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Chapter 9: Equilibrium

In Chapter 8, we saw that if {Xo, X1, Xo,...} 18

a Mar »v_chain with tra ion matrix P, then
Xy ~m )= Xy~ Tp.) o w"\“i?& point

s BHme 00 Ve ove {ookm abead '(fm 'H k.
This raises the question: is there any distribution 7 such that TP T 2
i ~ —~
If 7' P = x”, then
. T D T
X o~ = ~TT =T

=) X‘c—fl ~/ T‘;T P - ,.I_T_,T

= Kegz~T7P =77

=D T ><JC-H\X{: Wow{i
In other words, if #" P = ', and X; ~ «”, then SHI 1.”“ MUM';SA

. — \:\D Qma\i"sh[)

Ke ~Keyy ~ Ko~ Xegz ~ ...

Thus, once a Markov chain has reached a distribution 7w’ such that w7 P = w7

k will shay R EQWMLU veatage poinf = Hime O Hoou L.au,f}
2. 30(/\ [/\é‘\l/ﬁ f\O V‘.ﬁ(,J 1/h[p laLhJW h 0 ‘v\o{ h

If 7T P = 7’ we say that the distribution 7r? is an eq Wb dasFil upon
)

Equilibrium means a level position: there is no more change in the distri-
bution of X; as we wander through the Markov chain.

Note: Equilibrium does not mean that the value of X;.; equals the value of X;.

It means that the distribution of X;,; is the same as the distribution of X;:
L ________,_.—-"

NY (P(X\T’fl i) TP(XJ(:_D:TF Lk note Het

\

T M i\ = | X: :/P

&Jr P(Xéfl:2> = P(Xg:?ﬂ):ﬂ‘l ‘(x{’“ |lt f) |

O&L ole as always.
N L QHS{»L_‘, «e,{’c

In this chapter we will first see how to calculate the equilibrium distribution 77 .
We will then see the remarkable result that many Markov chains automatically
find their own way to an equilibrium distribution as the chain wanders through
time. This happens for many Markov chains, but not all. We will see the
QU conditions required for the chain to find its way to an equilibrium distribution.

\-ﬂ Does epilibiims Aistr T exist?  [buried froaswe bx:\f’rﬁj
Q’(r\!(t SQ )L\jl l’[,.g cbaia ‘FH\JD M ULJ}A e. CopnVERGE o |‘\' | (_' '7’90’?

S L i
;\,\p\g\og_ no t igf IAGC'\NFQ [’f)/"{ig e L,u\,ntA )f.fzﬁ\SL,J‘Qj

«\\/J
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9.1 Equilibrium distribution in pictures 47

Consider the following 4-state Markov chain:
0.0 0.9 0.1 0.0 0.1

]a: 0.8 0.1 0.0 0.1

0.0 0.5 0.3 0.2
0.1 0.0 0.0 0.9

Suppose we start at time 0 with 0.1

X ~ (4 , i , i , i): so the chain is equally

likely to start from any of the four states. Here

X 8 ’K_i"‘lx_.

1@34 1 2 3 4 1 2 3 4 1 2 3 4

T‘? Eow\’r we leve S DIFFEXENT pidwes for small t.
The distributi arts off level, but quickly changes: for example the chain is

least likely to be found in state 3. The distribution of X; changes between each
t=0,1,2,3,4. Now look at the distribution of X; 500 steps into the future:

]P)(Xg)oo = ZC) P(X %{U— IP)(X503 = JZ‘) ]P)(X5‘9_f10: l’)

0.0

1 2 3 4

NL\O"Q’ 3 k=500 ¢ JgSOl z, 603
SY‘\\ ——
(oﬂ\b'/:b s ?__ g'__. s

N 3]
IS} '\' (=] (=]
kl\,mt ( ~
[S]

"! bl bt
(=} =} =}

A
3

\
0

o o
S S
1 2 3 4 2 3 4 1 2 3 4 1 2 3 4

FH,L Pl CTWRES ARE THE samc !

The distribution has reached a steady state: it does not change between

= 500,501 504 The chudn bas feached oguilibrivn
Baf 1Fs oA accord .

0.0
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9.2 Calculating equilibrium distributions

Definition: Let { Xy, X1, ...} be a Markov chain with transition matrix P and state
space S, where |S| = N (possibly infinite). Let w7 be a row vector denoting
a probability distribution on S: so each element 7; denotes the probability
of being in state ¢, and Zf\il m; = 1, where m; > 0 for all : = 1,..., N. The
probability distribution 7w’ is an equilibrium distribution for the Markov chain
if ﬁfr\p = IT

That is, 7! is an equilibrium distribution if

N_
(TP =2 ™y = W por el o,

By the argument given on page 174, we have the following Theorem:

Theorem 9.2: Let { X, X, ...} be a Markov chain with transition matrix P. Sup-
pose that 7w’ is an equilibrium distribution for the chain. If X; ~ «w’ for any ¢,

then XE’“i ~ ET épr- o\u \C = O}ijl)_,. -

Once a chain has hit an equilibrium distribution, it sta Ly Hre Tﬁgr Y.

Note: There are several other names for an equilibrium distribution. If w7 is an
equilibrium distribution, it is also called:

e invariant: 1+ odoesa’t d’\"\’\\jti 1 P = ,-T_TT

e stationary: H. clain (§>rofs\ e .

Stationarity: the Chain Station

a train station is where a train stops

a workstation is where . . . 7 7 7

a stationary distribution is where a Markov chain stops
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9.3 Finding an equilibrium distribution

T N l/\}\lej\auf\_j

—

T is an equilibrium distribution for P if:

SPL ¢ J—\"z_i :II to Scalar Mk'f{ftf,
1. -H-T P _ TI_T / (ie. o jL|’ i (U‘(Mﬂ(w\" GJIK\S
— N 45, N Mlzu\ow/\;) LV\"’ of\b
'3 2. T 4+ = i N-| Gd' He L’IA: I d
Woss N l : |
[ é\j)‘u% Uou\ /(/l/'\u-/b 1'\9{41;1-

Vector 7

& Conditions 2 and 3 ensure that T7 g « j&f\mi/\L lo,mL.oJ.,'ulr.U Ak, GuRon,

Condition 1 means that 7 is a row eigenvector of P.

Solving w7 P = w” by itself will just specify 7 up to on Scalar M“\H'xfl.t .
We need to include Condition 2 to scale 7r to a genuine probability distribution,
and then check with Condition 3 that the scaled distribution is valid.

Example: Find an equilibrium distribution for the Markov chain below.

0.5
0.0 0.9 0.1 0.0 0-10 P Qo.e
3

0.8 0.1 0.0 0.1 2
0.0 0.5 0.3 0.2
0.1 0.0 0.0 0.9

0.1 0.2
. T _ _
Solution: L et o= (__““. ) T, D, Wq,) .
Eﬁ,/\j we 'ET ’P -7 l [{,.._uu j;vt o,\b 3 Mg%—k\ UO.Q
- D)
Cola
0 0-9 o] ©
™ ,P-‘-T‘TT = (Wr T, Tg TTL#} 0|
™ Ll 0§ o o :GT,'ITl“F.Tg'?Ts)
0 -5 03 0.2

0] o) O 0-94
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o-Im + o3, = T'}, @

L{’;ﬂn A dzwom e mMmatnx Loon't Ldf}
Ty 4T + T+, =1 @O Cn idgt 29n.

@:> ) :jrﬁ3 _
Sweshin @9 01 (F7))+ 05, =0.9m,
= :__c_@_'n‘
-
Clae de
Gives TT - [, 5 1 8¢
~—~ 220 226 27¢ 29 (

- (0-2‘2) 0 20, ©O.04, O'l&)_

—

This is the distribution the chain converged to in Section 9.1.



9.4 Long-term behaviour

trand hoa matAx

.

In Section 9.1, we saw an example where the Markov
chain wandered of its own accord into its equilibrium

distribution: =7°° sol Pt 01 _ 0.2
Look?@ "“""‘P( ) P(Xson=1) P(Xso=2) P(X503=)
J\;‘f""‘*o’;“‘ - S s, 3 s 0.9
3 e ¢y e —,

oy
o

<
[S)

0.0

1 2 3 4

bl
o

=
S

1 2 3 4

d
<]

=]
[S)

1 2 3 4

0.1

0.0

1 2 3 4

This will always happen for this Markov chain. In fact, the distribution it
converges to (found above) does not depend upon the starting conditions:

Sor ANY valne o= X, , e Wil aluays bave X~ (028 0-20,0-04,
~S >0 . 0-38)

What is happening here is that <acl Cow 0&' e ffﬂ‘af Frans; Fon ratrx
€ ‘

/lD , C_or\\/O:ju as £> 00 o He Sewae utwl‘.g,“,w N S S AP

)

(0:2%, 030, 0-%, 0-3%):

b

0.28 0.30 0.04 0.38

0.28 0.30 0.04 0.38

0.0 0.5 0.3 0.2 0.28 0.30 0.04 0.38

0.1 0.0 0.0 0.9 0.28 0.30 0.04 0.38

(If you have a calculator that can handle matrices, try finding P! for ¢t = 20
and ¢ = 30: you will find the matrix is already converging as above.)

This convergence of P! means that r |au?j;z, €, no nmadfu WHIC H state
we stk in,  we mtwﬂ\kﬁﬁ Wave prob o\L'\M‘D ;

0.0 0.9 0.1 0.0

0.8 0.1 0.0 0.1

P = = P as t — 0o.

e about 0°2% of being in State 1 after ¢ steps;
e about 030 of being in State 2 after ¢ steps;
e about 00l of being in State L after t steps;

e about 0.7 ¢ of being in State {after ¢ steps.



—_
-
>
[Vl
<
e
~\J

S’ OF K

NEW ZEALAND
Whare Wananga o Tamaki Makaura

" Start at X :@ Start at X, :@

180

O\
=)
s i Lelbwviow for it
K :\,\“’gw prot o Lu:)?r 3 RTEIY] s 3“;’1 shalle,
N\ I Shte & oty s also :DEMT'iCM’,(
ol H co g}_,,_f_‘ T,y' ol bo L’Mmuf/é’r s
2 " Sonng &S 1t = ° SHJH‘:j Aok 2
- \““T /r; v bl sheps —
I3 H‘H‘“ &  State 4 N T State 4
< Mﬁmﬁ“ State2 | < | State 2
= W SErE ] E ;7; State 1
IS} 1% < dM
s | j\M " ~_ State 3 Y P State 3
8/\/\/\[120 40 tln%% 80 100 6 (()\/-\/\J\/\Z-EIAI| d40 tlmeﬁ{itul,‘ojo\ 100 ( t_:
S Mo , Smell £ 0 fFruen IV
- levge {‘, SI'#LLL dzf;\uxmcs a/\&;.f.,\r,, _c)rk\:-':t Shlol-c

The left graph shows the probability of getting from state 2 to state k in ¢
steps, as t changes: (P')yy, for k =1,2,3, 4.

The right graph shows the probability of getting from state 4 to state k in ¢
steps, as t changes: (P')yy, for k =1,2,3, 4.

The 2nitial behaviour differs greatly for the different start states.
The long-term behaviour (large t) is the same for both start states.

However, this does not always happen. Consider the two-state chain below:

oS /"(i&“.’\
As t gets large, A J T
so0_ (10 so0 _ (01 so2 (10 s03 (01
P _(01) P _(10) P _(0 1) P _(1 0)

‘ J
For this Markov chain, PE doas not CO’\W{j&.
We neve "(f-aija’r“ fle inthval skt ohabe s iF Adkoming
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General formula for P!

We have seen that we are interested in whether P! converges to & a"%)(z A Mmatax
With all (oS 2gual as £>o0.

If it does, then the Markov chain will 22t an L@lﬂ"{"gf’“—“"\ Astrbuhon Haat
Aoes NOT DEPEND ON START STP{TE/ o gkt Aiskn Guon .

(=
The equilibrium distribution is then given by Qm\«j ow 0& o COAVU\‘jA" ? i

wotes {It can be shown that a general formula is available for P! for any ¢, based on

on [ the eigenvalues of P. Producing this formula is beyond the scope of this course,
v '—‘1\'-"@( but if you are given the formula, you should be able to recognise whether P! is
going to converge to a fixed matrix with all rows the same.

Example 1:
0.8 p_ 0.2 0.8
0.2 @ (@ 0.4 L 06 0.4
‘-L . 0.6

We can show that the general solution for P! is:

| = #=5{(5 )

Df\(ﬂ %{\,{Ma on ‘6

04t >0 as to00
=
A.S ("’79‘0) ("‘O'Q,) — 0O, So mo‘bfb\ﬁ{b\q @/\6’ VMTJL\M-
So P 1 ( 3 ¢4 Thus Marleov chaln WILL Hwefore
Conve 4t to the qulilrim Assta IT: -%(2} &) = (_%)_f:f;_> S

r‘f’jmfﬂeif o Whellw te flea strks in shabe [ or State 2,

Ezercise: Verify that 7w/ = (%, %) is the same as the result you obtain from solving

the equilibrium equations: 77 P = w! and m + m = 1.

e~
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Example 2: Purposeflea knows exactly what he is doing, so his probabilities are
all 1:

-, o——o =)

We can show that the general solution for P! is:
(L) e

ﬁfs t>o0, (-—Ot Aoes NOT Con VgL o O, So
?&: ((]3 ?3 70L- £ i even,
PEs (0 L) g 6 b oedd,

{or AR
If\ H-«Ls L)(ﬁw\rh) {Plf neve C,O/\L/UJM h o ""\ﬂl‘/‘i)( LJH’L\
Lot fows idwbal a8 £ oo, The clain neve ('IO(D{jJ.S“

s S’}"J\'\r\\j Cono{'.’f‘;og s £ jl/*j (G"j“

Exercise: Verity that this Markov chain does have an equilibrium distribution,

! = (%, %) However, the chain does not converge to this distribution as

t — o0.

T These examples show that some Markov chains forget their starting comditions .
in the long term, and ensure that X; will have the same distribution as t — oo
regardless of where we started at X,. However, for other Markov chains, the
initial conditions are never forgotten. In the next sections we look for general
criteria that will ensure the chain converges.
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ot AL — -
Con 9et o n A8t gets (
s from J VI can qut o
é"’” o ol ﬁ e shnbeg AT Aszj. THE
Target Result: W e & _ Times
e If a Markov chain is #rreducible and aperiodi
distribution w7 exists, then the chain converges to this distribution as
t — oo, regardless of t@ initial starting states.

To make sense of this, W(igiee—d% revise the concept of 2rreducibility, and

-

equilibrium

a -
’a/l

introduce the idea of apertodicity. ,
alwons  will W Stete Spoce ) U,Pﬁ}t\+tj

M‘Iﬁ]:)»{—* N ot ;Cf S}‘Ql’e j“aé\q oS :A&%Arl+ﬂ.

9.5 Irreducibility

Recall from Chapter 8:
Definition: A Markov chain or transition matrix P is said to be irreducible if

FL é-)\) #(— ALL “L) \5 e S ’ TC\&{' L(, H"{. C[/\M\\f\ ;/; ;.r(Lﬂ(_b\fl|LLL 1&, HAQ_,
S)l’k’re, S(’acz,J S) KIS s?ntﬁu CPMMW.\](;VHSJ ¢ lasc,

An irreducible Markov chain consists of a single class.

-
AN

Trredncble

E—®

o \rradunc Ul

Irreducibility of a Markov chain is important for convergence to equilibrium as
t — 00, because We ont Ha ConvUfn e Yo Lo "i/\ALfg_/\AM\’ ed,

S\’ﬁrx’ bk .

This can happen if the chain is irreducible. When the chain is not irreducible,
different start states might cause the chain to get stuck in different closed
classes. In the example above, a start state of Xy = 1 means that the chain is
restricted to states 1 and 2 as t — oo, whereas a start state of Xy = 4 means
that the chain is restricted to states 4 and 5 as t — oo. A single convergence
that ‘forgets’ the initial state is therefore not possible.
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9.6 Periodicity

Consider the Markov chain with transition matrix P = ( 01 ) )

10
1
_% ‘ @ Suppose that Xy = 1.
1
Then _:' r O\lL LA A ug\w_g gf(&, e MA ><| :—l Fr 0\“ 09{&
Valnes fa/ £ |

This sort of behaviour is called periodicity: H.g Mo.rla_o\/ chn can cmf\j
rebuwrn fo oo stake ok P:f’r’-cv\kar valuas 06/ £

Clearly, periodicity of the chain will interfere with convergence to an equilibrium

distribution as ¢ — oo. For example,
1 for even values of t,
PX;=1|Xo=1) =
0 for odd values of ¢.

Therefore, the probability can not converge to any single value as ¢t — oo.

Period of state 2

To formalize the notion of periodicity, we define the period of a state 1.
Intuitively, flwe pesio A s Aegine A Sucl flaat Hae Fime taleen to

s
TN s}u\—c, L Lade 4o stake L aqain s alw a multiele \j
m pu oA . J Jj f
In the example above, the chain can return to state 1 after 2. Shfu’ A ‘gl-o_r_;)

d—eqs , 8 erefs
The period of state 1 is therefore 2 .

In general, the chain can return from state ¢ back to state ¢ again in ¢ steps if
(”\9 € ) .. > OThis prompts the following definition.

Definition: The period d(7) of a state i is '
T A()>0

A = ged § 60 (P > Oj (€>0)

e . 9{(‘) - jrac\‘ra@( Copamon A\visor Oé' o\l\ HMLJ £t 91.’{' L—Jl«/'{cl,\
vebon fo ke © s ﬁ)oSﬁiU_L.

——————
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Definition: The state 7 is said to be periodic if A (1) > 1 .

For a periodic state 7, (P'),, = 0 if ¢ is not a multiple of d(i).

Tle

Definition: The state 7 is said to be aperiodic if Al = |. Des 3r0§LLL
- Sihealon for
Coﬂvvjo\O; .

If state 4 is aperiodic, it means that (etwn fo Syake 1 s
NOT Uik A Or\b to re\ju\kcrb rgfm*_;\,j Firmes.

For convergence to equilibrium as ¢t — oo, we will be interested only in é\f){/‘fw{{ c
Stakes.

The following examples show how to calculate the period for both aperiodic
and periodic states.

Examples: Find the periods of the given states in the following Markov chains,
and state whether or not the chain is irreducible.

1. The simple random walk.

a0) = ged 92,4 &, _
= (A (o) = Q Poiodic shake .

Clwin~ s dereducille .

Chain Wil Aok Convarge dume fo ?u'{oaln“c[%\»)_
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Clawin is ircedmeible

d(l):jcr{ 4(2)3,..\.} =1.

Sk L o\f{,ﬁ]odtic_.
= al ¢ty er?OA:c

= onvuges (L,\UTLM ﬂ'})

R

Clioon Gs Itredncible .
%%—% ) =gcd $2,4 ¢ j -9
@%@ Ceodic sheke.
SR Cannot Lonvuge dne o F,Uq'oo‘l).c'rl\—j-

d(l):jcokizj e, b,. .- 3: 2 .
Clwanss  NOT .\IFFLAMC‘\\O\(,

Rot condiBons for Tim 173
regw“d\ﬁ-fs .

converps fo T =(o,0, D

a=gcd2,4,5 % -
Trredane e

5 all shutes “ﬁu;o'{:ﬂ
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9.7 Convergence to Equilibrium

We now draw together the threads of the previous sections with the following
results.

Fact: Ig\i <> j, then ¢ and j have the same period.\(Proof omitted.)

This leads immediately to the following result:

/ = “"’"l\j one clags = &) U L’J

If a Markov chain is #rreducible and has one aperiodic state,

then all states are aperiodic. £.9. Yo on S
ONE loop|aYyvlere,

@ s {‘-’\"\S}’[k dkrg]a'lu‘c.

We can therefore talk about an irreducible, aperiodic chain, pneant ®) Haat
Al shabes are a\furfok. c.

Theorem 9.7: Let {Xj, X1, ...} be an irreducible and aperiodic Markov chain
ith transition matrix P. Suppose that there exists an equilibrium distribution
hen, from any starting state ¢, and for any end state j,

P(Xy=) [ Xo=t) = T, as £00.

In particular,

()i = o oo, for AL & o,

soe TF Lonut{jw fo on mabrix WKL all rows 1deabical and
aﬁ/ws\\ fo ’ET' /)

'Fﬁr o drredncille, aporedic: Morkov chin \[\
Wit ke o infinibe shate Specte,
HAU\ HAL ﬂ:________,\?(;S%Q/\CZ_, 06' N\ Q,&LML['.LH'L\M 0{;“)7\ WTF

enswes Hal Ha Makor clwin will (pr\vqr;lL Lo T

S E—?oo,
|
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Note: If the state space is infinite, it is not guaranteed that an equilibrium distri-
bution 77 exists. See Example 3 below. i ae <Hoke gpace = doos xiskt-

Note: If the chain converges to an equilibrium distribution ! as t — oo, then
J—L\L Lowwrw\ fmfor\’mr’\ Oaf Fime S{Jvd’ in U Shate fo is .
Ln oo [ acSinnment, ;(g,- nShed Jor « (O/ETW/\ proporkion g time Lpent
A Skafe  MnST FeST JWSTIFY ConverGeENICE .

Ty st o WY =) \JL&]'\ Hee chaia
Qj J @3‘ \ fbu “°“‘"‘Ej Conyerit.

Il\rb‘k} A-PU"OA;{—, T '—’3‘!33’:} '::_> C_O,\U‘JW }-—{, "iT“
A typical exam question gives you a Markov chain on a finite state space and
asks if it converges to an equilibrium distribution as ¢ — oco. An equilibrium

distribution will always exist for a finite state space. You need to check whether

9.8 Examples

the chain is irreducible and aperiodic. If so, it will converge to equilibrium.
If the chain is irreducible but periodic, it cannot converge to an equilibrium
distribution that is independent of start state. If the chain is reducible, it may

or may not converge. (go Exmrl& L below.

The first two examples are the same as the ones given in Section 9.4.

Example 1: State whether the Markov chain below converges to an equilibrium
distribution as t — o0.

0.8 0.2 0.8 )
p:(
\}_% 0-2 C@ v @D 0.4 \ 0.6 0.4

oS ea
nY )
1 L\a\u(_ SM’\@ FUL‘O&

,_ Al s fes one (oop, Al
T clhain s inredun eible f; i T gmm‘,,{ = f
bk mpod; stntes L‘N%_Q “odic -
P | (S ) K,_g (L A 1S mPU1O i

Af\ ,Qpll/\.‘l.‘\laf'lw\/\ Asta Wil st Lecause fle shate -ffaow( i
e
SG’ J’[A_g_ C[/\ﬂ\u\ "LDQ_S C-O/\VU@Q. af é-b;}c:) .

—

T—

| From $9.4, Hee cliin conveges to 7T (% )_z,:)
as £ so j ’
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Example 2: State whether the Markov chain below converges to an equilibrium
distribution as t — oo.

_% O — (1)

T i s IPFQAMULM b v s NoT «rmw{\c : PH;W{’—Z-

So the chn does NOT convere to en ﬁ?/l/uLlL.f.bw\ L) H,
Skhark state &oraoﬁm oS £ oo,

It is important to check for aperiodicity, because the existence of an equilibrium
distribution does NOT ensure convergence to this distribution if the matrix is
not aperiodic.

Example 3: Random walk Wi;h retaining barrier at 0.

Find whether the chain converges to equilibrium as ¢ — oo, and if so, find the

equilibrium distribution. Hos s e Aeoc 1A o

The chain is irreducible and aperiodicwwrium distribution exis)ts),
then the chain will converge to this distributiontas> ~c.

However, the chain has an infinite state space, so we canacarmfee that an
equilibrium distribution exists.

Try to solve the equilibrium equations:
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bobd\d{CJ‘ 29N Lv—écw
J 4 b 0

(%) s A o

(1071

(p-

0 i)
= (._"To My pmy+qm3 = T

/
Bﬂ-kl—i_qﬂk—iﬂ = m, for k=12, ... \j

o O3
o O
= o O

O KR

From §), we haverr, = qm, J AW
A rAJ” o A
o oo T = Py 20k o kS Mookl
wmo\»‘(\on L= q - Aﬁ&jj\j :]:,\Av\ chon
Slo
1 1 (p p(l—g p\’ <
= m = —(m —pm) =—(=m—pmo | =~ mo=(%) m. dwe
q q\q a\ q q

k
We suspect that,, = (%’) mo. Prove by induction.

k
The hypothesis is true far= 0, 1,2. Suppose that; = (g) 7. Then

Thel = %(mﬁ—pmﬁﬁ
) o (2) =]
= —<¢(=) m—p|= o
q q q
P (1
= L (=2-1
q* <q )WO n ,epll/\r\\_‘\\c
D bl -« flut - gaﬁjg/;d
= (5) Q- So ‘a, 01/*‘&}71,) \%/
v oS -

k
The inductive hypothesis holds, sp—= (g) mo for all k > 0.

S-HL\ Meﬂ\ JFO f_;/\”k To S{’ Z—;r — l
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00 00 k
. p
We now need E m=1, lLe. E (—) =1.
k=0 q

1=0

The sum is a Geometric series, and converges on&io{ 1. Thus whem < q,
q

1
7'('()(1 p)l = 70:1—]—9.

20
If p > q, there is no equilibrium distributiok.ecomse % =0 TFDF
=0

Solution: ~Y volne ‘7/({’ T, .
If p < q, the chain converges to an equilibrium distributlen wheren, =

(=) () ors o1 o

If p > g, the chain does not converge fo 'aznlé"qﬂilibrium distribuéish— oo.

we have

Example 4: Sketch of Exam Question 2006.
Consider a Markov chain with transition diagram:

(a) Identify all communicating classes.
For each class, state whether or not
it is closed.

T3, f23, g3y el nof Cl2r

T4 closed. ' w

(b) State whether the Markov chain is
irreducible, and whether or not all states are
aperiodic. Na»\— ‘e din C‘,L\{ ‘ [gq Al St=tes Cou LD have A{'}d’v&\f
(Hasre oI e &'CL«SSUB‘ P{/‘ror{sjj
A‘ll S*—G\)(‘(LS INNE O\f),u-] oa{,‘(_ (ﬁ\“ L\m/c (90;;), _

o
(c) The equilibrium distribution is w7 = (0,0,0,1). Does the Markov chain

converge to this distribution as ¢t — oo, regardless of its start state?
Ye_s) hl% clu\rb WLt Cp/\vu\ﬁ& to ET = (o, °,o0, |3 L’J
-\I"\SPQ_CJ(-'\D"\) M():"Q /&—ﬁrlll«fnﬁ O'd; ;ff@AmCl[Lr'lu'\)‘
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Note: Equilibrium results also exist for chains that are not aperiodic. Also, states

9.9

can be classified as transient (return to the state is not certain), null recurrent

(return to the state is certain, but the expected return time is infinite), and
positive recurrent (return to the state is certain, and the expected return
time is finite). For each type of state, the long-term behaviour is known:

e If the state k is transient or null-recurrent,

P(X; =k|Xo=k) = (P'),, = 0ast— oco.

e If the state is positive recurrent, then

P(X;=Fk|Xo=k) = (Pt)kk — 7 as t — oo, where 7, > 0.

The expected return time for the state is 1 /7.

A detailed treatment is available at
http://www.statslab.cam.ac.uk/" james/Markov/. Doctors

R
Special Process: the Two-Armed Bandit D

A well-known problem in probability is called the two-armed
bandit problem. The name is a reference to a type of gambling
machine called the two-armed bandit. The two arms of the '
two-armed bandit offer different rewards, and the gambler

has to decide which arm to play without knowing which

is the better arm.

A similar problem arises when doctors are experimenting with
two different treatments, without knowing which one is better. ~ One-armed bandit
Call the treatments A and B. One of them is likely to be better, but we don’t
know which one. A series of patients will each be given one of the treatments.
We aim to find a strategy that ensures that as many as possible of the patients
are given the better treatment — though we don’t know which one this is.

Suppose that, for any patient, treatment A has P(success) = «, and treatment
B has P(success) = (3, and all patients are independent. Assume that 0 < o < 1

and 0 < § < 1. 2. cued A
> i < :
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First let’s look at a simple strategy the doctors might use:

e The random strategy for allocating patients to treatments A and B is
to choose from the two treatments at random, each with probability 0.5,
for each patient.

e Let pr be the overall probability of success for each patient with the
random strategy. Show that pgr = 1(a + 3).

The two-armed bandit strategy is more clever. For the first patient, we
choose treatment A or B at random (probability 0.5 each). If patient n is given
treatment A and it is successful, then we use treatment A again for patient n—+1,
forallm =1,2,3,.... If A is a failure for patient n, we switch to treatment B
for patient n + 1. A similar rule is applied if patient n is given treatment B: if
it is successful, we keep B for patient n+ 1; if it fails, we switch to A for patient
n+ 1.

Define the two-armed bandit process to be a Markov chain with state space
{(A,S), (A, F),(B,S), (B, F)}, where (A,S) means that patient n is given
treatment A and it is successful, and so on.

Transition diagram:

Exercise: Draw on the missing arrows and find their probabilities in terms of

a and f. X P;“Hw’ Cwasgiver A and o vas cuccess gl
_ ’P(UA"*M P\) C . = shide itk A
VTN T @) . B £r next
(- LA &, o< > patiat.
0() -
\\, \Lr\ﬂ") \/-)\’JN(}A A
Dor ™ oV AF) L5 (BS)
O r~
Transition matrix: AS AF BS BF Salng Pc\\g}'
AS Loxermn Qg
AF 2011 ¢
B3 2010 7

BF
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Probability of success under the two-armed bandit strategy

Define pr to be the long-run probability of success using the two-armed bandit
strategy.

Exercise: Find the equilibrium distribution 7r for the two-armed bandit pro-
cess. Hence show that the long-run probability of success for each patient under

this strategy is:
_a+fB—2ap
= e ™ B

Fa ‘;r(j ens
Which strategy is bettV/N_._ \\j '

Exercise: Prove that pr — pr > 0 alyrays, regardless of the values of o and f.

This proves that the two-armed bandit strategy is always better than, or equal
to, the random strategy. It shows that we have been able to construct a strategy
that gives all patients an increased chance of success, even though we don’t know
which treatment is better! Ve [iax

= G0 6/10/4
P(success) for different 3 when 0(:0// j '~

2 | ) — &S U\
Shefey
%’ 3 Qor\/\fJ"’(—"‘L A
N "
° —— Two—armed Bandit strategy i s lrMAOM
= - - - Random strategy }/7\}'
0.0 0.2 0.4 0.6 0.8 1.0 S ej\\j ’

§

The graph shows the probability of success under the two different strategies,
for « = 0.7 and for 0 < 8 < 1. Notice how pp > pg for all possible values of 5.




