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Revision: a branching process consists of reproducing individuals.

e All individuals are independent.
e Start with a single individual at time 0: Z; = 1.
e Each individual lives a single unit of time, then has Y offspring and dies.

e Let Z, be the siZe of generation n: the number of individuals born at
time n.

e The branching process is {Zy = 1, 71, Zo, .. .}.

Branching Process Recursion Formula

This is the fundamental formula for branching processes. Let G, (s) = E(s7")
be the PGF of Z,,, the population size at time n. Let G(s) = G1(s), the PGF
of the family size distribution Y, or equivalently, of Z;. Then:

Go(s) = SS(G@) :fJ(G(G(...(i(s) . ))) :i(c;::(sz).

se (ntimes
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7.1 Extinction Probability

One of the most interesting applications of branching processes is calculating
the probability of eventual extinction. For example, what is the probability
that a colony of cancerous cells becomes extinct before it overgrows the sur-
rounding tissue? What is the probability that an infectious disease dies out

before reaching an epidemic? What is the probability that a family line (e.g.
for royal families) becomes extinct?

It is possible to find several results about the probability of eventual extinction.

Extinction by generation n
The population is extinct by generation n if Z - 0.
(/‘Lo Jr\a{ wd\uu\,k_; a»f Firme V\.B
If Z, = 0, then flo pepulabion is extineh for ves
ZL’ -0 ?r KLL t "; L. '.E{tfrrréi-ni:'slf'arﬂn‘r
Definition: Define event F,, to be the event
S E - _ : -
> B % Z, -0 75 (4vek Hak o popr is expack LO jmrD

Note: E, = E <=k, C £, c--
This is because event E; forces E; to be true for all j > i, so E; is g
subset of Ej; for j > 1. $9.9

Ultimate extinction

At the start of the branching process, we are interested in the prebability of
ultimate extinction: Hee ‘omL,aL,'n\]’\rj Hat Haa ‘Oorb\kp\k"\"/\ Wil Le extinck

S ——— T —
ls\lj JM,U'P\HW\ ", §DF Sorme V""J"‘"-E'O? 2

We can express this probability in different ways:

e . Je’;x}-\ o\'lt-.j j}/\{fh’”@ﬂo

s
P(ultimate extinction) = TF( U E. ) OR 1

oL -~ - - 2z

Or: P(ultimate extinction) l'|>( yam EH> 25 -«

n—s oo

i(- (P(fo‘?nol’b jMU"\HMba



Prob d’d« [} |'u<~j Wf/‘ri’
A rdes oL rox =~
noy cnﬁu:} \)

A crenén g o) )
(&,

o =) \\‘M"V‘\;‘j =
inuity Theorem (Chapter 2), aind because Fy C F1 C Ey C .. .,
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Note: By the
we have:

P(ultimate extinction) 1

Thus the probability of eventual extinction is the limit as n — oo of the prob-
ability of extinction by generation n.

We will use the Greek letter Gamma @for the probability of extinction: think
of Gamma for ‘all/Gone’!

}/n = P(gns = /]P(E)d‘;nc{' %_j jmmﬁoﬂ VI) 2
h/ = TP(I/\H‘:MA%‘Q é’)}(’HanOq) <z _

By the Note above, we have established that we are looking for:

Y - IP(M{HM"J’@ £xhin chon ): f,;M b/n y

/7 'ﬂ
w
j/'ﬁ. o n-= oo xtinction is Forever

Theorem 7.1: Let v be the probability of ultimate extinction. Then
g '_S He SM(«\uL\S‘_ VlO/]-/ll\jm"‘ \ ve So IM‘{‘: on o ILLQ Z%b\ﬂ*’ ;04

| (Q:S_/)) Where G s He PGF ad, He dJZNA',[

To find the probability of ultimate extinction, we therefore:

o Find te PGF o fomily size, ¥ 0 GO =E(ST),
o —d’}iAA VO\LME‘SE/___?&'__S J’L\al( SﬂHJ{*\Ij 51(5) =3

. ﬁ,\a He /S paallesy h Hese valmes Hak is >0, Tl
TS H/\_Q \fﬂﬁ[/l/\\rto{ Vhw) X

G(7v) =7, and 7 is the smallest value > 0 for which this holds.




E-6 (5)

L=s (1-1line)
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Note: Recall that, for any non—defectiv/eD random variable Y with PGF G(s),

_ T - ) N N L
G(N=E (1) 321 P(Y-4) JZ'P(Y.J)-L

So G(1) = 1 always, and therefore thare ﬁ(w%j xifts o Soluhp,
for G(oy=5 1A 0< s<,

The required value 7 is the smallest such solution > 0.

Before proving Theorem 7.1 we prove the following Lemma.

Lemma: Let v, =P(Z, =0). Then bfn = q (X ) )
n—|

Prooft g G (s) is e PCF of 2. fio,
P(Z.0) = G (o)  (standed proparky 31 PLE

I’t ol l,Joro{j) Xn - Cln (O) See C(, Q,)
SEM'-LGJ't/:)) Xﬂ-—l = q"‘—l (o)_
But Galo) = Gla(ara@ D)= 6(4, ()
I A =
: _ A-)
Proof of Theox'e:(r);;1 7.1: We need to prove: B Km B q (\0:\-1\ o mc{/l"'iiq

—(1) G(v) =7 ¢—
(ii) v is the smallest nen-negative value for which G(v) =~. — £54

That is, if s >0 and! G(s) = s,?then v <s.

Proof of (i):

Crom % ovwlmd—) b inm Kn'

N=7 9
N ) '
= e G0V by Lo
= ia‘m L tcan \
O B W, ) beemse Qb

= a( ).

So 6 - Q(‘g) 2§ VNLM:F@A,
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Proof of (ii):

First note that G(s) is an increasing function on [0, 1]:

oo

G(s) =E(s") = > s'P(Y =y)

y=0

= G'(s) = Zysy_I]P’(Y:y)
y=0

= G'(s) > 0 for0<s<1, so( isincreasing on [0, 1].
/___._,_._-————-——/

A/aUH“UM>,o

((s) is increasing on [0, 1] means that:

s1<sy = G(s1) <G(sg) forany sy,s2 € [0,1]. @

The branching process begins with Zy = 1, so

P(extinct by generation 0) = 7 = 0.

At any later generation, 7, = G(7,-1) by Lemma.

0<s = m"fyo <s (because vy =

= G(n) <G(s) (by &)

-

Il_a_JV\MF\\/ VA
NS

l.e. <
A \
= G(n) <G(s) (by &)
v L
l.e. Yo < S
Thus Vn <8 for all n.
am—
So if s > 0 and G(s) = s, then v = lim ~,, <s. O]
n—0o0

L—
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Example 1: lLet {Zy = 1,7Z1,Z5,...} be a branching process with family size
distribution ¥ ~ Binomial(2, ;). Find the probability that the process will
eventually die out.

Solution: [ o\ C Q) = ﬂ;(_(\'./> _
Tln ¥ = P albimake Q.XH/\C,HOA) s e saallest goln >0
to Hea %Mh on G (8) =g.

For Y,\/B:A(Q 1Y), He PGF &

G (o) = L5+ 2 SL (Ctxﬂf+v ¢t/>
LJe need o Solue Q(Q =5 -
G () = (—CL%:-L?_L = S S
Ao, oo S
[‘{D S +TES +|iL - <
<" 3 bs 4 9 =1lbs o.o':’o 05 1:([) 15
= s - (05 +9 =0
ﬁr?t& we lnow S=) 1s aluwans 6 solut2on to G(“Q =S, So

(s-1) s olwant & duckor” gt 2ga.
(s-N (s -4g) = ©

:.'.I) S =) or S:&].
TL\L Smmugbﬂ\' SO[M‘I’:O/\ >/O \|-S S:\ .

Qo T\D (b\l“ma\-t CK{'L\C’H@/\) - 5 - i

Extinchon o daprnite  Wle, Ha obfspn
A } 'LWHO/\ S ) .
N ~B24) @
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Example 2: Let {Zy = 1,71, Z5,...} be a branching process with family size

distribution Y ~ Geometric(3). Find the probability that the process will

eventually die out.

Solution: | o+ Q(@—’-[E(J) = :@5 &ror YNCeo(P)
= CI(S) = .__}/Lf’_ = | LxU‘(.

1-35 ~
& 4 3£

Seaale Y - P ( wlb mate LXJF“"\(/HOJ’\) = Spallesy oln >0

to  Q($)=S.
e Qlsy= 7= < s .
= | = s -3s" .
3s" —4s ] = 0 :
Pﬁefb Fade s (S=1) musk Le o gomctor, ;

(s-) (3s-1) = © S
= 5= er S= 3
N\

Srallust > o
SO \( = ﬂD(ﬁ/L/U\M ‘UXH/\IJHJA = —:Jé‘

E «Pachon S foss}\-,\.'; Lok v’kO{’ o(‘g_dl{,\}h-
L lan \'//"—/ Clﬁo (t} .

O-2§ — P(2,=0)
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7.2 Conditions for ultimate extinction

It turns out that the probability of extinction depends crucially on the value of
M, Ha mean o e size Autoluhon: m=FE (Y.
Some values of u guarantee that ’c%e branching process will die out with prob-
é\ & ability 1. Other values guarantee that the probability of extinction will be

A strictly less than 1. We will see below that the threshold value is /1/\ = 1.
> |
If the mean nurnber of offspring per individual 4 is more than 1 (so on average,

individuals replace themselves plus a bit extra), then the branching process is
not gquaran to die out — although it might do. However, if the mean number
| of offspring perNndividual g is 1 or less, the process is guaranteed to become
| extinct (unless Y\ = 1 with probability 1). The result is not too surprising
| for p > 1 or p < 1, but it is a little surprising that extinction is generally
9 | guaranteed if p = 1.

" Theorem 7.2: Let {Zy, = 1,7, Z5,...} be a branching process with family size
distribution Y. Let p = E(Y) be the mean family size distribution, and let ~y
be the probability of ultimate extinction. Then

(0 _T_dv; //\>| ) Hon Y < 1 axbadhon NoTjw\rwd'w{ T(ﬁ//\),
) T m<l, tan y=1: axtincbn 5 guazarad <l

(iii) T m=1, Han Y= mlesc He @M\j Sz ts elwans
constmt o V= 1 Wep. 4,

Lemma: Let G(s) be the PGF of family size Y. Then G(s) and G'(s) are strictly
é increasing for 0 < s < 1, as long as Y can take values > 2. Q)
Folls ws Hae SHAPE oGO dor 0<s < |

Proof: G(s)=E(s") = Zsy]P’(Y = 7). ) <
SOG’(S):Zysf:l]P(Y:y)>0for0<8<1’ Cl(g)>o}gr 0§ K< |

=il =D Q5 S mcfm,smj

because all terms are > 0 and at least 1 term is > 0 (if P(Y > 2) > 0). ?" c
0K g <.

Similarly, G” (s Zy —1)sYP(Y =y) >0 for 0 < s < 1.

So G(s) and G'(s ) are strictly increasing for 0 < s < 1. O
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lom/\[ﬂ\ﬂp\“ SLJ‘P
Note: When G”(s) > 0 for 0 < s < 1, the function G is said to be convex on that
interval. Lonnlia p—
interva 4‘(@ G(s) \\J G(s) grwu wx G

AseSeasing ¢ C}H(QKO
“ = 2
//jv\l('.e/d’ R CO/\ CAVE:
G7(S) s o

—  OonS Hu\l'L, InUeas
S\S-‘ \j

S

Convex: G”(s) >0 Concave: G”(s) <0
; &> o
G"(s) > 0 means that tle jro\a{’.m)( ‘s G s Cranshal’b ?/\Ueagl/\\j
/U.(or’ O<s < |.

Proof of Theorem 7.2: This is usually done graphically.

The graph of G(s) satisfies the following conditions:(bmmw SL\,_?.JAB
y \ . d
LGS s 'f\CW-‘U‘:j oA s)rrrc)rb Convex (o (Oi\j ns f can be 22)

2. (o) = P(Y=°2) > 0O

3. a (13 — i (wtmnq, ézr M\j AO/\—ﬁLﬂ{LCHV’@ *f.v->

4. /V\:Q/(i); So the S’lopa spd, C,(I) ak $=| ﬁ{ue) e velbue m.
5. Tlw exFinchon fro\gm\.il{.\'aj K‘J s H,.LS("\"LHUI' vele >0

/gol’ wad Q(§) = — A N\= g o bana

= 1)= an AN
(ie. He \QW\MK-*QL‘P\?LA Cwve /M/C'( ) J C.L{vagﬂ,prT e
clogses W, Ft . M=gradient at 1 point S=1
R S O R Y s

;’lﬁ\cl(ﬂzl rmaans e f-iq{\f)
cwve rossel He (58 (i

2 ’\f{' S:l.

P(Y=0)

Y 1
(extinction
probability)
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Case (i): p > 1 lWhen > |) Hee  cwue L
Q(;j i farouk Leneal Hae (e =5 |
wt e point s=1, i
The cwve G(S) has fo cross Hae [jae
E-=s r«jéﬁa to meek He E-axis

o P (Y =0), PEo
Tlhs Heore must Le o Solhen ¥ <

NEW ZEALAND
3{7\;\ VN e KQ@ s

,Ql53 g'd' ”* ""“'*
u>1

at S= ).

/ t=s (gradient=1

'I T S\g

0
to Hae e_"bvwlﬂw\ Cl(g) =c
Case (ii): p < 1
When p < 1, the curve G(s) is t
forced above the line t = s for s < 1. 1

There is no possibility for the curve

G(s) to cross the line t = s again P(Y=0)
before meeting the t-axis.

Thus there can be no solution < 1

to the equation G(s) = s, so v = 1.

JS\WU&G’ valwe >0 Wler
"Lq,cwvecgf,u Uoss

£2G(9)
1= g
F.aw s

“Shallowy Han
- He ‘DWWCAA{'

t=s(gradie‘mt=1)-’a’- 1:}* line
ot (=

The exception is where Y can take only 0
values 0 and 1, so G(s) is not strictly
convex (see Lemma). However, in that case
E(SY):G(S> = po + P15 is a straight line, giving &
the same result v = 1.

Case (iii): p=1

When p = 1, the situation is the same t

as for p < 1. N

The exception is where Y takes only the P(Y=0)
value 1. Then G(s) =sforall 0 <s <1,
so the smallest solution > 0 is v = 0.

Thus extinction is guaranteed for p = 1,
unless Y = 1 with probability 1.

C>< e
U

=

=< ((aucaﬂ' Uvss\,j

’afl’l«.a,wuu > 0

t=s (gradient=1)

S

1
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Example 1: Let {Zy = 1,71, Z5,...} be a branching process with family size
distribution Y ~ Binomial(2, %), as in Section 7.1. Find the probability of
eventual extinction.

Solution: Considu Y ~ @;,\ (2) é)
80 L\j TL\.N\ q‘?-) Y: rP(er\IMG\+@ ,Q_)(H/\(_{"j‘g/\) = i’
(m Lo,:ju calcmlafion in §?~| was Aot MCLSS’CJ‘JB

Example 2: Let {Zy = 1,71, Z5,...} be a branching process with family size

1), as in Section 7.1. Find the probability of

distribution ¥ ~ Geometric(;

eventual extinction.

Solution: Considey Yo Ceonmeds (_C&/\
:3/4:157’:%:2&:’3>{.
"/(f'
So L\j Tlan 12, we hnrow ¥y <1

To find Y, e shllneed fo solue Q) =5 =5 e 4
‘A g_ﬂl'\‘ (A/lswu", X:é ->

Note: The mean p of the offspring distribution Y is known as the Cf"‘l‘;C“llf
il hmky

e If u < 1, extinction is definite (y = 1). The process is called subcritical.
Note that E(Z,) = u* — 0 as n — oo. /

N nrise o If =1, extinction is definite unless ¥ = 1. The process is called critical. )
JORAS X _| Note that E(Z,)) = u" = 1 Vn, even though extinction is definite.

-\
WS o 1f i > 1, extinction is not definite (v < 1). The process is called supercritical.
Note that E(Z,) = u" — oo as n — oc.

/’7
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LB L s BRI

e

- bec ' s
‘BAD Luck_ 1 YOUX populationiS gepepULED' 0 o Extinct! «—

But how long have you got...?

T= reachin e () [0 (1)

.

o2

7.3 Time to Extinction

Suppose the population is dopmed to extinction — or maybe it isn’t. Either way,
it is useful to know how long it will take for the population to become extinct.
This is the distribution of 7', the number of generations before extinction. For
example, how long do we expect a disease epidemic like SARS to continue?
How long have we got to organize ourselves to save the kakapo or th

before they become extinct before our very eyes?

| 6@\5} -
1. Extinction time n N T7

The branching process is extinct by time n if Z,-0.

Thus the probability that the process has become extinct by time n is:

- P(z,=0)= Y, = G, (o) beewse G (9= E(s™)
ﬁ,(’r—éﬂ\ Xn n ) S, Cln(o):(’()(zﬂ:a>

Note: Recall that Gn(%) — E(s%) = G(G(G( » .G(,/ST) » ))) .
0 in 0

n times

There is no guarantee that the PGF G,,(s) or the value G, (0) can be calculated
easily. However, we can build up G,,(0) in steps:

60D =G(A()) S GN=Gla0)
(o) = 5
P(Zz;{o) P(23:O> e ql(qzo)

lPFSL aves Qj g 2
—
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2. Extinction time n ﬁ) ('f': n)

Let T be the exact time of extinction. That is, T' = n if generation n is the
first generation with no individuals: % N

T=n & Z2,.=0 AND Z,\_I > 0

[V Ve N

Now by the Partition Rule,

?(Z =0 N 2, >O) +?(Z =0 N Z ~O> TP(Z *o)@
A —
But the event {Z, =0 N Z,_1 = 0} is the event that the process is extinct by

generation n — 1 AND it is extinct by generation n. However, we know it will
always be extinct by generation n if it is extinct by generation n — 1, so the
Z, = 0 part is redundant. So

P(2.=0 n 2. =0)= P(z _=0) =4, (o)

———

Similarly, ﬁ)( Z, = 03 = qn (o)

‘ol/v\.L aren= IP(TSQ

This gives the distribution of 7', the exact time at which extinction occurs.

Example: Binary splitting. Suppose that the family size distribution is

T
v — { 0 with probability ¢ =1 — p, P

1 with probability p. ‘

Find the distribution of (i}ie time to extinction. 2 &w | .
‘ = , ‘l'clﬂo.r\«d'n.(,(f?/) i.SMC(Q_ﬁ'——? ?/ ;SJ%)]C,_____5 T:(f
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Solution:
Consider

G(s) =E(s¥) = qs° +ps' = g+ ps.
Ga(s) = G(G(S)) =q+p(g+ps) = q(1+p)+p’s.

Gi3(s) = G(Gz(é‘)) =q+plg+pg+p’s) = q(l+p+p°)+p’s.
3,- ?f\a{/"\(zHﬂA

Gn(s) = ql4+p+p*+...+p" ) +p"s.
N
Thus time to extinction, T', satisfies
P(T =n) = G,(0)—G,-1(0)
vV ANAN/

= ql+p+p*+...+p" ) —ql+p+p*+...+p"?)

n—1

= qp form=1,2,...

Thus
T — 1 ~ Geometric(q).

It follows that E(T' —1) = £, so

- 1
E(T)=1+2-2"PFP_ 2

q q q

Note: The expected time to extinction, E(7), is: B
T rot AVGLQOHW; Lt ET = 2>

o finiteif y < 1;

infinite if ;. = 1 (despite extinction being definite),d* is finite;

e infinite if 1 > 1 (because with positive probability, extinction never
happens). "5 T dopechive

(Results not proved here.)
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f;_or }mew\s)r _/f//(f—efe/\m .

7.4 Case Study: Geometric Branching Processes (Jlen Ym Clboml-*ﬁc

Le Can APA
Recall that Gy(s) = E(s%) = G(G(G( LLG(s). ))) | cWsed—form resulls
s ~- g for almoty eyt
n times of ?nf-efuq—,
In general, it is not possible to find a closed-form expression for G,(s). We
achieved a closed-form G, (s) in the Binary Splitting example (page 144), but
binary splitting only allows family size Y to be 0 or 1, which is a very restrictive

model.

The only non-trivial family size distribution that allows us to find a closed-form
expression for G,,(s) is the Geometric distribution.

When family size Y ~ Geometric(p), we can do the following:

Ga =G a4 (- (©--)))
e Derive a closed-form expression for G, (s), the PGF of Z,. 7 —m——

e Find the probability distribution of the exact time of extinction, 7'
not just the probability that extinction will occur at some unspecified time

()

e Find the full probability distribution of Z,: probabilities P(Z, = 0),
P(Z,=1),P(Z,=2),....

With Y ~ Geometric(p), we can therefore calculate just about every quantity
we might be interested in for the branching process.

1. Closed form expression for G,(s)

Theorem 7.4: Let {Zy = 1,71, Z,,...} be a branching process with family size
distribution Y ~ Geometric(p). The PGF of Z, is given by:

( n—(n-—1)s _
(W' =1) —p(p" " =1)s »
| T oD 1)s PTG e s =y
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Proof (sketch):

The proof for both p = ¢ and p # g proceed by mathematical induction. We
will give a sketch of the proof when p = ¢ = 0.5. The proof for p # ¢ works in
the same way but is trickier.

Consider p = q = % Then

p 3 1
G pum— pum— 2 pu— .
() l—qgs 1-— 2—35

N[V

Using the Branching Process Recursion Formula (Chapter 6),

1 1 2—s 2—s
Gols) — G(G ) _ _ _ _ ,
2(s) ) =5=Gm "= L " 22-s)—1 3-2s
. . . n—(n—1)s .
The inductive hypothesis is that G, (s) = , and it holds for n = 1

n+1—ns
and n = 2. Suppose it holds for n. Then

n—(n-1Gs) _ n—(n=1) ()
Gria(s) = G (G(s)) = nt1-nG(s)  n+l-n(5)

2—s

(2—s)n—(n—1)
(2—=s)(n+1)—n

n+1—ns
n+2—(n+1)s

Therefore, if the hypothesis holds for n, it also holds for n + 1. Thus the
hypothesis is proved for all n. ]

2. Exact time of extinction, T

Let Y ~ Geometric(p), and let T be the exact generation of extinction.

From Section 7.3,

P(T - n) - P(Zn = O) - IP)(Zn—l = O) - Gn(o) - Gn—l(o) :

By using the closed-form expressions overleaf for GG,,(0) and G,,_1(0), we can find
P(T = n) for any n.
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3. Whole distribution of Z,,

1
From Chapter 4, P(Z,, =) = —'G%T)(O).
r!

Now our closed-form expression for G, (s) has the same format regardless of
whether p =1 (p=0.5), or p# 1 (p # 0.5):

A — Bs
Gn(s) = :
(5) C — Ds
(For example, when g =1, we have A= D =n, B=n—1,C =n+1.) Thus:
A
P(Z,=0)=G,(0)=—
(Zu=0) = Gul0) = 5

(C—Ds)(—B)+ (A—-Bs)D AD — BC

Guls) = (C = Ds)? ~ (C=Ds)?
= B(Z,=1) = 1C4(0) = ADC;;BC
o (~2)(~=D)(AD — BC)  2D(AD — BC)

n(8) = (C = Ds)? ~ T (C—Ds)y

- wz-n- oo - (A252)(2)

| AD — B D\’
N ]P’(anr):%G(r)(O) = (C—DC) (5) Top 7 = 1,2, ..

ﬁ)(z . =6 '.é) D (%_ )c : (Exercise)

This is very simple and powerful: we can substitute the values of A, B, C, and
D to find P(Z,, = r) or P(Z,, <r) for any r and n.

Note: A Java applet that simulates branching processes can be found at:
http://www.dartmouth.edu/"chance/teaching_aids/books_articles/
probability_book/bookapplets/chapter10/Branch/Branch.html



