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Chapter 2: f’/\ff)bability

The aim of this chapter is to revise the basic rules of probability. By the end
of this chapter, you should be comfortable with:

e conditional probability, and what you can and can’t do with conditional
expressions;

e the Partition Theorem and Bayes’ Theorem:;

e First-Step Analysis for finding the probability that a process reaches some
state, by conditioning on the outcome of the first step;

e calculating probabilities for continuous and discrete random variables.

2.1 Sample spaces and events

Definition: A sample space, (2, is a set of possible outcomes of a random
experiment.

Definition: An event, A, is a subset of the sample space.
This means that event A is simply a collection of outcomes.

Example:

Random experiment: Pick a person in this class at random.
Sample space: Q) = {all people in class
FEvent A: A = {all males in class

Definition: Event A occurs if the outcome of the random experiment is a member

of the setA.

In the example above, event A occurs if the person we pick is male.
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2.2 Probability Reference List

The following properties hold for all events A, B.

e P(0)=0.

e 0 <P(A) <1,

e Complement: P(A) =1—P(A).

e Probability of a union: P(AU B) =P(A) +P(B) — P(AN B).
For three events A, B, C"

P(AUBUC) = P(A)+P(B)+P(C)-P(ANB)—P(ANC)—P(BNC)+P(ANBNC) .

If A and B are mutually exclusive, then P(AU B) = P(A) + P(B).

P(AN B)
P(B)
e Multiplication rule: P(AN B) =P(A| B)P(B) =P(B|A)P(A).

e Conditional probability: P(A|B) =

e The Partition Theorem: if By, B,, ..., B,, form a partition of {2, then

P(A) = zm:IP’(A NB;) = zm:IP’(A | B;))P(B;) for any event A.

i=1 i=1
As a special case, B and B partition €, so:
P(A) = P(ANB)+P(ANB)
= P(A|B)P(B) +P(A|B)P(B) for any A, B.
P(A|B)P(B)
P(A)
More generally, if By, Bo, ..., B,, form a partition of €2, then

_ P(A[Bj)P(B)) -
P(B;j|A) = ST B(A| B)P(By) for any j.

e Bayes’ Theorem: P(B|A) =

e Chains of events: for any events A;, Ay, ..., A,,

P(ANAsN. . .NA,) = P(A)P(As | A)DP(As | AN AL ... B(A, | ApiN...NAD.



2.3 Conditional Probability

Suppose we are working with sample space
() = {people in class}. I want to find the
proportion of people in the class who ski. What do I do?

Count up the number of people in the class who ski, and divideéhb total
number of people in the class.

Now suppose I want to find the proportion of females in the class who ski.
What do I do?

CouwnY ‘-H:&f/v\du in clags w o SI@L o Aivide sz *#0{-0“\5\/{3,9

r]D (/g Le Sl@“_f) _ :H—O{fmﬁlf. s a class e abese chon
e m,\ /]g' #H forales in Clags.

Co ndaiond

(JNL ]P(S IF)

By changing from asking about everyone to asking about females only, we have:

e f(LS}r'\C)ft.vk oW~ “&MHOA Fo fle SL{, T ﬁwﬁld onl )
or: rﬁatwcaa( [’1»4. Semple ¢ ~Ce {fﬂ/\/\ H SU(' ﬂa? ’LV@ ondg_ ‘ha

Hae cek ok &mu[u
L O (.'0/\0{.-\"\\0/\ 2/0( (OFaN H-x—L LVU\)I' %'d)?—UV\C\L&?} )

We could write the above as:

| s frtnale ki i class
P ( skis| éuv\a\m> = H formedy in clags o

Conditioning is like changing the sample space: we are now working in
a new sample space of females in class.
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In the above example, we could replace ‘skiing’ with any attribute B. We have:

# skiers in class # female skiers in class

P(skis) — P(skis | female) =
(skis) s (skis | female) # females in class
SO: /\
/ ; L
P(B) = # 8 in clas
+ clagg
and:
v
# ferale Bs in clags
IP)(B | female) - %dﬁ,o».alu A C[&Sj

Hin clagy Who oo Lol B ﬁ’\A ée/v\ala
Hin class whe are demale .

Likewise, we could replace ‘female’ with any attribute A:

p(5 | B :H:- Wo ore botlh & ok A
,% @um e A

This is how we get the definition of conditional probability:
_ A
P(B|A) = Pl6rdA) _ P(8nA)
P (A) ?(4)
By conditioning on event A, we have Cliaagrd e
Sow«fla 5(39\% f}“g Flw _S“L\" ;,J, P]tq Onl\tj.

Definition: Let A and B be events on the same sample space: so
The conditional probability of event B, given event A, is

P(a|a) - P (RnA)

YFUD 734\ Huse fwo [wu

SO LJH/\ A
SWF\L graw .

A~

T
WS frOL FRRN
How Sw\;\‘ﬂu— SE"*U' ’6’ P\
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Multiplication Rule: (Immediate from above). For any events A and B,

(An8) = P(AIBYP(8) = P(BIAP(A) = F(@M)J

e —

—-"'-'_'_———_ ___‘_—‘_‘_'_———_____

Conditioning as ‘changing the sample space’

The idea that “condiF an'mj“ _ cl/\ov\j}\fj e Sample space . can be
very helpful in understanding how to manipulate conditional probabilities.

Any ‘unconditi probablhty can be written as a conditional probability:

P Iﬁ.)

I

Writing P(BJ= P(B|(2) just means that we are looking for the probability of
event B, out of all possible outcomes in the set (2.

In fact, the symbol P belongs to the set ): it has no meaning without ).
To remind ourselves of this, we can write

Po,
Then nj(&} ﬂj(g I—Q-> (@)

Similarly, P(B | A) means that we are looking for the probability of event B,
out of all possible outcomes in the set A |

So A is just another sample space. Thus \we cen Mw\‘if: wate Conditiona\
Pr'o\o“\’r‘l‘%ﬂu IP( - Pl) Hhsy like M\j o L~ f:fo&. NS VI
oS lm\\j nS We O\lwa\\ji S)r@ insiAe He Semme gp‘,\,\fu Sro\(’(’ A

The trick: Because we can think of A as just another sample space, let’s write

7 =05 ()

Then we can use P, just like P, as long as we remember to keep the
A subscript on EVERY P that we write.
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T O X

This helps us to make quite complex manipulations of conditional probabilities
without thinking too hard or making mistakes. There is only one rule you need
to learn to use this tool effectively:

Py (Blc) = P(8| cnn) . for =y A8, C.

\ (‘O'&: ,a, % cg,-\y(,.hoM_A LN 60"[’1!-]
(Proof: Exercise). A And C L l,\j Aiffvent no’rkho/\s]

The rules: P(-|A) =P4(-)
P,(B|C)=P(B|CNA)forany A, B, C.

Examples:
1. Probability of a union. In general,

PBUC) = IP(B) + P (<) -FP(8nC)
So, P (@UC _’P (R) + ? _ [l/\g_ de
A =I5 (B)+ 1 () b (Rnc) &

{“amj\,\ LJOF'L
Ths, P(Buc [A) = P&]a) + PCc|A) —F(BaC|A)

2. Which of the following is equal to P(BN C'| A)?

Exunse
(a) P(B|CNA). (c) P(B|CNAPC|A). (So w’r\m.c - \_
P(B‘C) EF}-.\A, -f'.’\ AVA NS
&) By () BBICIPC]A). on Libsite)

Solution:
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3. Which of the following is true?
(a) P(B|A)=1—-P(B|A). (b) P(B|A) =P(B) —P(B| A).
Solutiﬁgg _ 1‘3('—8' l p{)
= ]?A (E) 1 ,Qo,,ﬂ'\,\uor]&
= 4-T (8)
- i—-P(@Mﬂ:wmgur@)-&'5“&-b‘fziii
4. Which of the following is true? C xunst
(a) P(BNA) =P(A) —P(BNA). (b) P(BNA)=P(B) —P(BNA).
Solution:
A ¥ol

5. True or false:(P(B| A)

Answer:

B -4774/////)

Exercise: if we wish to express P(B|A) in terms of only B and A, show that
P(B) —P(B|A)P(A
P(B|A) = (B) ; (P(lz)) ( ) Note that this does not simplify nicely!
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2.4 The Partition Theorem (Law of Total Probability)

Definition: Events A and B are mutually exclusive, or disjoint, if AnB= ﬁﬁ :

This means events A and B cannot happen together. If A happens, it excludes
B from happening, and vice-versa.

If A and B are mutually exclusive, ( A v B\ = P (A) P (@\
For all other A and B, P (AU&) = ﬂD(A) + (P(@) — P (A ﬂ@) '

Definition: Any number of events By, By, ..., B are mutually exclusive if every
pair of the events is mutually exclusive: ie. B; N B; = () for all i, j withi # j.

ool

Definition: A partition of Q is a colke chion ’/& m“)ﬁ"“&j exclus e Lvinls
WL oS8 tan1on T L.

That is, sets By, Bo, ..., By form a partition of € if

B,NnB; = 0 forall 4,5 with ¢ # j,

k
and UB, = BlLJBQU...UBk = O
1=1

By, ..., By form a partition of € if they lhave o OVU(QP oA
co\ke(/’rlv‘dv) cove ol oubcomes 1A L.

——
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Examples:

Partitioning an event A

Any set A can be partitioned: it doesn’t have to be €.
In particular, if By, ..., By form a partition of €, then (AN By),..., (AN By)
form a partition of A.

%\

Theorem 2.4: The Partition Theorem (Law of Total Probability)

Lee B, B éorm o FN’I%HM 961)1 Theen d{or o
vy A J

Co prack ca\ ong
Ml’hil’lox\ (f"\‘hfa 6{_,,{- Calcmlabi~y

Both formulations of the Partition Theorem are very widely used, but especially
the conditional formulation " P(A| B;)P(B;).
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Intuition behind the Partition Theorem:

The Partition Theorem is easy to understand because it simply states that “the
whole is the sum of its parts.”

AN B AN B

- m :
[ Ko
-

AN B3 AN By

P(A) = P(AN By) + P(AN By) + P(AN By) + P(AN By).

2.5 Bayes’ Theorem: inverting conditional probabilities

Bayes’ Theorem allows us to “invert” a conditional statement, ie. t0 express
P(B|A) interms ofP(A| B).
AN

Theorem 2.5: Bayes’ Theorem

For any events A and B:

Proof:

P(BNA) = P(ANB)
P(B|A)P(A) = P(A|B)P(B) (multiplication rule)

P(B|A) = . O
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Extension of Bayes’ Theorem

Suppose that By, Bo, ..., B, form a partition of {2. By the Partition Theorem,
—_—

m

P(A) = Z P(A[B;)P(B;).

1=1

Thus, for any single partition member B;, put B = B; in Bayes’ Theorem
to obtain:

P(A|B)P(B;)  P(A|B;)P(B;)
P(B;|A) = B
(A) Z‘CIP’ A|B YP(B;)
A NA\
B, /}Bz
4
5 //
&J = @3U& B3 /34

Special case: m = 2

Given any event B, the events B and B form a partition of Q. Thus:

T P(A| B)E(B)
- P(A|B)P(B) +P(A| B)P(B)
1\ \

Example: In screening for a certain
wrongly gets a positive result is
wrongly gets a negative result is(0.002.) The overall rate of the disease in the
population being screened is 1%. Ifmy test gives a positive result, what is the
probability I actually have the disease?
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) I/\&ror("\a/HD/\ DIUV\ ;

‘F__(A\J;{_ (395‘1\”]\/( f‘hk( Xy 0-05 ":7 T'D(P '_D ) = O'Og
FAUQ /\f:jaHu& (efre 5 0002 = iP ( N \ D )—T O- 902

Disease (ke g [ e DY - 0.0

Rinduc N JEEN TN >

e bave  P(dlpy = PCPIDY P (DY) < >
P(P)

Now P(Pin) =4 -P(NID) = L-o.oo’z_ﬂ.

Also WP(PY = P(PIDP(D) + PP DIP(T)

= O'alﬂg * 00| T+ 0-05 % (lwo.oo
= OOS‘MP&

§b\l_-;ﬂ' A @ '

O'ﬁﬂgﬁco'ol _ O’(-:.;
~ W)(B | j: 0.054¢8 :

o

GQiven « positive fegr M\j Chance g L\M::j Hie Aisease
(b % L.
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on|
J
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2.6 First-Step Analysis for calculating probabilities in a process

In a stochastic process, what happens at the next step depends upon the cur-
rent state of the process. We often wish to know the probability of eventually

. . . . l__________-_-_-_-_-____—_—-'-___-.
reaching some particular state, given our current position.
’_'_'___._.—-—-—-_-________—————__________._____._.—'—

Throughout this course, we will tackle this sort of problem using a technique

called [ ¢} _ Step A/\o\k\jm.

The idea is to consider all possible first steps away from the current state. We
derive a system of equations that specify the probability of the eventual outcome
given each of the possible first steps. We then try to solve these equations for
the probability of interest.

—_—
—_

First-Step Analysis depends upon condzitional probability and the Partition
Theorem. Let Sy,..., Sk be the k possible first steps we can take away from our
current state. We wish to find the probability that event E happens eventually.
First-Step Analysis calculates P(E) as follows: ¢.9- € = ?VLA&I::J Wias }

M.h«cvt\tj
P(e) = P(EISHPEN + ...+ Pels,) P(s,).

Here, P(S1),...,P(Sk) give the probabilities of taking the different first steps
1,2,.. . k.

Example: Tennis game at Deuce.

Venus and Serena are playing tennis, and have reached
the score Deuce (40-40). (Deuce comes from the French
word Deuzx for ‘two’, meaning that each player needs to win two consecutive
points to win the game.)

For each point, let:
p = P(Venus wins point), q = 1 — p = P(Serena wins point).

Assume that all points are independent.

Let v be the probability that
Deuce. Find v.

enus wins the game eventually, starting from
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Temnsition Dingram (Single-sheg bmad o)

—

AN Y q
" Qiakes T He /_\
Haggs p
p VENUS » VENUS
e Lores. /’ AHEAD (A) WINS (W)

| DEUCE (D)|

VENUS VENUS
@D (8) —g ™ LOSES (L)

. P .
F—"I-FS‘}' ﬂol'ﬁhof\ . d{o(' QXPLMD\HDA) /\or Er(pf V\S}Auﬁ A CQ\S
Use Fimsk- Fep W\ljsi_q vy faoSleLc Stegps S’%«fl»'u:j a(nom Du\a/

Al't

f)‘ Venns WHAS r\b)dr f)o".mjr (P/ok\,ﬂl.;t‘@ f’) © Move [ S}'ﬂ«h /ﬂ(
?2) Veaws loses  © " ( B ) e B,
Lot V= i\/mv\s Wias EVENTUALLY SMF?:j From Dzu\ctl,
So v = [P(Ve_/\u\su‘./\s lb,)
Fb, (V) wsing fle slseriph nebabin grom §2:3
G (VIADE O A + | (Vi) (s.)

L

\l

L) N Araﬂu/{ S“:ALSUJT}' D} Le comnse w a{ou/\’{'
M“vl'LL aij d{fdfﬁ’vmut | ﬁu bt M&ﬂ‘u‘j J Lbnﬁ N

shate & P(vIa, ad)=P(vIAY):

Now we aeeh b gind PV A~k PRy 0 L,
Use Frirb—drep Ar\m(«\\jSU (FSA) ’Ljh\v\] Mf&

POVIAY = B (WD = B (Viw) e + B (VIb)q
- _ -
Verus m\rcm&\j won! so Hs prol =1

So ﬂ:‘(V[ﬂL):i*P+V*ﬁ/ = P9V @




H

Simlely, P(vie,) = (V)
(V'L—O?/‘F?P (Vlbyi’ 30
Oxq + vxp . o .

(

AR o G .?A!“a y ; -
Substibte @ ~A(L) i @ 5

v = (prgv)p +
AL PEL T

V.= - + Zp4v
v 7

v (lrsz’/) = P P rob ViAws wwﬁ Lvm{'hﬂﬂ:j
v/:—F-E/W QMJJ wee |
l—'?_.faev i .

Ngte: Because p F ¢ = I, we have:
2 7 2t = kR

So the final probability that Venus wins the game is:
z

> v= L - I
I“(Z_P"{/ io"‘-,l_ﬁ/’i.

Note how this result makes intuitive sense. For the game to finish from Deuce

either Venus has to win two points in a row (probability p?), or Serena does
q?) describes Venus’s share of the winning

(probability ¢*). The ratio p*/(p?
probability. = —>
O D O D = U

First-step analysis as the Partition Theorem:

F3+1/ |

Our approach to finding v = P(Venus wins) can be summarized as:

TP V NuS WA L«/U\\'ui > |l \/l/\hj waJ ror g':ffl'
(Venms wing b} 2 I JZ“ "*f’) GF(

fﬂf:{‘r Steps
First-step analysis is just the Partition Theorem:

The SGMfL'L S]oac,e s L= { POS&LLQ Yountes afvmv\ Denee v e Ma{j

An example of a sample point is: D > A, > Dy, = @ - D > B, > L}
Another example is:

‘Bn >@1_"* -3—)/9;9,#)\/\);
The partition of the sample space that we use in first-step analysis is

ﬁ!z iau f’o.@g}blo_ rowkes émm Dewce to He end Lt stk b;—)AJ
-~ = D83

Ry ard R, o o{U\SO]I\J( seks R nR,=¢
A mion s QU (all routes nmngr Le 1a QI of Q'L\
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V= % Veaus Wins WMM{bi
Then first-step analysis simply states:

PVY = P(VIRYP(RY) + P(VIR)P(RY
= RVIRYR (A + B (VIE)E (8)

Notation for quick solutions of first-step analysis problems

Defining a helpful notation is central to modelling with stochastic processes.
Setting up well-defined notation helps you to solve problems quickly and easily.
Defining your notation is one of the most important steps in modelling, because
it provides the conversion from words (which is how your problem starts) to
mathematics (which is how your problem is solved).

Several marks are allotted on first-step analysis questions for setting
up a well-defined and helpful notation.

VENUS (pi. VENUS 1

AHEAD (A) WINS (W)
\ VENUS | VENUS |
@' BEHIND (B) | g ™| LOSES (L)

. >
Use Mo melod /otabing

Here is the correct way to formulate and solve this first-step analysis problem.
N&Q:L e F!\oL,anC.b Hﬂf-)( Ven v Lo AS MU\*—K‘vu\j } g}-«fﬁ\pj aruM De v
1) Dﬁ&:\nl (\o\_AHO'\

ek Ve = P (Verws wins everbually | ahort b stere D)
|
|

;:S
1

[ G " oA
e=P( - - T 8D

Aeshanrion SJ'”HAQ Pg“,,(\— clenqes
(g,;m\ m‘wx) TS

Hee sare




2. Solve Simunlbangous eyns . .

Subley @ A © ik @ '. NEW ZEALAND %
o= P e eam) + 4 (pv)
:D ngl-—‘blu‘oz\g = r:

_ P
= V., =
>, ) ' 20, ous [ozéore . @

=

—

T
O, 050
L

2.7 Special Process: the Gambler’s Ruin

This is a famous problem in probability. A gambler
starts with $x. She tosses a fair coin repeatedly.

If she gets a Head, she wins $1. If she gets a Tail,
she loses $1.

The coin tossing is repeated until the gambler has either $0 or $/N, when she
stops. What is the probability of the Gambler’s Ruin, i.e. that the gambler

ends up with $07? Mc Cermb lyy Ruin . /y

1 172 1/2 1/2 T e b

0 11— 2|—»{ 3|---» -l F--> —N
>»w w7 ) P A S

1/2 1/2 @ 1/2 12 /12
&

Iy

ok to 5k P (ke vt $0 | shrks witl $2).

Dedine 2ved - R - 7 v vtinal Qv&ni = %J/\A\r witl, ;1;0}
e want Efma{ P(Q | 9Frks WiH, \B‘x)

FSA Nerakion /

Lot Fo= P (e | wm@jwstf;) Jor =01, ,N.

7
Hrk deshiantion skt print
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Solution of difference equation (x):

Dr = %pxﬂ + %px_l forx=1,2,...,N —1;
po =1 (%)
py = 0.
We usually solve equations like this using the theory of 2nd-order difference

equations. For this special case we will also verify the answer by two other
methods. ‘
Symmetic Gamblss Rmn
1. Theory of linear 2nd order flerence equations
1S Theory tells us that the general solutionef islp, = A+ Bx|for some constants
.cj\Ci’\a A, B and forx = 0,1,...,N. Our job is to findA and B using the boundary
Y\W3 - conditions: P S T

M et

IDIZPS+@7L %VCO/\SHNIUP(MA@
Sa\ve i AL laav\_nia‘*:) Cﬂf\'ulf*ogu_s Mk fﬂr =0, Ty [\J

So P = A+B40 = 1 = A-1

I

P A+ RN 1 + BN - 0

= 6 = —L
N
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PR o —_
. . ~>C
SOOU.I"SOIUthIllSI)V PX_ -ALR« = 1—7\'—- ?&’r x=0, '.)_\,}j\J,

—_——

C<For Stats 325, you will be told the general solution of the 2nd-order difference
equation and expected to solve it using the boundary conditions.

For Stats 721, we will study the theory of 2nd-order difference equations. You
will be able to derive the general solution for yourself before solving it.

Question: What is the probability that the gambler wins (ends with $N),
starting with $x?

Pleds wite | shrb with $20) = 4~ P (ks it § 0 | Q

2. Solution by inspection ~ N B

The problem shown in this section is the symmetric Gambler’s Ruin, where
the probability is % of moving up or down on any step. For this special case,
we can solve the difference equation by inspection.

We have:
Pr = %px—i-l + %px—l PS’/Q

%px—i-%px = %px-i-l + %pﬂﬁ—l
Rearranging:  p, 1 —p: = Dz — Pes1- ”\ Boundariesp, = 1, py = 0.

T A v, S}—C_f) s Ha Same Sie

There areN steps to go down P = AN ﬁ”" ey F P J
frompozltOpN:(). ’/_ _ LN :h’ f’il’i

' ; - ) (BR_;—PB,) same size
Each step is the same size, S S
because .i__*—b/ for eachx
(ps—1 — pz) = (py — porr) for all z. PR A
So each step has sizgN, / p=0
= po=1,p=1-1/N, R -

p2=1—2/N, etc. 0 @ 2 N ~.

So .
. =1 — — as before.
- N
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H»-p\uL a lOO[Q .

In principle, all systems could be solved by this method, but it is usually too

tedious to apply in practice.

Rearrangéx) to give:

Pzt

= (z=1) D2
(z=2) D3

(z =3) D4

giving Dz
likewise PN
Boundary condition:

Substitute inx*):

NI \‘)LAJJ( LA Simn [Fea ook ﬁ?’kf
(N«l o Hom)

= 2Py — Pa—1

= 2p1—1 (recallpy = 1)

= 2py—p1=2(2p1 — 1) —p1 =3p1 — 2

= 2p3—p2=203p1—2) = (2p1 — 1) =4p1 =3

etc

in general,  (xx)

= ap;1— (x —1)

= Np;— (N —1) at endpoint.

pyn=0 = Npl—(N—l):O = plzl—l/N
TAdudbon (CL\ g)_

pr = ap1 — (x —1)
=e(l-y)-(z-1)
= r—x—r+1
pe = 1—% as before. O
2.8 Independence QU\OL :

Definition: Events A and B are statistically independent if and only if

P(AN B) = P(A)P(B).

This implies that A and B are statistically independent if and only if

P(A|B) = P(A).

Note: 1If events are physically independent, they will also be statistically indept.
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For interest: more than two events

Definition: For more than two events, Ay, A, ..., A,, we say that Ay, As,..., A,
are mutually independent if

P (ﬂ AZ-) = [[P(4) for ALL finite subsets] C {1,2,...,n}.

1eJ e

Example: events Ay, Ay, A3, Ay are mutually independent if
i) P(A,NA;NA) =P(A)P(A;)P(A) for all 4, j, k that are all different; AND
iii) P(A; N Ay N A3 Ay) = P(A)P(As)P(A3)P(Ay).

Note: For mutual independence, it is not enough to check that P(4; N A4;) =
P(A;)P(A;) for all i # j. Pairwise independence does not imply mutual inde-
pendence.

2.9 The Continuity Theorem New o sublle 1
lWe wSe F mayle fuice (ehor n Ha CcoWs

The Continuity Theorem states that probability is a continuous set function:

Theorem 2.9: The Continuity Theorem

a) Let Ay, Ay, ... be an increasing sequence of events: i.e.

A CAC...CACALC... .

Then 22N cy
IP< lim An> — lim P(A,).
n— oo n— oo
o
Note: because A; C Ay C ..., fve have: lim A, = U A,.
n— et

(J, ’ﬁ)@,'-—-
HD( [iM-IH{\j WU‘J[’) | Ja ik + lCJfﬂL,a\Lg;l:‘Hu)

e . (]M;l*[yé; o~ S in ajr NS O



EEE)
g

NEW ZEALAND

b) Let By, Bs, ... be a decreasing sequence of events: i.e.

BiDBy2...2B,2Bpi12....

Then
IP( lim Bn) — lim P(B,).
n— oo n— oo
Note: because B1 O By D ..., we have: lim B, = ﬂ B,.
n— oo
n=1

Proof (a) only: for (b), take complements and use (a).

Define Cy = Ay, and C; = A;\A;_1 fori =2,3,.... Then C1, (s, ... are mutually
exclusive, and |J;_, C; = U;_; Ai, and likewise, | J;2; C; = U=, 4.

Thus

IP’(nh_{gO A) =P (U Ai> =P (U C’i) = ZIP’(C’Z-) (C; mutually exclusive)

1=1

= Jim ) P(C)
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2.10 Random Variables QQUF&%M -, ﬁm&

Definition: A random variable, X, is defined as a function from the sample space
to the real numbersx : Q) — R.

A random variable therefore assigns a real number to every possible outcome of
a random experiment.

A random variable is essentially a rule or mechanism for generating random real
numbers.

The Distribution Function

Definition: The cumulative distribution function of a random variable X is
given by

Fy(z) = P(X < )

Fx(x) is often referred to as simply the distribution function.

Properties of the distribution function

1) Fx(—o0) =P(X < —0) =0.
Fx(+00) =P(X <o0) =1.

2) Fx(z) is a non-decreasing function of x:
if r1 < X9, thean(xl) < FX(.I'Q).

3) If b > a, then P(a < X <b) = Fx(b) — Fx(a).

4) Fx is right-continuous: i.e. limyjo Fx(z + h) = Fx(x).
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2.11 Continuous Random Variables

Definition: The random variable X is continuous if the distribution functior¥'x ()
Is a_continuousunction.

In practice, this means that a continuous random variable takes values in a
continuous subset @&t: e.g. X : Q — [0,1] or X : Q — [0, 00).

Probability Density Function for continuous random variables

Definition: Let X be a continuous random variable with continuous distribution
function Fx(z). The probability density function (p.d.f.) of X is defined
as

d

fx(x) = Fx(z) = ——(Fx())

The pdf, fx(z), gives the shapeof the distribution of X.

Normal distribution Exponential distribution Gamma distribution
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By the Fundamental Theorem of Calculus, the distribution function Fy(z) can
be written in terms of the probability density function, fx(x), as follows:

Fx(a) = [*_ fx(u) du

Endpoints of intervals

For continuous random variables, every point z has P(X = z) = 0. This
means that the endpoints of intervals are not important for continuous random
variables.

Thus, P(a < X <b)=Pla< X <b)=Pla< X <b)=Pla<X <b).

This is only true for continuous random variables.

Calculating probabilities for continuous random variables

To calculate P(a < X < b), use either w{& X ConRnwows ry.
Pla < X <b) = Fx(b) — Fx(a)

or

Example: Let X be a continuous random variable with p.d.f. £/ obals

aofyv\drﬂ)n
' @for 1l <x<?2,
é/ fx(z) = {

0 otherwise. 6%( (’)
V4

(a) Find the cumulative distribution function, Fx(x). F( f;t*) S

: wp 1o
(b) Find P (X < 1.5). / 1 J dmg e

O



2.12 Discrete Random Variables Q@ a ‘{

Definition: The random variable X is discrete if X takes values in a finite @mount-
able subset of R: thus, X : Q — {1, x9,...}.

When X is a discrete random variable, the distribution function Fx(z) is a Step
function.
Fx (z)

Probability function

Definition: Let X be a discrete random variable with distribution function Fx(z).
The probability function of X is defined as

fx(x) = P(X = x)
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Endpoints of intervals

For discrete random variables, individual points can haveP(X = x) > 0.

This means that the endpoints of intervals ARE important for discrete random
variables.

For example, if X takes values 0,1, 2,..., and a, b are integers with b > a, then

Pla<X<b)=Pla—1<X<b=Pla<X<b+tl)=Pla—1<X <b+1).

Calculating probabilities for discrete random variables

To calculate P(X € A) for any countable set A, use

P(X € A) =) P(X =u).

reA

Partition Theorem for probabilities of discrete random variables

Recall the Partition Theorem: for any event A, and for events By, Bo, ... that

f tite fQ
orm a partition of (), A.) ‘@J r LV

P(A) = z;TP(A | 8,) P(B.). (seks -

We can use the Partition Theorem to find probabilities for random variables.
Let X and Y be discrete random variables.

o Define evert A s A = %X:x}_

° \D'ZOL}/\Q, W‘/\% @J rS g\j = % Y:\j} -E;&’r j: O;'fz_)
(_or‘ LJ\MJ’QUU’ ol velaus Y%AQ{J),

° %;L’j He  Porh Ron TL!LD(‘Q/V\)

P(X-2) < Z P(X-x [F=5) P(v-y).

N/
CondiFon al ﬂp/\gk, fy\ od, X Siuf/\ 7/




TF X, ¢ :ADI'C“DV\AU\J"' (Aisoepe) rvs
b PKex | ¥og) = P(Xx) ol
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2.13 /Independent Random Variables

Random variables X and Y are independent if they have no effect on each
other. This means that the probability that they both take specified values
simultaneously is the product of the individual probabilities.

Definition: Let X and Y be random variables. The joint distribution function
of X and Y is given by

> Fxy(z,y) =P(X <zandY <y)=P(X <z,Y <y).

Definition: Let X and Y be any random variables (continuous or discrete). X and
Y are independent if

FX’y(x,y) = FX(x)Fy(y) for ALL T,y € R.

If X and Y are discrete, they are independent if and only if their joint prob-
ability function is the product of their individual probability functions:

Discrete X, Y areindept <= P(X =z ANDY =y) =P(X =2)P(Y =y)
for ALL z,y
— fxvy(ilf,y) = fX(iL“)fy(y) for ALL z, Y.




