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Chapter 3: Expectation and Varlance

In the previous chapter we looked at probability, with three major themes:
1. Conditional probability: P(A| B).

2. First-step analysis for calculating eventual probabilities in a stochastic
process.

3. Calculating probabilities for continuous and discrete random variables.

In this chapter, we look at the same themes for expectation and variance.
The expectation of a random variable is the lOAJ —torm aveage aar He
(onhonr varialle

(L«rj. C.v. Cond Le :H—'Sife?s to g-uﬁnLSL. fron's g eme )

Imagine observing many thousands of independent random values from the

random variable of interest. Take the average of these random values. The
expectation is the value of this average as the sample size tends to infinity.

We will repeat the three themes of the previous chapter, but in a different order.

1. Calculating expectations for continuous and discrete random variables.

2. Conditional expectation: the expectation of a random variable X, condi-
tional on the value taken by another random variable Y. If the value of
Y affects the value of X (i.e. X and Y are dependent), the conditional
expectation of X given the value of Y will be different from the overall
expectation of X.

3. First-step analysis for calculating the expected amount of time needed to
reach a particular state in a process (e.g. the expected number of shots
before we win a game of tennis).

We will also study similar themes for variance.
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The mean, expected value, or expectation of a random variable X is writ-
ten as E(X) or ux. If we observe N random values of X, then the mean of the
N values will be approximately equal to E(X) for large N. The expectation is
defined differently for continuous and discrete random variables.

Definition: Let X be a continuous random variable with p.d.f. fx(z). The ex-
pected value of X is

—2E (X)) - wai_mh e ()= POF ot X

—

Definition: Let X be a discrete random variable with probability function fx(z).
The expected value of X is

E() = 7 nf(@ = ZxPRD vl £ 13

He PROBARILTY FunNCTon
Expectation of g(X) 24 9 (X)=Jx h X.

Let g(X) be a function of X. We can imagine a long-term average of g(X) just
as we can imagine a long-term average of X. This average is written as E(g(X)).
Imagine observing X many times (N times) to give results x1, zo, ..., zn. Apply
the function g to each of these observations, to give g(z1), ..., g(zx). The mean
of g(x1), g(x2), ..., g(xyn) approaches E(g(X)) as the number of observations N

tends to infinity. B +-\f§ ¥ JZ _;,JZ

Definition: Let X be a continuous random variable, and let g be a func%bn. The
expected value of ¢g(X) is

E<9(X)> - /_OO 9(x) fx () dw. «

oo

Definition: Let X be a discrete random variable, and let g be a function. The
expected value of ¢g(X) is
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Expectation of XY: the definition of E(XY)

Suppose we have two random variables, X and Y. These might be independent,
in which case the value of X has no effect on the value of Y. Alternatively,
X and Y might be dependent. when we observe a random value for X, it
might influence the random values of Y that we are most likely to observe. For
example, X might be the height of a randomly selected person, and Y might
be the weight. On the whole, larger values of X will be associated with larger
values of Y.

To understand what E(XY') means, think of observing a large number of pairs
(x1,91), (T2,Y2), .-, (xn,yn). If X and Y are dependent, the value x; might
affect the value y;, and vice versa, so we have to keep the observations together
in their pairings. As the number of pairs N tends to infinity, the average
A le\il x; X y; approaches the expectation E(XY).

For example, if X is height and Y is weight, E(XY") is the average of (height
x weight). We are interested in E(XY") because it is used for calculating the
covariance and correlation, which are measures of how closely related X and Y
are (see Section 3.2).

Properties of Expectation QU/] Gon

i) Let g and h be functions, and let @ and b be constants. For any random variable
X (discrete or continuous),

E{ag(X) + bh(X)} - aE{g(X)} v bE{h(X?}.

—

In particular, |

ii) Let X and Y be ANY random variables (discrete, continuous, independent, or

non-independent). Then
E(X+Y)=EX)+E®Y).

More generally, for ANY random variables X7,..., X,
]E(Xl + ... —|—Xn) = E(Xl) + ... —I—E(Xn)
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}EX >0 E;Y>O J_\‘:( ) # E()() ZEALAND u

= E(X) E(Y) oNLY if X &Y ax indyodd
Ef gL - B0 ES LT
Notes: 1. E(XY) = E(X)E(Y) is ONLY generally true if X and Y are [NDEPENDENT

2. If X and Y are independent, then E(XY) = E(X)E(Y). However, the
converse is not generally true: it is possible for E(XY) = E(X)E(Y) even

though X and Y are dependent.
EX
-—-2 Probability as an Expectation P (A - I (I 43
Let A be any event. We can write P(A) as an expectation, as follows.
Define the indicator function: Probaliliky
1 W evet A occuws
S -
: 0 ohurwise. SRR
L lea
Then 14 is a random wvariable, and 0 1 1’6—
| A
r=o

I

O * F//IA:C» + 1k IP (I,\:I)

"—)(IA :I)
P (A) .

/ﬂ)(ﬂ) = E(Iﬂ> Jor Y fwm‘rﬂ

(&l

N

Thus
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3.2 Variance, covariance, and correlation

The variance of a random variable X is a measure of how Spr ead out it is.
Are the values of X clustered tightly around their mean, or can we commonly
observe values of X a long way from the mean value? The wvariance measures

how far the values of X are from their mean, on average. var(X)=0 X
IS &
constant.

Definition: Let X be any random variable. The variance of X is

fer (O Ef (Xop) | = E(x7) - (BXY
-

afor IIV\A [ F“'\‘t;’\ M) \
do Sone Aljr,lora\ Ces} prr-' u_f.‘@ /(M'gufa!-.'m

The variance is the mean SJLMW'A Aviafron of a random variable from its
OWI mean.

If X has high variance, we can observe values of X a long way from the mean.

If X has low variance, the values of X tend to be clustered tightly around the

mean value.

PAE, £.(%)

Example: Let X be a continuous random variable with p.d.f.

2072 forl <z < 2, L,//
fx(z) = k_____j Y
0 otherwise. F
S
' 2

Find E(X) and Var(X).

2o 7
Ex - | xgmd o [eaat de X

— % 1




For Var (XY, wse Ver ()= fE(X*) - (XY

Now () = [ () A
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= S\"L 2 dx

- [2e)!

2x2 — 2#I

E(XY) = 2 -
R

So Ver (XY= E(XY) - (EX)
- L - {2452 N e (a)

= 0-07982 .

f

Covariance
Covariance is a measure of the association or dependence between two random

variables X and Y. Covariance can be either positive or negative. ( Variance is
)€ CILRCT POSILIVE Of NeRd

always positive.)
~ (or 0)
Definition: Let X and Y be any random variables. The covariance between X
. . . algedyra \
and Y is given by ind U shading ==5 wGng

cov (%) = E § (Xp) (Vo) | = E(XY) - (B (2Y)

Wlere /"\x:Ex and /AY:E’:Y.

1. cov(X,Y) will be {303')%‘/‘- if large values of X tend to occur with large values
of Y, and small values of X tend to occur with small values of Y. For example,
if X is height and Y is weight of a randomly selected person, we would expect

X.Y) to be positive. A ,
cov( ) to be positive Y P Cov (X}Y) >0

— — X




(),j‘ X: b-/f__‘-a‘m‘r, Y:L\L‘.ﬂ‘uéf

Ver () = E{bpY ) - Ef ) )

wded o (X ) S ES (;Wm“
| s Ly
Vor () = E(X7) -(EXY = E{XX T - @)+

m\jdc,rf\ @ - (lEX) (U:Y)
e Jfar' (.ﬂ(aql |~) onf

T¢ x,%,@ E(xv) EXYEY) &
S E(XY) <(B)[EY) = 0 i i~degy.

Y
o Lt Y= aX™-LX

J‘r\j *{‘a FAA "\JL S.+-
E (XY) = (EX) (EY)

X PossiWe bo Constrnck
o PERFECT non-|inear
f&L%(’}\quLnr with O

Covariowmer ,
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Covetance onl
MersSwts [LINEAR

e(alonsa \p -
2. cov(X,Y) will be " t’aﬂf v if large values of X tend to occur with small values
of Y, and small values of X tend to occur with large values of Y. For example

if X is age of a randomly selected person, and Y is heart rate, we would expect
X and Y to be negatively correlated (older people have slower heart rates).

3. If X and Y are independent, then there is no pattern between large values of
X and large values of Y, so cov(X,Y) = 0. However, cov(X,Y) = 0 does NOT
imply that X and Y are independent, unless X and Y are Normally distributed.
o ov(xy)=0.
X,Y indpr = cov(X,Y)=0
X BuT NOT &

i) Let g be a function, and let a and b be constants. For any random variable X

Properties of Variance

(discrete or continuous),

Ver (2 900 + LY = a"Var(4(x))

In particular, |/ar (_o\>< + L,) - o Vor ()() .
ii) Let X and Y be independent random variables. Then

VGJ‘“(X-I—Y) = \/cr()(} + \/cr(‘(), MusT RE
INDEPEN DENT,

iii) If X and Y are NOT independent, then

Vor (XY = Vor (X) + Vor (Y) + 2 cov (X )

Correlation (non-examinable) m (7(+ Y o=t r j1 27y

l/w’(Xﬂ’ “Ver (W) e Vel Y) + 2 Cou(X,
The correlation coefficient of X and Y is a measure of tl)le hne(al) 1;aussozzli)aurtlom )

between X and Y. It is given by the covariance, scaled by the overall variability
in X and Y. As a result, the correlation coefficient is always between —1 and
+1, so it is easily compared for different quantities.

Definition: The correlation between X and Y, also called the correlation coefficient,
is given by

cov(X,Y)

corr(X,Y
( )= v/ Var(X) Var( Y)
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The correlation measures linear association between X and Y. It takes values
only between —1 and +1, and has the same sign as the covariance.

The correlation is £1 if and on]y-if there is a perfect linear relationship between
X and Y, i.e. corr(X,Y) =¥ <)Y = aX + b for some constants a and b.
£~

The correlation is 0 if X and Y are independent, but a correlation of 0 does
not imply that X and Y are independent. nol- &

3.3 Conditional Expectation and Conditional Variance

Throughout this section, we will assume for simplicity that X and Y are dis-
crete random variables. However, exactly the same results hold for continuous
random variables too. X= LJL?,j\,J/ Y -l gt Fix Y=17F0m.

Suppose that X and Y are discrete random variables, possibly dependent on
each other. Suppose that we fix Y at the value y. This gives us a set of
condltlonal probabilities P(X = x| Y = y) for all possible values = of X. This

s called the cond] ham StiluFon ot X, gver that Y.

Definition: Let X and Y be discrete random variables. The conditional probability
function of X, given that Y =y, is:

P(X=x Avn Y-y) oy P(An&
= \/: - \j - ’(—1
P Yy) v A e

We write the conditional probability function as:

£, (1) - PEx 1 ¥y,

Note: The conditional probabilities fx|y(z|y) sum to one, just like any other
probability function:

Y P(X =Y =y) = Y Py_y(X =2)=
! Lh“"f e d

using the subscript notation Pgyy—,y of Section 2.3.

rMSL ovy ~ __D
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We can also find the expectation and variance of X with respect to this condi-
tional distribution. That is, if we know that the value of Y is fixed at y, then
we can find the mean value of X given that'Y takes the value y, and also the
variance of X given that Y = y.

Definition: Let X and Y be discrete random variables. The conditional expectation
of X, given that ¥ = y, is

Mutvey = E(XVYeg) = 2 x P (= 1Y=y)
Sz =g, (k)

a

E(X|Y =y)isthe Mmearvalne = X wher Y is fixed af 9

2.9 X=wegnk, Yolball E(X[Y=160)= mean gy FoR PEOPE
’ J 7 ) °f /‘jjjwbwr; Lbem

Conditional expectation as a random variable

The unconditional expectation of X, E(X), is just o nwwbes,
< 4, EX =60 g or X = 80113,
The conditional expectation, E(X |Y =y), is @ Aumbo depending on 9
—

e, X S o LoncbonTs ,
If Y has an influence on the value of X, then Y will have an influence on the

average value of X. So, for example, we would expect E(X|Y = 2) to be
different from E(X |Y =3). Or E(X]Y- M;.ocm) will Le Afpveat from
E(X ] Y=180 ).

We can therefore view E(X |Y = y) as a fw~chon f VIR, (X IY:U):L, IJ)

To evaluate this function, h(y) = E(X |Y = y), we:
) FHx Y ot tHe cbose value

i) Fad He avenge G X e Ve fixed af Has valie,
E(X]Y=9)

| . (
¢q. fix YV zlbSem, i w) h(9)

L\tialal'
J




E(X) = Zxﬁ)

L E)(fach\"()/\ GM# aaL X .

Exlgz,cl‘ahoﬂ ovu X

(H p[WJ“*je Wil fLSPcL" to )(k\
)LL:X (X) or EEX(SXY_ZY>

h -7 {3Rv- 27 PO
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However, we could also evaluate the function at a random wvalue of Y:
i) olseve w RANDOM value Da? Y,
f—‘nx \;/ ob Hot oLJU‘vLA) fM"lOM fo\tvutj
i) Lvaluabe E( X | Y2 olseoved random wLu)_
We obtain a FW\AOM vw]mLLe: E(KIY) = L»(Y
M rondompaegs comes '&mm Hw rond omanss ia Y, nok in X

Conal't%"mr\f«\ L)([DQCF’—»JF;OG) E(X ) Y}, (XN Fov\a‘o/v\ VMT‘\LJLQ)

l-'_-¥N--——-_._---—-
Wit candomness Talirited /O(rom Y, not X.

e

E()(\\() oA C,o/\\/u\lud' Lm\’ Aolﬂ—com (.f]'w rf\“mv}'ive /\a}‘ﬁi’ von  So

Ho L i 1n wad oStandia YN ofFah 0
Hoe b'ef) g e 1 with probabi 1t ® aa, rebbien 3.

2 with probability 7/8 ,

Example: Suppose Y =

—

and  X|V = { 2Y  with probability 3/4 , 1

3Y with probability 1/4 .

Conditional expectation of X given Y =y is a number depending on y:

W, rol 3
Td Yol Han X | (Y1) - Eé f‘-\f"-f«
.

So E(X|Y:\):2*%+3#i¢ - |

:
T¢ Y:?_) Heao X | (Y22) = E L
( w,[:. */q_

So EE(XIY::)):E ey

Se  E(XI1Y=y)is o ambe dipuding on g,
e, f‘w\cl'ipn OH/ U
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Conditional expectation of X given random Y is a random Variab\llé:

- 0 At [
From bove, E(XI N % ¢ Y- (PFL“L’IQ /)
fg'/q, ‘,b(, \,1/:2— (fl(‘oLfAL,:l'tj _‘}/8)

: . N Heore
Qo E—(x I \.'/) - Ve wills prob. /g re
g /4 wi kL la/oL. ?/g . Y’J
‘onol_-,ala;lt\Hﬂ

TLW\B IE(X IY) TN (ond om ver) able . “

Tle rardomnes (}oml,-al "’xh@%ﬁﬂm Y not ~fron, X

- Conditional expectation is a very useful tool for finding the unconditional |
expectation of X (see below). Just like the Partition Theorem, it is useful
because it is often easier to specify conditional probabilities than to specify
overall probabilities.

Conditional variance

e Var(X |Y

The conditional varjance is similar to the conditional expectation.
@5 is the variance of X, when Y is fixed at the value Y = y.

e Var(X |Y) is a random variable, giving the variance of X when Y is fixed
at a value to be selected randomly.

Definition: Let X and Y be random variables. The conditional variance of X,
given Y, is given by

Ve (X1 €)= E(XCIY) - fECXINY < ES (X= ey |

| slee p,)(rz ckbion,

VM(X l Y::)) S Nl Alf%:j W\J (A f—vmth-an 96,0)}
Vs (X IY) o a raadom varially Wil randomn i inheribed

from
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PA)= = P(A 184)F ()

— Laws of Total Expectation and Variance

If all the expectations below are finite, then for ANY random variables X and
Y, we have:

) ECO) - EL LE(XM’}

LC\LJ | 9"“1{ EXFJ& o\"hjn oA

(LEARN

Note Hok we can f"cl‘- ANY (v Y} Fo malee Ha calcnladion
SR ~s Po&s]LQ.

i) E{\j X)j E { \E(\j(X)\Y):S}orM nchon
J'

() |vero) - By (e i) + Vi (E i)

0 Lo P(Y=19) Hueo T E(X|Y=9) Plt:y)
[ " - EX

—> Note: Ey and Vary denote expectation over Y and variance over Y,

i.e. the expectation or variance is computed over the distribution of the random
variable Y.

The Law of Total Expectation says that the to Fal avUAgL (EX))
AVUAGe df (ASe Ly —case avL4 gel

e The total averageis [ (X)) ;
o The case-by-case averages are [ (X | V') for Hw Aiffret vabues Y
o The average of case-by-case averages is avuage, oV& fe o istnlukon -t
\/ of e Y - case AV g ;
E, § E(XIy)
= T E(XIY=y) PlY=y) = E(LI))

J
. . = avyA w\“«"Mﬂd’f‘o HAL
NOTATION ¢ (moduaely shdord): By = 2yunge ™ %f’ .
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9/4 with probability 1/8,

Example: Inthe example above, we had: E(X |Y) = { 18/4 with probability 7/8

The total average is:

E() - E_§ EIV) = 2wl +18,3 =422,

Proof of (i), (ii), (iii):

(i) is a special case of (ii).

= ) g(x)) P(X
= > g(@)P(X = x)
= E(9(X)) =

(iii) Wish to prove Var(X) = Ey[Var(X | Y)] + Vary[E(X | Y)]. Begin at RHS:

Ey[Var(X |Y)] + Vary [E(X | Y)]

~~

E(X) by part (i)
= Ey{E(X?|Y)} ~Ev {[E(X | Y)]*} + Ev{[E(X | Y)]*} — (EX)

E(X?) by part (i)

= Ey {E(X*|Y) - (E(X|V)’| + {Ey { P - [EEE ] YMQ}

— E(X?) — (EX)?

[ Var(X) = LHS. O
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3.4 Examples of Conditional Expectation and Variance

[}

—_——

1. Swimming with dolphins

Fraser runs a dolphin-watch business.

Every day, he is unable to run the tri & =
due to bad weather with probability p,
independently of all other s. Fraserworks every day except the bad-weather

days, which he takes as holiday.

Let Y be the number of consecutive days Fraser has to work between bad-
weather days. Let X be the total number of customers who go on Fraser’s trip
in this period of Y days. Conditional on ¥, the distribution of X is

(X |Y) ~ Poisson(uY).
L a
O\\ Ass) (a) Name the distribution of Y, and state E(Y) and Var(Y). e

(b) Find the expectation and the variance of the number of customers Fraser
sees between bad-weather days, E(X) and Var(X).

(a) [ ot {éhfcwb\ < Nlao'\ﬂ'("‘bJQﬂHAU Am\j“@
”fﬁl(w-({v = " wofl.(-r(m\rj“
Y - ol begore rer sweceg
So l{ ~ 6(€OML+FTC ( P ) ﬂ)(Sv\Cczss)f[P(Lm{we‘\ﬂ-ef)
. =p-
So E(Y) =(p

f < rumor
VJ (Y) = l"P or g{"\’d 22G exem ?rmu\k g[,\uf‘ ‘I
ra'?.h

b) We hnow (X |‘(> ~ Poisson ( M Y )

S E(XIY) = pY } Frmbe E (XY is arv

Ubad, S5 e« cF. oA v
A Ve (XY = Y (Seme or i:(;w)fgg-l
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C v a,/uid—l Aopping e sulserlpr V)
- u: ( Mo ) le. E\3 u_.);fJJE ) LeCmeI

= B;\{ 0{04”' ./\_u,( I\" N More H,.UQ,{S onl\
4 Y l’-(H' on H/"L\j&ﬁs) Se T ~o [wsjer
_H;(X) - oM (I'P) B need ”«T C[N'r&{caﬁrm E;Y’
|0 Qw:j GEY = ——;—E ffom (_0\>_
-
LAW’?THJ Verioncee ! // //
Ver ) = By § Ve (XINT + Ve, (E(XYY)

2 Y #ﬂ:mtéfg:,
~

B (V) g (A1) vt
N\ YT Aifpout e Aage,

e . Lehwen— mvawi

= MmEY + /tnl Ver Y T~

- |- [ |- i will domianke’ e
(Y /:\A(/Eﬁ) from (=) iy 225
AN |-
Checking your answer in R: - /j—(——-f;l—((iﬂ = VGJ‘ (xv [

If you know how to use a statistical package like R, you can check your answer
to the question above as follows.

> # Pick a value for p, e.g. p = 0.2.
'/ > # Pick a value for mu, e.g. mu = 25

# Generate 10,000 random values of Y ~ Geometric(p = 0.2):
y <- rgeom(10000, prob=0.2)

# Generate 10,000 random values of X conditional on Y:
use (X | Y) ~ Poisson(mu * Y) ~ Poisson(25 * Y)
x <- rpois(10000, lambda = 25%*y)

V V V V V V V
=+
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> # Find the sample mean of X (should be close to E(X)):
> mean (x)

[1] 100.6606

>

> # Find the sample variance of X (should be close to var(X)):
> var(x)

[1] 12624.47

>

> # Check the formula for E(X):

>25 % (1 -0.2) /0.2

[1] 100

>

> # Check the formula for var(X):

>25 % (1 -0.2) * (0.2 +25) /0.272

[1] 12600

The formulas we obtained by working give E(X) = 100 and Var(X) = 12600.
The sample mean was T = 100.6606 (close to 100), and the sample variance
was 12624.47 (close to 12600). Thus our working seems to have been correct.

2m sum 29 N =#custorag

This model arises very commonly in stochastic
processes. A random number /N of events occur,
and each event ¢ has associated with it some cost,
penalty, or reward X;. The question is to find the
mean and variance of the total cost / reward: , ,
Thn=X1+Xo+...+X 2.9 X ;= amout ‘r(f« monty ) LA ravn \L_‘ﬂ chagromer |
The difficulty is that the number) N of terms in the sum is itself random.

Ty is called a fﬁ\AAOMb ﬂ"offﬂxo{ Sum: b K A Sk L'&— X.’ s, FMAomlj
Sl‘or\ouk ab He conkom Nmb o 0& ‘{’UMS) \B

FExample: Think of a cash machine, which has to be loaded with enough money to
cover the day’s business. The number of customers per day is a random number
N. Customer ¢ withdraws a random amount X;. The total amount withdrawn
during the day is a randomly stopped sum: Ty = X; + ...+ Xy.
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Cash machine example

The citizens of Remuera withdraw money from a cash machine according to the
following probability function (X): So N =)\

&, Amount, z () [50 100 Go0) Q) < Jvo.r W)=\

P(X =2) (0.3 05 0.2

The number of customers per day has the distribution N ~ Poisson(\).

Let Ty = X1+ X9+ ... + Xy be the total amount of money withdrawn in
a day, where each X; has the probability function above, and X;j, Xo, ... are
independent of each other and of V.

Ty is a randomly stopped sum, stopped-bytharandom number of N customers.
(a) Show that E(X) = 105, and
e ——

——p (b) Find E(Ty) and Var(Ty): the mean and variance of the amount of money
withdrawn each day.

Solution

(a) Exercise.

N
(b) Lal— T_ ZX Igf we lnew L\m«}m\j ""Um_{‘ N Were A

H/\Q SW'V\ I{* L.JOU\LA L'e, J 0 f”“?{ JE'( "M ) ‘("’“’l \/L‘)r :‘\J) als H’\Q
TN CQ VGJ"-N\Q, 5& n Siom Saf \/\0{(1’00\0{1/\% Cov.S ) X, FREES) XM
SO “Pr&l'{,\o{“ we k/\ob\) liow (\’la\/\\j ’f—UMS HAU‘Q ae e, C"/\o‘('\}';of\

on N
Conds hnw/\l\l on LHS
lf\)) N i hile o CoNCTANT on e R
J;E( INEE JEE X, +X X l Ni
o

- _H;% XI .l. X?, AL . e X j LQ,COLV\SL mlk X S e
N MAM"
QMP‘AM)SU HA&\’ once We kaow N- #'f’U/\:ttPMQ [N Jﬂ; b

" |/\GL\MU\CL -Va' N on He Aisha ’6' X s, e 4 [E X lM) IE(X)
.\\‘:\MI\,LOZ&* y a._::"‘\> = E(XD)+ EOG) +- oy (XN> Whee N & now
N * E(X) Lecamse all X bow LA Coms’rm{'

¢ Some mean, X
o5 N - Ly prt (&) EX-=l(o5.

I

E (T4 [f\D

I\



STMZ l”lO)
Ver (1, IN)

Ver (X +.-. X | N)
= Vor (X, +""+Xr\l> becomse Xi’s are iAoLefN-o&(sfi)
< Vor (X)) 4 Vor (X)) o+ Vi (X)) becmmse X2 indg
(DO NEEd INDEP ‘]"' Xi'ls forf H«Lﬂ ot encl ofur,
= N Ve (X) —all X5 have Sewe verimee, Veor(X)
Ve (T IN) = 9325 A

Se E(TY) - JE@{ £ (T, 10 3
= [EM % 105 N 3 gpom ol ove

05 E (N )e
. E(R} = los N\ Lecamse N Poisson (N) s0 EN =\

SEM'.\MU) Ve ( N )

NEW LA/

"

i

E,UVer (Ty 1) ]+ Ver, & B (T INDY
Ey 02925N73 + Ver, § (05N 3

- 2325 E(N) + (I105)" Ver (W)

= 2325 )\ + 10235 X\ Le camge r\JNPa.‘sson@
Vo (TN) —— So D\):VJ{(\D::

S tUm i MincH bigger\

s Ve, (fotel for o gixed N

—ie, He variabiliby due o
Ha FW\AOM#CMS\QoMUj‘ 'S
{\AULOL. morc :m')or’l-m“" HAM

"

F;r on ﬁ'/ln\cla_ LJS to Convut aﬁraM

“CLAO\,JV\\-&J E;-(TN\ ond Ve (T,\}) to r _
hﬂou‘lﬁ l/kOL,J M (s MOAU +D f)w+ ':/\ ’H.,.(_, M(??];L;;:ﬂ?hs\f{v‘&m 66”’
o X 0 S

o /M
' \\/L:i\\!‘ ((/t{-') Fﬂvo\q Cud FfaLa%j oK mrr.fo)[

M=)-90 0 Mrlqe0 e te CLT )

uSe E (TN + 196 ([ Ve (T)

o His wpper valne shorld Cove wlonk 1357,
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Check in R (advanced)

\2

# Create a function tn.func to calculate a single value of T_N

\4

# for a given value N=n:

A\

tn.func <- function(n){
sum(sample(c(50, 100, 200), n, replace=T,
prob=c(0.3, 0.5, 0.2)))

> # Generate 10,000 random values of N, using lambda=50:
> N <- rpois (10000, lambda=50)
> # Generate 10,000 random values of T_N, conditional on N:
> TN <- sapply(N, tn.func)
> # Find the sample mean of T_N values, which should be close to
> # 105 * 50 = 5250:
> mean (TN)

[1] 5253.255

> # Find the sample variance of T_N values, which should be close
> # to 13750 * 50 = 687500:

> var (TN)

[1] 682469.4

All seems well. Note that the sample variance is often some distance from the
true variance, even when the sample size is 10,000.

General result for randomly stopped sums:

Suppose X1, X, . .. each have the same mean 1 and variance o2, and X1, X, . . .,
and N are mutually independent. Let Ty = X; + ... + Xy be the randomly
stopped sum. By following similar working to that above:

N

B 1 12) Shedends: A
E<TN>_E{;XZ} - 'UE(N) & S\\Mrummr\c ’a’

Wc\l/(ig EPMA“J"I‘?/]

Var(Ty) = Var {Z XZ} = o?E(N) + p? Var(N).

<

QOMFM:A’ Aug To \’\C.DMf’ﬂ-’\:-’\-JV Aug
" y Xl LS o \feSima
Veri et i AN ¢ Lehoen Az et

(ch LK\;DHT\\U; '»21 oon'\f“f\‘/\\' N Velang s,



¥ C)(F }'AJ‘U&QJ' .

Clio

,IP(KVM*'WL(\[? ceach A)

< P ladupet 4)

FSA.
T¢ T asked E(fcte read, A) = oo

CLs M_; End E (e + £

— asCuming e A%L:nih, Do
§;A7$L) oHerwise [Efhne)=0o
L/C E'(ﬁm):bozkr)m.;_,_-,,:bo
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3.5 First-Step Analysis for calculating expected reaching times

Remember from Section 2.6 that we use First-Step Analysis for finding the
probability of eventually reaching a particular state in a stochastic process.
First-step analysis for probabilities uses ( o/\a("r;oM\[ roL Ll ]—J ond

He  Parbibion Thasrem (= Law 9 Tofl Prot r,\L [\ +33
In the same way, we can use first-step analysis for finding the WPQC{’M gz (L,‘.\'j

Fime ?ar ~n Shate .

This is the expected number of steps that will be needed to reach a particular
state from a specified start-point, or the expected length of time it will take to
get there if we have a continuous time process.

Just as first-step analysis for probabilities uses conditional probability and the

law of total probability (Partition Theorem), first-step analysis for expectations

8 contiviond expeckibin end e Lo g Tohl Eeation.

First-step analysis for probabilities:

The first-step analysis procedure for probabilities can be summarized as follows:

P(evf/\%‘w’\\ 40 Al Z /P(Nmi'mo\\jor«\ ‘ Fs}ﬁii\ ) ? l_ir g;)
1\ sy - S}lf

OrHt’lf\_g

This is because the first-step options form a pcsh Hon aa— He Smrh Sf;a\ &,
N = f_ el Paﬂ,._u I“L\_/‘Olz:f)_\n (Y S&S‘r’w f».mm SM.—FD,/J' Fo e~d K

First-step analysis for expected reaching times:

The expression for expected reaching times is very similar:

Ef9001 =L g9 Pl
| A

E (condigg i) = 2 (g tine | ED P
f‘*!‘:ﬂ' s}—cf

r) )9/\5

E‘SP S)r'\”.r' °{oHad { ]E (”;}i‘:;j ' DPHoz\v\i .

fl
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This follows immediately from the law of total expectation:
E(X)= E,§ E(X1Y)] Ef L3
2 b P(Y=y)
- 2 E(X] Y=35) Plr=y)
Let X be the reaching time, and let Y be the label for possible options:
eh 1 =1,2,3,. Jor }-":rﬂ'—ﬂ*elo options 1,2,3 ...

We then obtain:
.[E (("-‘\fl»‘l:)"':f\!.) = JE(X)
% E(X)Y-4y) P (Y=9)

2 E (ki | e Y Pk )

lsy <)
oior‘m,d

\

f

1§}

]

Example 1: Mouse in a Maze

A mouse is trapped in a room with three exits at
the centre of a maze.

e Exit 1 leads outside the maze after 3 minutes.
e Exit 2 leads back to the room after 5 minutes.
e Exit 3 leads back to the room after 7 minutes.

Every time the mouse makes a choice, it is equally likely to choose any of the
three exits. What is the expected time taken for the mouse to leave the maze?

Exit 2

~d Gt |
X:‘?‘}Mt‘frx«hm ?or Mmoust to 3
. ~ Room ©f> Exit 1
leave MRZEL S}TJ'F\:j ﬂbow\ Room)Q, 3min
Yy 1/3

7 mins
—

Ldr \l/ = zx]% Hat mouse cMoose S Ef—‘xr@j' Exit 3

(l) L, or 3)
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T EOO- B § ExX 1Y) LoTe

=3 E(x|¥-y)Ply-,) HEEmm-
5= -

=By EXIY=2)44 ¢ B(XY=3)

Bt E(X)Y=0) = 3
I_E (X \ Y:ZB = 5 4 ]E(X)-;ﬁ?‘i'{f gM]z\SJ j{j’l‘act& to Qoom)

jfww\ whida fo?/\\— we have STILL
EMX1Y=3) - 34 E(X)

Firme Xl to jeJ(' O"‘{')
Whoe X, ~X g0 B;()(.):IE(X)
—note Huk Od— Cowrse X]?XJ

H,.U low e d &U‘u\i’ VALUES |
Tn fock, X =%+ 5

Xly=2 =X,+9
whoe X v X

So -
E (XY= 3+ L +5L€’+LE(><)}*§
+ %“IL-F]E(X)}*-E

= 1§ %L 1
*3 o+ Q_BZ(K)*:‘

= L E(X) - IS L

S E(X): (S minwdes

e

IMPDMLU\*‘! l/\_?f- Hais ’ﬂlff/aacL

Notation for quick solutions of first-step analysis problems

As for probabilities, first-step analysis for expectations relies on a good notation.
The best way to tackle the problem above is as follows.

Dﬂ&lme. MR = LE(_‘[‘?N\& h [U\Vc MnZL ‘ SHJ‘[' A Sa‘*ﬁ’rc ROOM)

ﬁdJr—@rcf Mﬁb&ls ;

MQ:—%#E-\— é(SJ-I-M&)ﬂ-—:L_(?-J-m&)
= 3mM, = (3+5+3F) + 2 my

) M{L = g mr‘mu\\'g o L,gﬂ_gf.c)

—
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Example 2: Counting the steps

The most common questions involving first-step analysis for expectations ask
for the expected number of steps before finishing. The number of steps

is usually equal to the numl o aﬁ'« wWrows travesed JJ""‘JM Hwe cwrent
\S}'—k{'ﬂ, bo te M"k

The key point to remember is that when we take WS, we are usually

fauf\H;\\j Sopn e_,l'l/\-if:j i

You must remember to o\o{pL on Whatevu \b@u\ Al Covud':tj) "‘o {u{j
\S\'af folean .

1/3
The mouse is put in a new maze with @
two rooms, pictured here. Starting from Room 1 1/3

Room 1, what is the expected number of
1/3 1/3

EXIT

steps the mouse takes before it reaches
the exit?  — Hafrows

Room 2 13
. D‘%;/\L /\Oké\l"rg,\ ' Qﬂ?:

| o 4 M, = LE( %S"‘chu ‘\“ﬁ'.o.e,, to ?f-}',\'}‘g\,\ I S+U+ A fZOOM i}

My, = [E ( '-H‘S]’c,fuhirw. to f—?/\kl,l | Stk n Room L)
1. FSA Use "o gor “rasea” or |

M,:é*(l+m.>+Jj%(l+f‘4?_)+_§_*j @

My o= K x(1+m) ¢ —é*(l+ml)+é*) ©

Gmﬁl\uj Solve Oimultoneonsly bub Lgre we can see RS (&)
ts dadbical Ao R HS @)
So M, = M,

Lt A = _
S ' 2 M= & Lllrm )\ + L

So M, = [ (Hst|sht@)) =3
£ ML:IE_'(&S)-Wlﬂ wzj:/‘m=3 \S“"‘f_} AR
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Incrementing before partitioning
In many problems, all possible first-step

options incur the same initial penalty.
The last example is such a case, because

Qv vy possible Qh)f, adds | arrow
to He tobal ﬁ\sh,fu taleen  (#arrows teleo

In a case where all steps incur the same penalty,
there are two ways of proceeding:

— 1. fdd te P{/\o«“‘ (add ead, wrow asif ocews) onfo ead\
of te ls\rﬁ\sh_r ‘ohog gtfw—hﬂ\j

.9 M,:é#‘l—&- (1+ML>+31+M>
2. (Wuo\\\\j uice ) add He pralty (eg. [ evouw L)
once O’kl 9\1( He la—ejlﬂfll\j :

ot olw
nl(as_::\ggjj Ml: 1T + 'PFO +J*>kf"lz + 4Ly
P Q\¢ 3 |
j *In each case, we will get the same answer (check). This is because the option

probabilities sum to 1, So a Method 41 we ove WM}\,\J (‘é*é “% );iki
=1 +1 = 1 wihidh s the Semme &8 we orv Mui’j " MeHod 2.

Arow

3.6 Probability as a conditional expectation

Recall from Section 3.1 that for any event A, we can write P(A) as an expecta-
tion as follows.

1 if event A occurs,

Define the indicator random variable: 4 = ;
0 otherwise.
Then E(I4) =P([4=1) =P(A).

We can refine this expression further, using the idea of conditional expectation.
Let Y be any random variable. Then

Ve
coins TP(AY = J&E(I) Eg JE(I 7 3
A uke NN

LXC 6{-J0M [

abave

%j H e (_awaab Tokel
E;&p;ch-d’isn) bre Fr ANY Y
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But E(IA |\,f> - irF(I&:\r\Y)
' = 0 x* P(IZ@IY)+1*!P(I _H‘,’)

; = PlTy=1 | ¥ )

Fauxkﬂf"‘ ‘/”;"L\L
~ grackion [ V) Ly degn g Iy

\/ (S Uﬂ”ﬁd—t’o

[

Thus
PR -E, § PAINT
(compme LoTE : [E(X) = lE T EO<Y) T

This means that for any 1 random varlable X (dlscrete or continuous), and for

and et P( :ﬁ@ qu,{‘/
e for any discrete random variable Y,
P(XeS) =2 P(XeS|VY-q)P(Y= Thos 5§ He
(Xes) 2 |Y-9) P(Y=9) s =S te
or A = = P(ALY =P (Y=y)  welve nowleamt it
e for any continilous random variable Y, S @ seamq\ case Jﬂ'
e Law O’d' Tokel E){ ¢ e

Ples)s §) FRES IVg)E, () dy ity s e

oo PR = S P(Al Y- par;(vo Ao
1/\%0&5%& Lecoamse i+ o] clear L mwa ot ALLOWED o m;i,z
Example of probability as a conw/wﬂém lottery P :{f

uppose that a million people have bought ticketsfor\ Pd’&j’

YA chosen at random 1T
WA :H% = Mime Scene DI\)A Smrie,

oOne f)pfSﬂx\ ’fU\OLJ/‘ h: MGJ'OL\ = Cr:m;mal
Y = # ol w\lu\fb Pcvf\-t A Akl Ul also M-a}roLLw cbune
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THEX e
Me = pabl, HL= QL%UJH“J M e L“"flio"" fo MP;FT en laillion p—ep‘oles
You watch the lottery draw on TV and your numbers match the winners!! You

had a one-in-a-million chance, and there were a million players, so it must be
YOU, right?

Not so fast. Before you rush to claim your prize, let’s calculate the probability
that you really will win. You definitely win if you are the only person with
matching numbers, but you can also win if there there are multiple matching
tickets and yours is the one selected at random from the matches.

Define Y to be the number of OTHER matching tickets out of the OTHER 1
million tickets sold. (If you are lucky, Y = 0 so you have definitely won.)

If there are 1 million tickets and each ticket has a one-in-a-million chance of
having the winning numbers, then

Yr\./ Po | SSon (i} “fProx:Mf\,»l-Lb i

The relationship Y ~ Poisson(1) arises because of the Poisson approximation
to the Binomial distribution. T, ok, Y Binonial (WIIII%) —— )

| Million

(a) What is the probability function of Y, fy(y)?

) \
f/ (‘\'D = P(Y:\j}: _Eji_le/ = @*J! d/_igr' U:O, 1,2
-?Dr YNPOT.CSOA (l)

(b) What is the probability that yours is the only matching ticket?

P(sineis oy matd) = [P (Y203 = Z, =

(
— = 0-3L8.
z g

(¢) The prize is chosen at random from all those who have matching tickets.
What is the probability that you win if there are Y = y OTHER matching

tickets?
Ly W obe He tved Hak T win.
Y=0 P(wlY=0):)
Yol Plwlv-1)4 HMY:U)ZU_LT' Tre o
Y= [PlW|y:2=< 77 R =

Us

Y o Fleess mMeZ
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e don't hrow Wt Y i !

(d) Overall, what is the probability that you win, given that you have a match-
ing ticket?

P(w) = E, § P(WIN3

[ro=]

- z P(wly=9) PlY-9)

J
3 e i
) Jl:o (J’”' (@*3'
pert(c) pert (=)
- 15
¢ 4% (g0
1S LA
< ;cvw AT T Ot
S¢S o
€ E Zo vk O'z
- —QL/*( @ - i> Mé\’:j Wfo;\t«H‘A
P - 1 -y e
= 0.62, «——
T

Disappointing?
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3.7 Special process: a model for gene spread

Suppose that a particular gene comes in two variants (alleles): A and B. We
might be interested in the case where one of the alleles, say A, is harmful —
for example it causes a disease. All animals in the population must have either
allele A or allele B. We want to know how long it will take before all animals
have the same allele, and whether this allele will be the harmful allele A or
the safe allele B. This simple model assumes asexual reproduction. It is very
similar to the famous Wright-Fisher model, which is a fundamental model of

population genetics. hee e wse N aninaals
Assumptions: Wright - Fle ks 20 Jenes.
1. The population stays at constant size N for all generations.

2. At the end of each generation, the N animals create N offspring and then
they immediately die. N parents, 2 Liave Gew A,

N
3. If there are o parents with allele A, and N — z with allele B, then each
n offspring gets allele A with probability /N and allele B with 1 — x/N.

Hen {’P(CL\ZIAL\MWA);E-
Iy
3

ﬂThe state of the process at time t is = next %w—] on, each clild jm
% A L/J.F. 4’/{2.

XE: 5&‘{&’ MIM&LS b h“(,\LA Q\lfﬁ_g{;\,u‘ﬁ}“ 6 .p. S/
Each X; could be 0,\,2, ..., NJ. The state space is {0,1,2,..., N}.

IX =%
4. All offspring are independent.

Stochastic process:

Distribution of [ X1 | X; ]

Suppose that X; = x, so x of the animals at generation ¢ have allele A.

Each of the N offspring will get A with plrobabﬂity?,\fi and B with probability |- %

Thus the number of offspring at time t+1 with allele A is: X er ™ Binom &l ( N , f_)
KJ .

We write this as follows:

(Xicﬂ \Xt:“&) ~ g?/\omi‘q\ (l\J) 1>

N
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If

[ Xi11| Xt = 2] ~ Binomial <N, %) :

then

If\)(\(k+l :j ‘ sz 7c> - ([;') (%f (j.' SS\J_U (37 ~omial
LY arr.w&;,*r??f’w < eret el

,,,: Y l%' - - .-
Example with N = 3

This process becomes complicated to do by hand when N is large. We can use
small N to see how to use first-step analysis to answer our questions.

‘QoaJ{g Sif"OCCO H,\_g Z€4[¢ﬁ}00 .

Transition diagram:

Exercise: find the missing probabilities a, b, ¢, and d when N = 3. Express
them all as fractions over the same denominator.

N=2 ocnimals
StHake = # of animalg

Whe Lave ~A gue

Z |

Probability the harmful allele A dies out

Suppose the process starts at generation 0. One of the three animals has the
harmful allele A. Define a suitable notation, and find the probability that the
harmful allele A eventually dies out.

Use FSA . As) QL () - (L)

Exercise_: answer = 2/3. / P roves Loe wiHout
> o) | 2 /3 PP = )
® - (. LV Mﬁ{i\j FSA |
1/3
rol end M o )
PL.:J‘(, i’k& ‘E'h\lj pro\ G" 0\0{..5 - L.u-c_ = (/3

3 Hus W
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Expected number of generations to fixation

Suppose again that the process starts at generation 0, and one of the three
animals has the harmful allele A. Eventually all animals will have the same
allele, whether it is allele A or B. When this happens, the population is said to
have reached fization: it is fixed for a single allele and no further changes are
possible.

Define a suitable notation, and find the expected number of generations to
fixation.

Exercise: answer = 3 generations on average.

Things get more interesting for large N. When N = 100, and x = 10 animals
have the harmful allele at generation 0, there is a 90% chance that the harmful
allele will die out and a 10% chance that the harmful allele will take over the
whole population. The expected number of generations taken to reach fixation
is 63.5. If the process starts with just x = 1 animal with the harmful allele,
there is a 99% chance the harmful allele will die out, but the expected number of
generations to fixation is 10.5. Despite the allele being rare, the average number
of generations for it to either die out or saturate the population is quite large.

Note: The model above is also an example of a process called the Voter Process.
The N individuals correspond to /N people who each support one of two political
candidates, A or B. Every day they make a new decision about whom to support,
based on the amount of current support for each candidate. Fixation in the
genetic model corresponds to concensus in the Voter Process.



