X\)—“/ X,\ ITTD — S

X 1 X, Ky, C\z/\b%l Heeorw Lelaad
U, :
\_)w ,/V\z?v\\w) % H‘\L ‘(LSR“:I L.JQ‘V(,

s} of
muko:-(r% rlread Xo =2
Chapter 8: N}arkov Chains ; il

it anly) matters Wkero Yaw e, nal winere yawye heem. .

8.1 Introduction

So far, we have examined several stochastic processes using
transition diagrams and First-Step Analysis.

The processes can be written as {Xo, X1, Xo, ...},

where X, is the State ok Pme . £

A.A Markov
On the transition diagram, X; corresponds to wlida Lox 1856-1922
We ofe in at Q}er t.

In the Gambler’s Ruin (Section 2.7), X; is the amount of money the gambler
possesses after toss t. In the model for gene spread (Section 3.7), X; is the
number of animals possessing the harmful allele A in generation t.

The processes that we have looked at via the transition diagram have a crucial
property in common: X{:H o{z,fmkj ONLY on Xt—, .

It does not depend upon Xy, Xq,..., X; 1.

Processes like this are called Marleov Cliaancg,

Example: Random Walk (see Chapter 4)

none of these steps matter for time t-l‘ll v 7D time t+!
] /’
PSSP < K
\% % %: timet & 9
b |
1

I/\ (2N Mu’kov Cl’\mh\)

He &v\)rwe, G{wakj
u\fclf\ Hee Pf&ﬁ{/&' ;

NOoT U\aPﬂf\ He (DM—}-
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Meet... e Markov fleas!

29

!!E Glee- % il ‘Purpose-

flea  Forget-flea flea @[[ flea

The text-book image
of a Markov chain has 1
a flea hopping about at = | 3
random on the vertices =

of the transition diagram,
according to the probabilities shown.

T3
The transition diagram above shows a system with 7 possible states:

Q%’k‘\’@. QP“C&) S = E IJZJZ‘) €, 5, 6»‘ ?3

Questions of interest

. | N  SA
CLZe Starting from state 1, what is the probability of ever reaching state 77

CL @ Starting from state 2, what is the expected time taken to reach state 4?7 XA
cLA e Starting from state 2, what is the long-run proportion of time spent in
" state 37 £4 ,00riwm —> CL 9
cwg/ae Starting from state 1, what is the probability of being in state 2 at time
t? Does the probability converge as t — oo, and if so, to what?

We have been answering questions like the first two using first-step analysis
since the start of STATS 325. In this chapter we develop a unified approach
to all these questions using the matrix of transition probabilities, called the

teons hon pmadrix .
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g O >® 7 Xi=2 X,
8.2 Definitions
. » [,JLVQUL\
The Markov chain is the process Xo ;3 Xy le — |£!39X e
W A
Definition: The state of a Markov chain at time ¢ is the Volue Jar X e :‘f;/\& e

For example, if X; = 6, we say e PN s s a Shate Q af hme £

Definition: The state space of a Markov chain, S, is the set of values that each

X; can take. For example, S = {1,2,3,4,5,6,7}. (_9 ﬁmu A ﬂcefm{/ Ln@g _’9

Let S have size N (possibly infinite).

Definition: A trajectory of a Markov chain is A Pe-r'Jn culas set Jar vellne

dor X, Xy Xy

For example, if Xy =1, X7 = 5, and Xy = 6, then the trajectory up to time
t=21s ]} [ , ¢ .

More generally, if we refer to the trajectory sy, si1, So, S3, . .., we mean that

Xo =SS0, X;=5,  Xp=5%, X

. 3 - 93 )< -
“Trajectory’ is just a word meaning P?\H« .

Markov Property — 4irs}y - ordv /ka o Aen e

The basic property of a Markov chain is that OA\I_'j Ha Most rec nt Po, nfF

n e ffﬁ\se,c{'o o\(ﬁftqj Wt happens nerct

This is called the MN[@OU PM (u/“b

It means that X(:—H AtPM,;LC ufwﬂn X Lw\' ﬂ' a{a&& /‘Lo+ ﬂ(esz,w{
V\,‘DO»’\ X(z’l) X&i‘,’_) T X, ) Xo

7 J— T hnou ,
X ?’ XS- e else WQL‘M:(”&'\;QU
T¢ T Aida l’)q,f\au Xi , 1 would Le He progy recent infe Hok T Q0
Have Heb s a/\b Hos vdwont for Ha Achn o4 s .
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We formulate the Markov Property in mathematical notation as follows:

P(Xt—i—l =S | Xt = S¢, Xt—l = S%Xo = So) = ]P)(Xt—i—l =S ‘ Xt = St),

forall t =1,2,3,... and for all states sg, s1,..., s, s.

Explanation:

]P)(Xt+1 =S ‘.\

AL(JML, \,J(l 0 T
g XEH"' - Aepeds T
npo A X& Lk H/‘;'\"j Head 15 nown rt[a’rb
to e g Bmes 0,0, -, - ’{O@SA’)—
Mt

Definition: Let {Xo, X1, Xo,...} be a sequence of discrete random variables. Then
{Xo, X1, Xs, ...} is a Markov chain if J&J‘iﬁf’;{_& T Maskov P/O‘P»J\Fj:

K_J(KJ,CJ” = £ l X{, =S¢ ) X{:—; :gl:-.- ;“")XO:SO) = F(YHF“{ ) X’c :'§t>
'acof' ku ‘HMM {f - ,)ZJ 3) s W\’L éor ﬂu S%\*&S 50;91;"’; gt‘ , S,

8.3 The Transition Matrix

We have seen many examples of transition diagrams to describe Markov
chains. The transition diagram is so-called because it shows the transitions
between different states.

% o C@(\J@DO e
Hob  Cold

We can also summarize the probabilities X Hot O« 2 O -
in a matrix: €

?iM 0L 0L
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The matrix describing the Markov chain is called the teongibion matAx.
It is the most important tool for analysing Markov chains. .M(Cbru} Jﬂlnf Crain.

X T
Transition Matrix i :—-0_::'« Lecomst grows ounT
- "~ ~ ec
Synte
AN
~— list all states d 7 NS
j Swn to
) : ~—rows add to 1 1
GOM list 1nse'rt' | ( o Fo
all probabilities « rows add to 1 7 ’
states QomeWH
: ' : F ot
90 ™ fFrom v ToO J O}‘VE-L Q\-n-f't?)

The transition matrix is usually given the symbol ? Wit €lemnty ( P 3

In the transition matrix P:

e Hu ROWS represent NOW , or From (\(,C)
¢ Huw coLumns vepresud NEXT, of To (X))
° {/\{'{\j (L}j) ¢ e ConDITIoNAL P/\ol.o»l;(l%tj et

!\Jef%‘f' =), GIVEN &hak Now = @ e, fe FM\ORL;\Q)
30\ F@OM Syafe U To Shtate -

by = PO 1% R ()

Notes: 1. The transition matrix P must list all possible states in the state space S.

2. P is a square matriz (N x N), because X;,1 and X; both take values in the
same state space S (of size V).

3. The rows of P should each Sum ‘l’o i .

D opi=) P(Xi=j| X =i) = ZP{Xt H X1 =7) = 1.

j=1 j=1 j=1

This simply states that X; .1 must take one of the listed values.

4. The columns of P do not in general sum to 1.
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Definition: Let {Xg, X1, Xo,...} be a Markov chain with state space S, where S
has size N (possibly infinite). The transition probabilities of the Markov
chain are

QOU - JP(X%'M - J ]X{«:(L> "Cﬁor E)J c S MA t-o, 2,

Definition: The transition matrix of the Markov chain is ? = ( e )
L)

8.4 Example: setting up the transition matrix

We can create a transition matrix for any of the transition diagrams we have
seen in problems throughout the course. Foa example, check the matrix below.

\
Example: Tennis game at Deuce. /éD
p VENUS P VENUS
7> ™| AHEAD (A) P WINS (W)

(DEUCE (D)]

VENUS

VENUS
q\' BEHIND B) —q ™ LOSESCID

8.5 Matrix Revision & @

col j
Notation rowi [-----. a'”
Let A be an N x N matrix.
We write A = (a;;), N by — - N

i.e. A comprises elements a;;.

The (7, ) element of A is written both as a;; and (A);;:
e.g. for matrix A% we might write (A42);;.
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Matrix multiplication <m > < @>
(bi;)

Let A = (a;;) and B =
be N x N matrices.

N

The product matrix is A x B = AB, with elements (AB);; = Z by
k=1

Summation notation for a matrix squared

Let A be an N x N matrix. Then

(A% = D (A(A)rj = D airax;.
k=1 k=1

Pre-multiplication of a matrix by a vector

N Us!
Let A be an N x N matrix, and let 7t be a@olumn vector: w = :

TN
S
l

We can pre- multlplyQy 7l to get a 1 x N row vector,

T
mlA= ((wTA),..., (7" A)y), with elements

M (Ooc)o)f\ 8

Zmam N } ,' |
p ]
(O#A- )

Let { Xy, X1, Xo, ...} be a Markov chain with state space S :ﬁ, 2,...,N}

I

8.6 The t-step transition probabilities

Recall that the elements of the transition matrix P are defined as:
(P)ij = Pij = ]P(Xl =J \ Xo = i) - ]P)(Xn+1 = j|Xn = i) for any n.

pi; is the probability of making a transition FROM state ¢ TO state j in a
SINGLE step.

Question: what is the probability of making a transition from state i to state j
—_— Ste

over two steps? _
12 Whak S P( 'JIX -Q? @ Pro\ -



@ & MUSCOA IS erQP .
G —0

We are seeking P(Xs = j | Xy =4). Use the p&r»j—. Hon f—L_U,rg/v\ :

W(XL:J \ Xo:lﬁ = ]?L (K«L"j) T/\S\Cﬁ SV\LSUI@' notetion

156

N M~ CLL
:Z;(l\)lx ) (¥, k)
- pcwH'\/\ T
= 2 P0G Kk, 6D P(X =k X,
| = 5 [Pl [ xok) Mx.:uxD
NQ((’Q : =) Y M beoy P)no(,u_b
RN .Sy .
=2 P
o= \)

(/31) (s:ae_ Matcix Row Smx\w

The two-step transition probablhtles are therefore given by +l, antnx P B

// L:J | Xo:") - P(Xnﬂ_ :J \Xn:}‘> - (?;‘;>LJ

ﬂe-arw\ A ""‘"'fﬁ

3-step transitions: We can find P(X3 = j | Xy = i) similarly, but conditioning on
the state at time 2:

P(X3=j|Xo=1)
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The three-step transition probabilities are therefore given by the matrix P3:

[ Xo = 1)

P(X3 = ) =P( X3 =7 X =1) @ for any n.
T 7. ¢ 7

General case: t-step transitions

The above working extends to show that the t-step transition probabilities are
given by the matrix _Pt for any t: ( do :Qj on Induchon n ouws L&AA.()

P61 < PO - (P o oo
(P7):;

J

We have proved the following Theorem. s NOT e Sanme s

Theorem 8.6: Let { Xy, X1, Xo,...} be a Markov chain with N x N transition
| matrix P. Then the t-step transition probabilities are given by the matrix P’
That is,

P(X;=j|Xo=1) = (Pt)ij.

It also follows that

u: (X = | X, = i) = (P),, for any n. 0
J ¢ \"
8.7 Distribution of X; Xt = Whidh boy out ’J’ @ o @

We e i et [, £.
Let { Xy, X1, Xo,...} be a Markov chain with state space S = {1,2,..., N}.

Now each X; is a random variable, so it has a ‘omLmlg',[',\f:j AstAL vRon .
We can write the probability distribution of X, as an N x| veckor.

For example, consider X. Let t be an N X 1 vector denoting the probability
distribution of X :
P(X,=1)

g
I[;-; 72, N ﬂ)()(o:z)

-

\

N <[ vector,

/| R(Xe=n)

0
Nl ' l.

<
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In the flea model, this corresponds to . f{m Ao o_ﬂ‘l‘i\j ot vordom wWhyda
V(J*lra)c (‘593‘() H’ @.}“f"‘_ﬁ aﬁ 6(‘91"\ ou!" ","]MG, OJ Sb\C[A H.,Lﬁ\’

(e (T(’LM clootes vufex v fo St =7

Notation: we will write Xo~ T " to denote that the row vector of probabilities

is given by the row vector w”.

~ T
Probability distribution of X; X ~
Use the Partition Rule, conditioning on Xj: \\

P4 =3) = P (=) (X, -0) P(X,=0)
= Z Io[ . L\j %A}How

=

[an

N
V=)

Aans

POC=) = (TTR); preomdfpbenfion o mabine P

L\j row vector IT: Ses 3’,?.5

This shows that ]?(X, = J} = (IT P)o
The row vector 7! P is therefore Lo (ngoul:'.lxb Askr L nBon 96/ X |

| ><o ~ ET ‘\

Probability distribution of X5

Using the Partition Rule as before, conditioning again on Xj:

N

P(Xy = j) = Z]P’(Xg = Xo=1)P(Xy=1) = Z (P?),;mi=(x"P?)..
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The row vector ! P? is therefore the probability distribution of Xb:

XO ~ Tl'T
X1 ~ 7TTP
X2 ~ 7TTP2

Xt ~ 7'l'TPt.

These results are summarized in the following Theorem.

Theorem 8.7: Let { Xy, X1, Xo,...} be a Markov chain with N x N transition
matrix P. If the probability distribution of Xj is given by the 1 X N row vector

7’ then the probability distribution of X; is given by the 1 x N row vector
7wl P!, That is,

t
-
X "JL'_T = Xg ~ T i ETm [x N
el Vac)rag
€
Note: The distribution of X, is Xt ~ IT T ¢
The distribution of Xiq 18 ), ~ 7" /Pt“ = lT' P TP
Taking one step in the Markov chain corresponds to Mmffﬁr IJ;‘U b Y P on

Fle rij\,\\-.

Note: The t-step transition matrix is P L
The (t + 1)-step transition matrix is P =7 *F
Again, taking one step in the Markov chain corresponds to nault f L J:\AJ J P
on Ha Y':O\«\- .

take 1 step...

~ ..multiply by P
—P= on the right
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8.8 Trajectory Probability

Recall that a trajectory is a sequence
of values for Xy, X1,..., X,

Because of the Markov Property,
we can find the probability of any
trajectory by multiplying together.
- the starting probability and all
subsequent single-step probabilities.

ﬂ\
SyrX
e

w.?,'t“.\f

| 3

Example: Let X; ~ (%, 0, i, 0,0,0,0). What is the probabiiity of the trajectory

@2, 39234 —— f%

IP(IJL;%)’L)’E}L#) - P(K":D% 'Ol’)_ *‘013*‘032.*P3 ¥ P&

S NN 4
3 2
= — % = £ | ¥ X
¢ = | S o+ | _:Js_
- 1
lo
Proof in formal notation using the Markov Property:
| 2 3 2-34

Let Xg ~ ﬂTBWe wish to ﬁnﬁg‘i the probability of the trajectory sg, s1, So, ..., S;.
s NN \ .
P(X, = 30,X1:;T,\, X = s¢) 4— inkusse cbion rol, TP(XO:JD N Xl:__gi N )(ngzf]

A | . B 2 (%)
= P(X; L e | Xeo1 = St-lVﬂ)éﬂcO X P(X¢—1 = 5i-1,...,X0 = 50) D
ircevenl
= ]Ii’(Xt =5 | X411 = stf}) X P(Xi1 = s1,..., X0 =s9) (Markov Property)

—_—

= 80) X ]P)(thg = S¢_92,... ,X() = S())

= pst,i,s’/tIE(Xt—l = St—1 ‘th2 = St-2,. .-

E/..
= DPsi1,850 X Psiaysp1 X oo o X Psgusy X ]P)(XO - 50)

= pstflvst X p5t72;5t71 XX p50751 X 7-‘-50'

?(A n By = P (A &) P(R)

I?(thsk N Bl previnns L\:‘r%ij) = (xtzjt l a&_‘f;”“’) P(atb,tlf::i)
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8.9 Worked Example: distribution of X; and trajectory probabilities

Purpose-flea zooms around

the vertices of the transition 0.9 2
diagram opposite. Let X; be — % ' 0.6
Purpose-flea’s state at time ¢ . 0.4 &
(t=0,1,...).
1 | 3
(0

0.6 0.2

Find the transition matrix, P.

0.6 0.2 0.2
Answer:P =1 04 0 0.6
=
0 08 0.2 , e
BNYAVZ S .
Find P(X; =3| Xo=1). =’ Leim aSleed  Jor.
T R A
0.6 0.2 0.2 - - 0.2
P(X,=3|Xg=1)= (P, = C .- 06
0.2
= 06x024+02x06+0.2x0.2
= 0.28.
Note: we only need one element of the matP so don’t lose exam time by
finding the whole matrix.
Suppose that Purpose-flea is equally likely to start on any vertex at time O.
Find the probability distribution of Xj. > X, NIT: (lE ) J?; »! )

From this info, the distribution oK, isw" = (3,3,3). We needX; ~ =’ P.

11 0.6 0.2 0.2

(3 3 3)
P = 04 0 0.6
0 08 0.2

L=
I
—
Wl
Wl
Wl
~—

ThusX; ~ (3. 3,3) and thereforex; is also equally likely to be 1, 2, or 3.



(d)

THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau 1 6 2

XONET:(_})O/ O>
Suppose that Purpose-flea begins at vertex 1 at time 0. Find the probability

distribution of Xs.
=

The distribution ofX, is nown™ = (1,0,0). We needX, ~ w! P2,

(1 00) (060202 0.6 0.2 0.2
nl’p? = 04 0 0.6 0.4 0 0.6
0 0.8 0.2 0 08 0.2

= 04 0 0.6

0 0.8 0.2

— (044 0.28 0.28).

Thus P(X,=1)=0.44, P(X, =2) =0.28, P(X, = 3) = 0.28.

Note that it is quickest to multiply the vector by the matrisfi we don'’t need to
computeP? in entirety.

Ko = (4.4, 4)
Suppose that Purpose-flea is equally likely to start on any vertex at time O.
Find the probability of obtaining the trajectory (3, 2, 1, 1, 3).
]P(?), 2, 1, 1, 3) = IP(XQ = 3) X P32 X P21 X P11 X P13 (SeCtion 88)
= 3x0.8x0.4x0.6x0.2
= 0.0128.
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8.10 Class Structure 1o, N boxes

The state space of a Markov chain can be partitioned into a set of non-overlapping

C oM W\'.w&}cj clacsecs.

States ¢ and j are in the same communicating class if there is some way of
getting from state ¢ to state j, AND there is some way of getting from state j
to state ¢. It needn’t be possible to get between ¢ and j in a single step, but it
must be possible over some number of steps to travel between them both ways.

We write  © & ?0& stakes 1 and ) Commrnccate.

Definition: Consider a Markov chain with state space S and transition matrix P,
and consider states 7,7 € S. Then state ¢ communicates with state j if:

duch that (P');; > 0, AND —ie. cen geb 1D i Sone
’#J}c’u with proLl >0
uch that (P*);; > 0. -
TN e ﬁd gL A S {*S}cﬁ;
E>0, ux=o0 Wil prol >0 .
Mathematically, it is easy to show that the communicating relation < is an
equivalence relation, which means that it partitions the sesaste space S into

non-overlapping equivalence classes. Steke

1. there exists som¢

2. there exists some

Definition: States ¢ and j are in the same communicating class if L(———)\j 1o . ]‘d',

2atn state s accessible E\NM He oflur

Every state is a member of JQK‘\C\\’b ong (Onana w\'tca\—;j clagg .

B T~

Example: Find the communicating
classes associated with the
transition diagram shown.

Solution:

%117—)3} %4";5_3
Stake 2 leds to shape &

(’J‘Ak ZP Aves NOT {MA l:)ﬂ'\cllt 'h? 2,)
So H—u\j oS I A«ﬂru‘mk Clﬁs_w.S»
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(ET =00 o :
Definition: A communicating class of states is closed if it s noq IDOLS’! Ll o

LcAvE Hhax class. -
That is, the communicating class C' is closed i@vhenever 1 € C and
jéc. )

o

Example: In the transition diagram above:
e Class {1,2,3}is nNoT closed (e CAN) es s pe ¢ lass iq,, S})

o Class {4,5}is CLOSEN: T s Aot possible to z;ca]?{,

Definition: A state 7 is said to be absorbing if H _, set é,& ¢ o Cloged class,
S \ _f_ )4

Definition: A Markov chain or transition matrix P is said to be irreducible if
‘L(_._)\‘) _afo( all v e Q. Tt is, Hu chain 1§ irredneble :J'
He skYake &(;acc S ¥ a S;AOLL CoMrM;caf-b clasg (C‘p\/\il' Le reduced

or Splik np info Saalls c{o\S&(J), Koo\ po"m)r', Lue Cén 3»0\'!'0
8.11 Hitting Probabilities WUQL,JL«J‘L Q}'Mhﬁ\/j fme M;u\w'c,

We have been calculating hitting
probabilities for Markov chains
since Chapter 2, using First-Step
Analysis. The hitting probability
describes the probability that the
Markov chain will ever reach some
state or set of states.

In this section we show how hitting
probabilities can be written in a
single vector. We also see a general
formula for calculating the hitting
probabilities. In general it is easier
to continue using our own common

sense, but occasionally the formula D)
becomes more necessary.

l“b = l’P(VMM W) AS l S”?\fl’@ L) @ @

LR: |? ( - - -~ ‘ - - - A ) P - : rlr
wS (W ag) = Wit rolabiliiv oor
be = P( | — 8- WU$W‘>ﬂmqf Vi
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Vector of hitting probabilities

Let A be some subset of the state space S. (A need not be a communicating
class: it can be any subset required, including the subset consisting of a single

state: e.g. A = {4}.)

The hitting probability from state i to set A is the probability of ever reach-
ing the set A, starting from initial state i. We write this probability as L] ’
Thus “A

hin = P{X, e A o sone tz0

Ezxzample: Let set A= {1,3} as shown.

The hitting probability for set A is:

o L Shrbing from shakes 4 oor 3

(We are starfing in set A, so we hit it immediately);

° O Sl?“f"‘? f\ﬂm S}%"IS (/. of” g

(The set {4,5F is a closed class, so we can never escape out to set A);

(We could hit A at the first step (probability 0.3), but otherwise we move to
state 4 and get stuck in the closed class {4,5} (probability 0.7).)

We can summarize all the information from the example above in a Vecter “é’

HiA ol A :.l. Vel
L &\j r \ljli hes 4 V&G{"ﬂffar/wk\’ S \)l«ﬁ
. 'A or:jm\s‘uhonm afof‘

~A T L‘zp‘ 02
"\3A _ i LLH_,\_S FFOL.S
lnlf—Pf O
s 0

Note: When A is a closed class, the hitting probability h;4 is called the &Ls w‘f]—:m
progo\g\\*\\’g.
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In general, if there are N possible states, the vector of hitting probabilities is

Wi P(Lik & | shr at ke 1)
T Ao IO T B
|,

NA P | ’ N)

Example: finding the hitting probability vector using First-Step Analysis

Suppose {X; : t > 0} has the following transition diagram:

Find the vector of hitting probabilities for state 4. fo( - { Q«‘S ,
Solution: Ld’ L‘Lq. = “j(l,\‘l\f Srake b l SHI’ ot State L)
for L=1,2,3, 4,
le
/g Wb L‘ltf. = O
2\ L,
L vy = 1
FSA: hyy = Lhy +4bey - Tl O
L\SL.(- = ‘Jz—_,x' _’-Ji—["l(f’ = ,%-._'_ 2,('12(( @
St O n@® > by = 1+4 la"'w)
:7 L\ELP = -?'_i‘ So O\LSD Ll?,lf-: iZLSQ :é
SO H,_e_, V&C&or Dﬁ’ l/\.aH'lj c)fog_g I__f

bq,:<o) Jg) =, i)

3
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Formula for hitting probabilities

In the previous example, we used our common sense to state that hyy = 0.
While this is easy for a human brain, it is harder to explain a general rule that
would describe this ‘common sense’ mathematically, or that could be used to
write computer code that will work for all problems.

Although it is usually best to continue to use common sense when solving

a vector of hitting probabilities h 4.

SA -
Theo - tor of hitting probabéflties ha = (hia : i € §) is the
@uﬁon to the fettowmg equations: bl reada A,
1 for Z.E;A’ é//a%}zfﬁs /(f“”";\
i = Z]?\ijth for i¢ A & FGA 24ns
jes \“\um ?voL (tedy A "*(f”f'(f

. . . bk oy Shep.
The ‘minimal non-negative solution” means that:

1. the values {h;4} collectively satisfy the equations above; 4—
2. each value h;4 is > 0 (non-negative); 44—

3. given any other non-negative solution to the equations above, say {g;4}
where g;4 > 0 for all 7, the for all 7 (minimal solution).

FExample: How would this formula be used to substitute for ‘common sense’ in

the previous example? /2 1/2
The equations give: 1C(1) gte @ 1
1 if i=4, 12 1/2
By o FSA
4 = Zpijhﬂ if =+ 4.
jes
Thus,

hay = 1 7

_ ifiedl o s i Whert
hi4 hiy unspecified! Could be anything! O |
hot = Shiu+shs He aally

hsy = %h24‘|—%h44 = %h24+%/ 7& H—%Tl,m
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Becauseh, could be anything, we have to use the minimal non-negatiiteeya
which ishi4 = 0.
@ejed to check, = 0 does not force.;; < 0 for any otheri: OK.)

The other equations can then be solved to give the same aawbefore. [

Proof of Theorem 8.11 (non-examinable):

Consider the equations  h;4 = { ! for Z €4 (%)
ZjeSpijth for 1 ¢ A.
We need to show that:
(i) the hitting probabilities {h;4} collectively satisfy the equations (*);

(ii) if {gia} is any other non-negative solution to (x), then the hitting proba-
bilities {h;4} satisfy h;4 < g;4 for all i (minimal solution).

Proof of (i): Clearly, h;4 = 1 if i € A (as the chain hits A immediately).

Tl
Suppose that i ¢ A. Then FS ﬁ = PJJr\hsn :
hia = P(X; € A forsomet>1|Xy=1)
= ) P(X; € Afor some t > 1| Xy = j)P(X; = j | Xo = i)
jes
(Partition Rule)
= Z hjapij (by definitions).
jes
Thus the hitting probabilities {h;4} must satisfy the equations (x).
Proof of (ii): Let ) P(hit A at or before time t| Xy = 1) 3 N~ F\WFM%J
. - - =1). v -
iA ——— 0 So l V"r‘ on

We use mathematical induction to show that hg < g;4 for all £, and therefore
hia = limy_, o hl(-iz must also be < g;4.

(o) .
) : < . roall
Qek tA,P N !/\dllmﬁ’HO/\, _ &_L\:_/t/ g__‘f_/?g
P'."k ho +ime
Time O

hee

[2
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1 it e A,
Time ¢ = O: hggl) = o
0 if ¢ A

L4

_ _ . gia=1 if i € A,
But because g¢;4 is non-negative and satisfies (%), ,
gia > 0 for all 7.

So gia > h\") for all i.

The inductive hypothesis is true for time ¢t = 0.

Time ¢: Suppose the inductive hypothesis holds for time ¢, i.e.

Consid h;?l gja) for all j.
onsider

R = P(hit A by time ¢ + 1] Xo = 4)

= ) P(hit A by time ¢+ 1| X; = j)P(X; = j | Xy = i)
jes
(Partition Rule)
= Z hgtf)l Dij by definitions

jes

IA

Z 9 A Dij by inductive hypothesis
jes

= gia  because {gia} satisfies (%).

Thus hgi;rl) < gia for all 7, so the inductive hypothesis is proved.

By the Continuity Theorem (Chapter 2), h;j4 = lim; hg.

So hia < g;4 as required. ]
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8.12 Expected hitting times

In the previous section we found
the probability of hitting set A,
starting at state . Now we study
how long it takes to get from ¢
to A. As before, it is best to solve
problems using first-step analysis
and common sense. However, a
general formula is also available.

Definition: Let A be a subset of the state space S. The hitting time of A is the
random variable T4, where

o T,=0 if we Stwt
W =rmingEr0 X eAd T in ser
T is the time taken before hitting set A for e gansk Fime. b i W
The hitting time T4 can take values O, 1,2, ----- and o<, :‘w{r ok o
If the chain never hits set A, then T - po , J _
_ _ A Set A

Note: The hitting time is also called the reaching time. If A is a closed class, it
is also called the abssr ‘o{—?o/\ Foe .

Definition: Th@hitting time for A, starting from state i, is

mg = E(T, | X, <1).
Note: 1If there is wility that the chain never reaches A, starting from 1,
i e Lty probolily big <1 He B (T [ X,=0) = 60
Calculating the mean hitting times also P (TA. _ 00) >0, »{-—';r S Alffec}]w,

Theorem 8.12: The vector of expected hitting times m4 = (m;4 : i € 5) is

Hee M"mlmf»\ f\on—/\xﬁjmhuc SOlV\F‘o" \‘0 HA& FSP\ 271,\6\“ 0NS .
O Ef_or Le A

1 +%ﬂ f,Ma fer CEA

M



THE UNIVERSITY
OF AUCKLAND

NEW ZEALAND
Te Whare Wananga o Tamaki Makaurau 1 7 1

Proof (sketch):

().

Consider the equations m;4 =

0 for 7€ A,

{ L+ > igapijmja for i ¢ A
We need to show that:

(i) the mean hitting times {m;4} collectively satisfy the equations (x); LOT.E

(ii) if {u;a} is any other non-negative solution to (x), then the mean hitting

times {m;a} satisfy m;a < u;a for all ¢ (minimal solution).

We will prove point (i) only. A proof of (ii) can be found online at:
http://www.statslab.cam.ac.uk/~ james/Markov/ , Section 1.3.

Proof of (i): Clearly, m;q = 0if i € A (as the chain hits A immediately).
Suppose that i ¢ A. Then

m;a =— E(TA ‘ X() = Z)

— 14 STR(T | Xy = j)P(X) = | Xo = i)
jes
(conditional expectation: take 1 step to get to state j
at time 1, then find E(74) from there)

= 1+ Z M A Dij (by definitions)
jes

= 1+ZpijmjA, because m;4 = 0 for j € A.
j¢A

Thus the mean hitting times {m;4} must satisfy the equations (x).

Example: Let {X; : t > 0} have the same transition diagram as before:

/2 1)2

1
Starting from state 2, find the 1C te Ql

expected time to absorption. /2 1)2
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Solution: \|otat on - (ot = Barrows ((0_93404

M. a = F (:&\S)ﬂzﬁ)& to e, gL{(A:{,'m;S ygim/‘% Ak&f‘hf’e L)
Lo 171,23,
e f‘ﬁ@u»\rb M“} _

beconse | € A

FSA m, =0
73 amd (e A

Also Mip = i*é’v‘sﬂ\ ®

Min = L 4dm, @
Sw&-@r@)mh@:
MzA:i+Ji{(l+Jimlﬁ73
~ > _ 2
’j’@mm*z
= Mlﬂ :L, | ALSO) MSA:'+%mzA:l+%:2

Qtotmiruk oSy IS My =L

E(T | Shvbagat 2) < 2 chepg.

_

(f

(\"! e, bLy) Nevew ADD.
= (M, s My -1 m,\h NEVER PrDb (ke M4 Mt + My ui[l NV Y Le He

VAY\ N g VR RT T

b
M
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moves to one of the other two vertices at random. What is -
the expected time taken for Glee-flea to get from vertex 1

Example: Glee-flea hops around on a triangle. At each step he %
to vertex 27 =

Solution:

transition matrix, P =

= o= O
o= O N
O NI N

We wish to findms.

0 if i=2,
Now mjs =14 14 Zpijmjg if i%#2.
j#2
Thus
may = 0
mis = 1+ %mgg + %m32 = 1+ %m32‘
mgs = 1+ %m22 + %mu
= 1+ %mm
= 143 (14 3ms)
= mz = 2.

Thus mys = 1+ tmg, = 2 steps.



