, =Y, + Yo+ ...+ Yz ,, and Z,_; is itself random, then
the PGF of Z, is given by:

G, (-6, (&) 3
Wwe Gy oot OGF & He rardom veriable Z,

a-|
For ease of notation, we can write:

CIZ,\ (s) - G, (&, Qz (s) = G, (\r) L ad 5o on

n=|

. ) T Smjb_
QI'Z(-.Q Note that Z. ~ Y ( # ’fk-s(’“:’) "a' N Sltﬂ(t IAAAV|A.L\Q\) Pa{:%irn__)
) so we can also write:
Y C;\( (S) = (s) Q(S) E]fér SlMﬁ)L\c.Jr:)
Thus, @ EMFV\JU ’
A (Q = ( C(s) ) - @rmou.\nj Process

R ecwsion Formunla

NOte:l_ qn (‘g _ E(qu )) o FQF 16, PoPk\aHon 9322 s ’Hf:?( A,

- -

R D )

G- E>GT) S BT PGP g froly s Y
(Gl =6, () by Agfintion )



We are trying to find the PGF of Z,,, the population size at time n.
So far, we have: Gn(s) = Gpa (G(s)) (%)

But by the same argument,

Gasi () = G (6()) @D
((/\S{ ' }As)'ei\cl J'&J ,“o ﬂuoTA C"f\é"hh"an i1 e /u,)c[’
Substituting in (%),

Gn = Coy (60 )
= Gn, () Whae = q()

Goa( G(D D)  wsing(FD
= Goa ( G(aD)) repledng V= GLS)

N

By the same reasoning, we will obtain:

6n (O - Q:‘,E_,( @(Q(C;(sn))
-3 2 G¢

and so on, until we finally get:

W= Gy (6(q (6 al ) )
\ —

n-| times
SR GG OR R
N-| i mes
= al(alaC - gl )Y
L_fVl Fimes . .

We have therefore proved the following Theorem.

169
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Theorem 8.3: Let G(s) = E(s") = > 72 p,s’ be the PGF of the family size

distribution, Y. Let Zy = 1 (start from a single individual at time 0), and let
Z,, be the population size at time n (n =0,1,2,...). Let G,,(s) be the PGF of
the random variable Z,,. Then

iG_n(’s):G(G(G(..G(s)...))). O

A\ 7

n times

Note: G,(s) = G<G<G< .G(s).. ))) is called the n- J;oM Yrerate 967 q )

8.4

N 7

n times

We have therefore found an expression for the PGF of the population size at
generation n, although there is no guarantee that it is possible to write it down
or manipulate it very easily for large n. For example, if Y has a Poisson(\)
distribution, then G(s) = e**~1, and already by generation n = 3 we have the
following fearsome expression for G3(s):

(e,\<ek(5—1)1)_ )
Gs(s) =e : (Or something like that!)

However, in some circumstances we can find quite reasonable closed-form ex-
pressions for G, (s), notably when Y has a Geometric distribution. In addition,
for any distribution of Y we can use the expression G, (s) = Gn1<G(s)) to

derive properties such as the mean and variance of Z,,, and the probability of
eventual extinction (P(Z, = 0) for some n).

What does the distribution of Z,, look like?

Before deriving the mean and the variance of Z,, it is helpful to get some
intuitive idea of how the branching process behaves. For example, it seems rea-
sonable to calculate the mean, E(Z,), to find out what we expect the population
size to be in n generations time, but why are we interested in Var(Z,)?

The answer is that Z,, usually has a “boom-or-bust” distribution: either the
population will take off (boom), and the population size grows quickly, or the
population will fail altogether (bust). In fact, if the population fails, it is likely
to do so very quickly, within the first few generations. This explains why we are
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interested in Var(Z,). A huge variance will alert us to the fact that the process
does not cluster closely around its mean values. In fact, the mean might be
almost useless as a measure of what to expect from the process.

Simulation 1: Y ~ Geometric(p @

The following table shows the results from 10 simulations of a branching process,
where the family size distribution is Y ~ Geometric(p = 0.3). E(V)=2 . ot

0-3
Simulation Z() Z1 Z2 Zg Z4 Z5 Z6 Z7 Zg Zg Z10 2 3
—p1 @@ O 0 0 0 0 0 0 0~
P 0O 0 0 0 0 0 0
—> 3 (D 42 81 181 433 964 2276 5383((12428 D
4] 1 3 5 3 15 29 86 207 435 952
501 0 0 0o 0 0o 0 0 0 0 0. pean = (b 13
6| 1 1 0 0 0 0 0 0 0 0 0-
Tl 1 2 8 26 68 162 360 845 2039 4746 10941 4—
S| 1 1 0 0 0 0 0 0 0 0 0-
911 1 0 0 0 0 0 0 0 0 0-
10 1 1 4 13 18 39 104 294 690 1566 3534

Often, the population is extinct by generation 10. However, when it is not

extinct, it can take enormous values (12428, 10941, ... ). ,
( ) _ Laged on obsovation

The same simulation was repeated 5000 times to find the empirical distribu-
tion of the population size at generation 10 (Z;g). The figures below show
the distribution of family size, Y, and the distribution of Z;y from the 5000

simulations. _
Family Siz@ Zho \ HAescndnty
W IO ﬁ,{/\w\*\ onS
o G— | ~ QUMJ(.L (0 3) ’ﬁ\hf
o
Lis $w 073 v F R e pmastly smalk (e 0)
* o
x cormon S | 5
L i | nsonete e
— \\»'—“ {é’ > ér S uU‘j \&Fﬁ‘t
o ' P B S
I s e s R<
055>
10 15 20 25 30 0 20000 60000
W-_

family size AT
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In this example, the family size is rather variable, but the variability in Z is
enormous (note the range on the histogram from 0 to 60,000). Some statistics
are:

Proportion of samples extinct by generation 10: 0.436

Summary of Zn:

Min 1st Qu Median Mean 3rd Qu Max
0 0 1003 4617 6656 82486
Mean of Zn: 4617.2

Variance of Zn: 53937785.7

So the empirical variance is Var(Zyg) = 5:39x 'O? . This perhaps contains
more useful information than the mean value of 4617. The distribution of Z,
has 43.6% of zeros, but (when it is non-zero) takes values up to g2, 48¢( - Is it
really useful to summarize such a distribution by the single mean value 46177 No .

For interest, out of the 5000 simulations, there were only 35 (0.7%) that had a
value for Zyy greater than 0 but less than 100. This emphasizes the “boom-or-
bust” nature of the distribution of Z,,.

Simulation 2: Y ~ Geometric(p = 0.5) I (Y) .Y oS _ 1
f oS :

We repeat the simulation above with a different value for p in the Geometric
family size distribution: this time, p = 0.5. The family size distribution is

therefore Y(\_/ Ceomtbac ( p=0°5 DX

Simulation | Zg 7, Zo Zs Zy Zs Zs Zr Zs Ze o
111 0 0 0 0O 0O O 0O 0O 0 0
21 0 0 0 O O O O O 0 0
3/ 1.0 0 0 0 0 0 O O 0 O
41 0 0 0 O O O O O O O
501 1 0 0 0O O O O O 0 0
6| 1 7 9 17 15 20 19 & 7 13 35
711 2 5 2 5 8 8 3 3 0 0
8/ 1 2 0 0 0 0O 0O O 0O 0 O
9|1 0 0 0O O O O O 0O 0 O
0|1 0o 0 0 0 O O O O 0 O
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This time, almost all the populations become extinct. We will see later that
this value of p (just) guarantees eventual extinction with probability 1. i—;?ﬁf T
The family size distribution, ¥ ~ Geometric(p = 0.5), and the results for
Z1 from 5000 simulations, are shown below. Family sizes are often zero, but
families of size 2 and 3 are not uncommon. It seems that this is not enough
to save the process from extinction. This time, the maximum population size
observed for Z;y from 5000 simulations was only 56, and the mean and variance
of Z19 are much smaller than before.

Family Size, Y Zo
(s (05) £ alaost M exbiack
@ 9 %j jwm*\r"ﬂ |o .
< =
N L N \N\/
N = HNUL’VUQR\?j
| -
g ] | — g ] — = ,l,‘lfuq_, *’0
0 5 10 15 0 10 20 30 40 50 60 rw(il'\dr;,,,\)
family size Z10 \jjjf %Q\\\.

Proportion of samples extinct by generation 10: 0.9108

Summary of Zn:

Min 1st Qu Median Mean 3rd Qu Max
0 0 0 0.965 0 56
[03 \S"{Mu\\&}(iﬂ/\
Mean of Zn: 0.965 |\« [k (L;/\ ~1 I (2{03 ~ |

Variance of Zn: | 19.497 Vorionce S MUCH saalher

Luk kU jfe&\.}’b ;AJ/I}\,’{'—‘QA (g 4 Co;ufaf‘t

What happens for larger values of p? it PoiSton, varimie = mean ),

It was mentioned above that Y ~ Geometric(p = 0.5) just guarantees eventual
extinction with probability 1. For p > 0.5, extinction is also guaranteed, and
tends to happen quickly. For example, when p = 0.55, over 97% of simulated
populations are already extinct by generation 10.
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8.5 Mean and variance of Z,

The previous section has given us a good idea of the significance and interpre-
tation of E(Z,,) and Var(Z,). We now proceed to calculate them. Both E(Z,)
and Var(Z,) can be expressed in terms of Hu mean oA varionce ’3‘ Hae

'gcw\\\_\) S;B_ a{)\_({\f‘.lel";of\J \(
Thus, Lt EY = M oA (& Ve (Y) = 0
(Mtﬁd\ & veriance Jar ﬁ‘:ﬁdtf;:j od’— e~ SeNCLe IAdav ) Aad )

2

Theorem 8.5: Let {7, Z1, Z5, ...} be a branching process with Z; = 1 (start with
a single individual). Let Y denote the family size distribution, and suppose that

E(Y) = p. Then n < - U w\fz\«b bave
E(z)=p" \54'8‘(:‘5
Proof: A f\l\l;
8 P 'éq”) = v + \|/ + + T - T
) n l'z,., = Z koA folf\ﬂ'{DM\\,j shﬁyj Sum

e
~N
S

A
)NJ
_
N

RV

- o E(2
/:A ( f\—?ﬂw 3/ r:mo\/t &-(ﬁrm&\“ L
| ;/\MCHO,]

(1
\s
™
~~
™
~
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Examples: Consider the simulations of Section 8.4.

—

1. Family size Y ~ Geometric(p =0.3). o M= EY - % < O":';
o -

1

N
w
w

Expected population size by generation n = 10 is:
lo
E(Z2)=p(2-33) = L3F8¢.

The theoretical value, 47 64 compores well willh thae Sc\/v\ﬁh frean
6&‘0;»\ €oo00 S;Mh\u\“\o&_sj @él? (F IQZB

V)

2. Family size Y ~ Geometric(p = 0.5). /V\: EY-= ,;L =95 _{
50 E (2(0) . /ﬁio _ ilo _ j_

CaMPWtS well  wWira Samfk (TN a? O0-96t5 (f- =3 )

/’
0-S 7

Variance of Z,,

Theorem 8.5: Let {7, Z1, Z5,...} be a branching process with Z; = 1 (start with
a single individual). Let Y denote the family size distribution, and suppose that

E(Y) = p and Var(Y) = o Then [lee
' Rord TE 9

0 heS '
O"'OW f” '
o’n if p=1, ' ZO[L)
Var(Z,) = m
L 02w—1(1 “) ifu#1 (>1lor <1).

Proof:

Write V,, = Var(Z,,). The proof works by finding a recursive formula for V.
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Using the Law of Total Variance for randomly stopped sums from Section 3.4
(page 62),

anl
Z= 3oy
=1
= Var(Z,) = {E(Y)}* x Var(Z,_,) + Var(¥;) x E(Z,_)
= Vo, = Vi +0°E(Z,1)

~ V, = 2V, oyt

n—1

using E(Z,_1) = p"~ as above.

Also,
Vi = Var(Z;) = Var(Y) = o°.

Find V,, by repeated substitution:

Vi = o

Vo = pi*Vi+ou = pPo’+ po’

= po’(1+ p)

Vs = Vot oy’ = pPo’ (14 pu+ p?)

Vi = Vot o’ = pPo’ (L+p+ i + 1)
etc.

Completing the pattern,
Vn — ,u”_102(1+,u+,u2+...+,u"_1)

n—1
_ n—1_2 r
= p"'o?y p

r=0

1 — "
= " lo? < ] a ) : Valid for pu # 1.
—

(sum of first n terms of Geometric series)
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When p=1:
V, = 1" (1°+ 1"+ ... +1"") = o°n.
n tfrrnes
Hence the result:
a’n if u=1,
Var(Z,) =
1 o n
o2t ( < ) if u# 1. ]
L—p
Examples: Again consider the simulations of Section 8.4.
0.7
1. Family size Y ~ Geometric(p = 0.3). So p=E(Y) = 7_ i 2.33.
P .
0%
cte V(YY) s K- 2 L 3 3¢,
r (0 3
- 1 lo
(2. o (1
Z (Z“’) L—‘ /A) = S F2x o,

-/

(‘COMfc,J‘L L\J:H\ gf'f)‘]x 'D? a(mm Q’L_p_ S‘}M“tl"‘*{:’f?ﬂ)

2. Family size Y ~ Geometric(p = 0.5). So E(Y) 7 _ U5 L = |
. ~J 1 pr— . . = = == — = . | £ . - .
amily siz 7 14 >~ 05 /A
0"‘1: Vﬂf(t(/): ,ﬂ-/;_ = Og = 2.

i (°s \©

Vw@ ferovle for Vo () bl Sr=), e gek
Var (€, = A= 2410 = 20.

(ompre wile 19-C Ly Simnlabin )



