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Revision: a branching process consists of reproducing individuals.

e All individuals are independent.
e Start with a single individual at time 0: Z; = 1.
e Each individual lives a single unit of time, then has Y offspring and dies.

e Let Z, be the siZe of generation n: the number of individuals born at
time n.

e The branching process is {Zy = 1, Z1, Zs, .. .}.

Branching Process Recursion Formula

This is the fundamental formula for branching processes. Let G, (s) = E(s7")
be the PGF of Z,,, the population size at time n. Let G(s) = G1(s), the PGF
of the family size distribution Y, or equivalently, of Z;. Then:

Go(s) = Gn_1<G(s)) - G(G(G( LLG(s) . ))) - G(Gn_l(s)).

\ . g

Tf
n times
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7.1 Extinction Prpbabiji

that a colony of\cancerous ecomes~extinct before jt overgrows the sur-
rounding tissue? What is the probability that an infectious disease dies out
before reaching an epidemic? What is the probability that a family line (e.g.
for royal families) becomes extinct?

It is possible to find several results about the probability of eventual extinction.

Extinction by generation n

The population is extinct by generation n if Z =0
((\0 |,ulqu_¢ m]ﬂ’ JF-Mc /‘\}

If Z, = 0, then 'H,{ 'DOPV\ h"‘.(’/\ < L}("./\C\‘ }pr Lve b,
Ve . k - QO éﬂf‘ 9\“ & Extinction is Toreoer
Definition: Define event F,, to be the event

— i zn :o\i - ouenk Hb He PO(M\ s iXH/\d’ la\\_/) 34/\.2/‘4‘:0»‘\4-

0 — 4
Note: c E, c E, €&y = .
This™is—because event E; forces I to be true for all j > 1, so E; is a ‘part’ or

subset of E; for j > 1. Es - @(ﬂ 2 L exhFiad by Gea 2

Ultimate extinction

At the start of the branching process, we are interested in the probability of

ultimate extinction: g PraLaL,‘\\;\;j Hed o f:or:mla‘r.‘oq s Jau oxBnd-
2. exRind EU img 0 ’Ufor Sonng ms]oaa':{{i;w{ volng Ja’ / -

We can express this probability in different ways:

exBnd y Bme 0 0R

Pl RS, —

P(ultimate extinction) U £ ) - | . v 'le 2%
- 0

Or: P(ultimate extinction) ]P( i,‘ E ) ‘e, /?[E)(‘fhc%b j,WnHa,\ bo)

N> po
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Note: By the Continuity Theorem (Chapter 2),/and because Ey(C Ey C Ey C .. .,
we have: :

P(ultimate extinction) = P (111’11 E ) = linh P(E,).
n—oo

Thus the probability of eventual extinction is the limit as n — oo of the prob-

ability of extinction by generation n. b o e / Lo, RlE. ), PlE), P (CL)
1y | N ; e

We will use the Greek letter Gamma () for the probability of extinction: thlnk
of Gamma for ‘all Gone’!

?( TP E \ = lP(EK‘\*I".('( jww{' 101 )

ok Y = Pwlpeate extineRon).
By the Note above, we have established that we are looking for:

P (anlFiron
I Mithnrﬁo) Y = Lim 0. y

n—=00 . . .
FExtinction is Forever

Theorem 7.1: Let v be the probability of ultimate extinction. Then

b S e spmallest non- /l\jy\"_ive, 9o (W} on 9’67 He ;@mahon
_mz)q_q S wwe ((9 i He PGFﬁ—Mdem\j S 3e
AirAburion Y.

To find the probability of ultimate extinction, we therefore:

° ?I"MA Fle PQF aa—- f—mml\j si=¢, Y Q(\f) = {E—(JY)
o Frd the values o s Heak 5"’\“‘3’3 G(H=5 .

?,/\d\ He SM&“"Z\Q' 0&7 M Vﬁw H,,\L\"J.S > 0] ',HA:J ALS H.-Q,
rt@wrd velne ¥

G(7v) =7, and 7 is the smallest value > 0 for which this holds.
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Note: Recall that, for any (non-defective) random variable Y with PGF G(s), § ()=
e GNV=E(L") = Z2P(Y=) = ZP(r=g)= 1.
9 Iy |
So G(1) = 1 always, and therefore flot Alwﬂ\hj-' oxists 4 Solubion ﬁr

G(s)=5.

The required value v is the smallest such solution > 0.
—>, Before proving Theorem 7.1 we prove the following Lemma. g}ﬁ?@
Lemma: Let 3, =P(Z, =0). Then § = G( Y. ). \
TE G (D s e POF o 2, (asrlechre), fen P(Z,70)=6 (o)
S Y. = G.lo).

Simi [arl::)) K\n—'l - C’n-| (03_
New 6,() = 6(&(aT70yY) = 6( G, ().

| e
80 XV\ - Q(Xﬂ-ld- (B

Proof of Theorem 7.1: We need to prove:

Proof:

— () G = ¢
__~ (ii) v is the smallest non-negative value for which G(vy) = ~v

That is, if s > 0 and G(s) = s, then v < s.

Proof of (i):

Erom % ovdleat, ¥ o= i—% ¥,

NS 20

= \M ( " L LWM
flf?bo q Y") v ! AAL&
ow2 canm Se
- Q( &M Fﬂ_' O‘C\ i CO/\H/\V\QMJ)‘
NS R R A A
vy c{o__gg Haen

~ =1
= ¥ = Gy, 0 Gy, ) sk QLY
3 VUJ Ckﬂ_&(_,‘
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Proof of (ii):

First note that G(s) is an increasing function on [0, 1]:

(0.9]

G(s) =E(s") = > s'P(Y =y)

y=0
= G'(s) = ) ys" 'P(Y =y)
y=0
= G'(s) > 0 for0<s<1, soG is increasing on [0, 1].

(G(s) is increasing on [0, 1] means that:

s1<8 = G(s1) <G(sg) forany sy, se€|0,1]. &

—_—

The branching process begins with Zy = 1, so
P(extinct by generation 0) = 7 = 0.
At any later generation, v, = G(v,-1) by Lemma.

SQJ[‘F\:J U\F an

Now suppose that s > 0 and G(s) = s. Then we have:

A~ hi,Mde‘_U'
0<s = op=(w<s) (becauseyo=0) ¢ (. tlon, S
N

= G(y) < G(s) (by &)
1.e.
—~  G(n)<Gls)  (by )

Thus w < S

So if s > 0 and G(s) = s, then v = lim 7, <s. O]

n—oo
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Example 1: Let {Zy = 1,721, Z5,...} be a branching process with family size
distribution ¥ ~ Binomial(2, 4) Find the probability that the process will
eventually die out. e V-1 - O | 2

Solution: | o\ C;(53 - H-Z—(SY )

QU’LL\‘\FL ﬂ_')([/\lj(\m««\’c %anﬁon) =Y -

Know ¥ s Hae smallesy olubion S0 b fe .e,iwaHof\ Q(\() =S.
Now Vv Ris (2, L), So te PGF i

QLS = (PJ 4—?/) ?’fnr Bia (n f> t

(Ct4§4z) “
Hoe, GO = (J-5+ ) o
SO(VC Q(_S):__g‘ 10
= J_ 3L ° -
§+?3 2|
JIC "'és’f%:s 0.0 05510 15
S 4 (s + 9 %5

= s -l1os +9 =0
Tr\*fJL'- we hnow ¢=) s O\Iw@f a Soluhion (be’ Gl =5. So e tlus
t+o &achmg 7/LM J'
(s-N(s-a) =
> SoluFios 5=
/

Smellest sola > 0O

TC\-Q., Smuwk soln > 0 N S=|

= ]P WlRmate exhiachio, ) b’

E ' oHoA iy AP Len ~ R
e = Mpete e T Bin (2, 1),

—

s=1.

J
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Example 2: Let {Zy = 1,721, Z5,...} be a branching process with family size
distribution ¥ ~ Geometric(3). Find the probability that the process will
eventually die out.

Solution: or \'/,-\J C.eo (,l(;) } He PC,F s Q(J) :.I-—F—— (CL 4,)

= Glsy= "+ .
[— 35/?_ 433
Naﬁw\ JFO Se\ue, CI\(\D Al
| -
4—35
t
= 3s" -bs 4| =0 2

Tﬂﬁ\t: (Sﬂ) m;;r- Le « ’(f-kd‘of“,

1.0

A

- S":', or s=_\°
K

0.0

0.0 0.4 0.8 1.2

’ F(Mlhmdrt MHACH'MX - bf = _lg (ln, \TMC(@ (J(;)

Q%%\/\Jﬁ\m is FOSS}LL&) N nor i&MO‘) When YNC’%(]&)
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7.2 Conditions for ultimate extinction

It turns out that the probability of extinction depends crucially on the value of

M Wlawe M = EY s tHe M ean 063 He ﬁw\nib-g} 2e Aﬁ*f', LmHO/\.

Some values of u guarantee that the branching process will die out with prob-
{: | ability 1. Other values guarantee that the probability of extinction will be
strictly less than 1. We will see below that the threshold value is M= 1.

¥< I If the mean number of offspring per individual g is more than 1 (so on average,
(_a individuals replace themselves plus a bit extra), then the branching process is
not guaranteed to die out — although it might do. However, if the mean number

of offspring per individual p is 1 or less, the process is quaranteed to become
extinct (unless Y = 1 with probability 1). The result is not too surprising

for w > 1 or p < 1, but it is a little surprising that extinction is generally

guaranteed if p = 1. M=EY =] ‘3’ /

f-q

Theorem 7.2: Let {Zy = 1,7, Z5,...} be a branching process with famlly size
distribution Y. Let p = E(Y) be the mean family size distribution, and let ~y
be the probability of ultimate extinction. Then

) Ig m>1, Hen Y< Lt extinchon i€ NoT GUARANTERD F >
(ii) I m<i, bny=1: -~ IS QGUARRANTEED § M<I.

(iii> io& /M:‘ ) Heen ?j/: 1 UNLESS He {—ow\-\lj Size S ﬂxlwtj_c CT_A\\S;M‘\_
S i = |

Lemma: Let G(s) be the PGF of family size Y. Then/G(s) and G'(s) are strictly
@r 0 < s<1,aslong as Y can take values > 2. A

oo \7{9
Y Y onen o
Proof: G(s s P(Y =y). Slnr»’ou{
_ / CW e
So G'(s E ysy Ofor0<s<1, 9, ¢'(s)>0 '
because all Terms are > 0 and at least 1 term is > 0 (if P(Y > 2) > 0).
Similarly, G”(s Zy —1)sV*P(Y =9y) >0for 0 < s < 1.
So G(s) and G'(s ) are strictly increasing for 0 < s < 1. O

=> GO >0 ad G'($ >0 pr 0<s <.
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/ (o5 we Lave L—U‘L)

Note: When G”(s) > 0 for 0 < s < 1, the function G is said to be convex on that
interval.

G(s) . G(s) C/(6)> 0
onvt
con bt 6" (s)< 0
W\
\ODJS\\MQ“)\ Concave
6/ ()50 md S
G" (5) >0 Convex: G”(s) >0 oncav :G"(s)<0 ‘
G//(s) > () means that J’L.Q jma{‘:m\' ”&'Cl s conS)rM\j muw\gxcj
Jbr Q(S < |
e d {"’ W\AUS'}M"{ /\rf rodunce Hase ouijr‘wv\_f (:e 6($) s boannn-
Proo T 2t lhls is usually done grapirically. sWﬂff‘- )

The graph of G(s) satisfies the following conditions:
berann 2 LG (s) i ‘mcfoﬁ_s"i\j and St/ r}\{j convex (s [oS as Y can Le >/2>.

G = P(¥=0) > O (frme for oll PGFS)

Gq(1) = i:ﬁ;“‘t (fi”" Y "o""ﬂt’-ne{df“ve f-V.)

G/ (D) =pm, So He Slope af Qlsyat =] gives He u-«lu/m_
m&x+m c\'lor\ Pro\_-;z«\,| ]‘ b/) 1S ,{—t{ Smaug\ﬁ- \/Q\LD\.Q =

éo(' Whida 0\ 5) =S . e SM&UU\' noq—-f\gaﬁvc &\Xxyl F"ﬂ"d’
*6)

DO

AN

t 'K =gradient at 1

7 1=s (gradient=1

|
A

Y 1
(extinction
probability)



Case (i): p>1

‘/\ka/v\\,»l) He cwve GI(S) ¢ a‘”—oraaL
Leneablh He Line £=5 at S=).

The cwve 4(S) has fo cross He line
£=5 &g ein Fo mert i Foaxis o}
P (=0).
Thus flre must be o Solubon <)
to HJ-L%V\OLHGI\ CI(Q =4

Case (ii) @

When p < 1, the curve G(s) is
forced above the line t = s for s < 1.
There is no possibility for the curve
G(s) to cross the line t = s again
before meeting the t-axis.

Thus there can be no solution < 1
to the equation G(s) = s, so v = 1.

The exception is where Y can take only
values 0 and 1, so G(s) is not strictly

P(Y=0)

‘LIE NIVERCIT
I UiNLY L
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u>1

/ t=s (gradient=1,
NANNNA L,

N,\/)%ﬂ

=

p <1

convex (see Lemma). However, in that case

G(s) = po + p1s is a straight line, giving
the same result v = 1. G = (T )

= P(1-0) s°+ Ple))s

Case (iii): p=1 - hH A~

When p = 1, the situation is the same
as for p < 1. So ¥=1n jf/\w\

The exception is where Y takes only the
value 1. Then G(s) = s for all 0 < s <1,
so the smallest solution > 0 is v = 0.

unless Y = 1 with probability 1.

t
P-D=1 < 1
59 @(S‘{\z S

1_
P(Y=0)
t=s (gradient=1)
/X: ] ;‘?/\
MeLtin
0 T SI ‘j
’E 1 9& He curves
in 0LS <\
Can 7—
: Ao HLY wiH,
LM Lewann or SHn:
o It

/;,1(::

t=s (g radie:ntzl)

\ P

v

al S
75 Ao
e G f ‘s

T S
1



Y

)%

n

0

Ml{jg,\_t !/\A_S 'fo l/\avc C[a[lalfe_n,! )
No r’fosroeck ad» LML?A Aon .

Swe Mou@/\j 5 = Off‘”"""
a{)ajrwv\_ @

—S
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Example 1: Let {Zy = 1,71, Z5,...} be a branching process with family size
distribution ¥ ~ Binomial(2, 1), as in Section 7.1. Find the probability of
eventual extinction.

N

Solution: Consides YNJ@I/\(Q; @3 e /V\ EY - Z?F -1l < 4
Qo We hknaow :MMLOL\H"LJ it \( ﬂ)(,(,uu\h\,«.l L)(”I"?/\ChOﬂ)r 1.

Scme onSoe 65 in § ?‘l) bt muc, 6,\3;,0* |

(Vo need to do fra long calcy(whion )

Example 2: Let {Zy = 1,71, Z5,...} be a branching process with family size
distribution ¥ ~ Geometric(3), as in Section 7.1. Find the probability of
eventual extinction.

3y

=3 > 4.

v
Solution: Tor Y~ Ceo (Jc:,\, /"‘iJE' = e

Qo We o,«b haow Y <I.
We sl need to Solve G0 =5 and A smallest sola>0
o Find LWlak Yy o, [See §7. / asue was bf:_sLj

Note: The mean p of the offspring distribution Y is known as the ¢ W+ Cf’\\]b
Po\rwx}roj‘ :

o If N extinction is definite (7 = 1). The process is called subcritical.
Note that E(Z,) = " — 0 as n — oo, %

~\l T @ extinction is definite unless Y = 1. The process is called critical.
processss

b A At 1at Eg = p" =1 Vn, even though extinction is definite.

ﬂ;::_\ s _’\’ o If 4 ><1, extinction j4 not definite (7 < 1). The process is called supercritical.
m=)  Notethat E(Z,) & p" — oo as n — 0.

L\\l./\tﬁ al- 'FkL %&.c’r H,\a\{' E(‘Hma to f,KHACHOA):OO
TV f’l,\m:j\ﬂ ?(txﬁ,. Cﬁgﬁ\; i '
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: bec -
rBAD Luck ! YOUL population IS ¢cHEDULED to “ome Extinct!

But how long have you got...?

7.3 Time to Extinction

Suppose the population is doomed to extinction — or maybe it isn’t. Either way,

it is useful to know how long it will take for the population to become extinct.

This is the distribution of 7', the number of generations before extinction. For

example, how long do we expect a disease epidemic like SARS to continue?

How long have we got to organize ourselves to save the kakapo or the tuatara
—_—_—— L

before they become extinct before our very eyes?

1. Extinction time n

The branching process is extinct/by/time n if 2, = O -

Thus the probability that the process has become extinct by time n is:
i?(zn. :D) = qy\ (0) = b/m

Note: Recall that G, (s) = E(s%") = G(G(G( .G(s).. >>> .

A 7

"f
n times

There is no guarantee that the PGF G,,(s) or the value G,,(0) can be calculated
easily. However, we can build up G,,(0) in steps:

2.9 41(0) = Q(C;(O)> easy
than Gy (0) = G (G(0)) emsy

or Ql{- (O) = G?.(CZ(O)> .
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Possililiky - exPack for He
%;’\H’" e alb {":Me_ G

2. Extinction time n

Let T be the exact time of extinction. That is, T' = n if generation n is the
first generation with no individuals:

T=n & Z,=0 AN)N Z,,>0
e 2Z,=0 N Za-. S O L\jdl;wﬂi%h&(\j
Now by the Partition Rule, '

® Plzcon250) - P20 0z, o) p(z,.0)®

Whak Ve sk Llne shading above : Lol The plas

Jndr el o P(2,,=0) YMow Sland;,
But the event {Z, =0 N Z,_; = 0} is the event that the pr/:)é:ess is extinct by )

generation n — 1 AND it is extinct by generation n. However, we know it will
always be extinct by generation n if it is extinct by generation n — 1, so the
Z, = 0 part is redundant. So

P(z,-0n2,-0) = P(z_=0) =¢6,_ (o).

Similarly, IP (Z,\ = O) = qn (O> :

So (x) gives: FP (T:,b = ”P ( Z. -0 n Za—; S o)
Daloweny Fo Ak P(z.-0) - P(z So) ot lcfl:!f
O\l‘* 'Zb -l Mmu{“
C‘f\ (O) - q‘f\_,' (O) I’\j

TN L .
R

This gives the distribution of 7', the exact time at which extinction occurs.

0y

|

Example: Binary splitting. Suppose that the family size distribution is

v _ With probability ¢ = 1 — p,

1) with probability p.

Find the distribution of the time to extinction.
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Solution:
Consider

G(s) =E(s") = qs" +pst = q+ps.
Ga(s) = G(G(S)) =q+plg+ps) = ql+p)+p’s.

Gs(s) = G(Ga(é‘)) =q+plg+pg+p*s) = gl +p+p°)+p’s.
V mallomals e« i~Adaction
Gn(s) = ql+p+p*+...+p" ) +p"s.
Thus time to extinction, T', satisfies

P(T =n) = Gu(0) = Gn1(0)

= ql+p+p*+...+p" ) —ql+p+p*+...+p"?)

—

n—1

= qp form=1,2,...
P
Thus
T — 1 ~ Geometric(q).

It follows that E(T' —1) = £, so

- 1
E(T)=1+2-2"PFP_ 2

q q q

Note: The expected time to extinction, E(7), is:
ivoie:
e finiteif u < 1;
e infinite if . = 1 (despite extinction being definite),dt is finite;

e infinite if ;1 > 1 (because with positive probability, extinction never
happens).

(Results not proved here.)
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7.4 Case Study: Geometric Branching Processes

Recall that G (s) = E(s%) = G(G(G( LG(s).. ))) .

| 7
-~

n times

In general, it is not possible to find a closed-form expression for G,(s). We
achieved a closed-form G, (s) in the Binary Splitting example (page 144), but
binary splitting only allows family size Y to be 0 or 1, which is a very restrictive
model.

The only non-trivial family size distribution that allows us to find a closed-form
expression for G,,(s) is the Geometric distribution.

When family size Y ~ Geometric(p), we can do the following:

e Derive a closed-form expression for G, (s), the PGF of Z,.

e Find the probability distribution of the exact time of extinction, 7'
not just the probability that extinction will occur at some unspecified time

()

e Find the full probability distribution of Z,: probabilities P(Z, = 0),
P(Z,=1),P(Z,=2),....

With Y ~ Geometric(p), we can therefore calculate just about every quantity
we might be interested in for the branching process.

1. Closed form expression for G,(s)

Theorem 7.4: Let {Zy = 1,71, Z,,...} be a branching process with family size
distribution Y ~ Geometric(p). The PGF of Z, is given by:

(

n—(n—1)s

if =qg=20.5
n+1—ns I ’

(0" =1) —p(p" " =1)s

q
(Wt = 1) = p(pt = 1)s

it p+#q, Whereuzﬁ
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Proof (sketch):

The proof for both p = ¢ and p # ¢ proceed by mathematical induction. We
will give a sketch of the proof when p = ¢ = 0.5. The proof for p # ¢ works in
the same way but is trickier.

Consider p = q = % Then

p 3 1
G pu— pum— 2 pum— .
() l—qgs 1-— 2—35

N[V

Using the Branching Process Recursion Formula (Chapter 6),

1 1 2—s 2—3s
G2(S):G<G(S)>:2—G(s):2—%:2(2—8)—1:3—23'

S
—eea ™

n—(n-—1)
n+1—ns

® and it holds for n = 1

n—(n-1Gs) _ n—(n=1) ()
G (s) = G (G(s)) = n+1-nG(s) — n+l-n(5)

2—s

(2—s)n—(n—1)
(2—=s)(n+1)—n

n+1—ns
n+2—(n+1)s

Therefore, if the hypothesis holds for n, it also holds for n + 1. Thus the
hypothesis is proved for all n. ]

2. Exact time of extinction, T C'/

Let Y ~ Geometric(p), and let T' be the exact generation of extinction.
From Section 7.3,
P(T - n) - P(Zn = O) - IP)(Zn—l = O) - Gn(o) - Gn—l(o) :

By using the closed-form expressions overleaf for GG,,(0) and G,,_1(0), we can find
P(T = n) for any n.
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3. Whole distribution of Z,, =

From Chapter 4, P(Z,, = 1) 5
7

Now our closed-form expression for G, (s) has the same format regardless of
whether =1 (p=0.5), or p# 1 (p # 0.5):

A< Bs
— Bs
—> Gyu(s) = :
> Guls) = 5—p.,
7 e
(For example, when g =1, we have A= D =n, B=n—1,C =n+1.) Thus:
A
P(Z,=0)=G,(0)=—
( ) 0 =5

G (s) = (C —Ds)(—B)+ (A—Bs)D _AD-BC

" (C— Doy (€~ Ds)?
= P(Z=1) =160 = 22270
» (-2)(~D)(AD — BC) _ 2D(AD — BC)

n(8) = (C— Ds)? ~ T (C—Ds)

- wz-n- oo - (A2529)(2)

|

[ == Saoio) = (2255) (2

D —) forr=1,2,...

(Exercise)

This is very simple and powerful: we can substitute the values of A, B, C, and
D to find P(Z,, = r) or P(Z,, <r) for any r and n.

Note: A Java applet that simulates branching processes can be found at:
http://www.dartmouth.edu/"chance/teaching_aids/books_articles/
probability_book/bookapplets/chapter10/Branch/Branch.html



