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Chapter 5

Models for categorical responses

5.1 Introduction

In this chapter we deal with models that are appropriate when the response variable s
categorieal, rather than eontinuos as In earlier chapters.

Suppese that our categodcal response ¥ can be one of the values wy, .. ., 5, with proba-
bilithes wy, .. ., @, mspectively, where @ + 7 +. ..+, = L. Most of the modek considerad
In this chapier express how ihe a's are melated io whatewver explasatory variables are of
Interest. We begin by comsldering the analsgue of regression models, In the special case of
a binary response [Le. responses that can have only two values, p =2 above).

5.2 Logistic regression analysis

Example 1. The data in Tahle 5.2 ave taken from a book by Hesmer and Lemeslow (A pplied
Logiatic Hegression, Wiley [1988)) and were gatlered by examining 100 randomly selected
patents and recording the presence or alsence of coromary leart diease [chd, alsent =
présent = 1) and the patient's age (age). What happens if we try o fit a regression model
i these data? It B clear that using regression, which B a mode] designed for eontinms
responses that can take any value, will ot work very well ina slivation where the responses
are himary [taking the values § and 1 say). In particular, ile fted values are unlikely to be
elther zero or one

Begresslon models assume that the responses are normally distributed. We need a8 model

that assumes a distribution that ls more sultable lor hinary data. The hinemial distriluiion
prowvides a likely model.

We can imagine that gheerving an Individual and notiog the presence or alsence of CHD
s eguivalent to condweting a single Bernoulli trial. Thus the distdbution of the response lor
tlee ith case 1s Bin(l,#), where ¢ Is the probability a patient wil have CHD. [We Identily
CHD with “success™in this case.) The “success probahility™ « i modelled In terms of e
e planatory varlables which are supposed to aflect the chanee of a patient laving CHD.

How can this he done? Experfence tells us that the chance of a patbent having CHD
In¢reases with age. IT we try a linear model as o regression Le. I we use anequation like

a=ua+ i

5
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Tablke 5.1: CHD and AGE for 108 patients

age chd age cowl age chd age colwd age chd age ol
A f] 3 ] 2 f] 25 ] 25 1 i 0
b f] 28 ] 28 f] ! ] a0 f] ) 0
30 f] ) [} 30 f] a1 1 32 f] 32 [}]
33 f] 13 [} H f] M [} H 1 M [}]
M f] ah [} 1 f] 3 1 kT f] 3 [}]
ar f] ar 1 ar f] as 1] i £ f] L1 0
L1 1 Al 1] Al 1 41 1] 41 f] 42 0
42 f] 42 [} 41 1 43 [} 43 f] 43 1
44 f] A4 [} 44 1 a4 1 45 f] 45 1
A f] A 1 AT f] AT 1] AT 1 A8 0
18 1 A8 1 EL f] e L 1] EL 1 )] 0
Ly f] iy 1 L2 f] L 1 53 1 53 1
I 1 b 1] 5h 1 b 1 T 1 LH 1
L 1 iy 1] Ly f] iy 1 5T 1 iy 1
T 1 iy 1 Lt 1 e 1 o 1 i) 1
Lr)] f] LE)] [} Gl 1 G2 1 2 1 (1] 1
(1] f] il 1 [ 1 L1 1

where # B the age of the patiemt, we have a problem. Since 7 Is a pohabDity, 1t mist le
hetwesn zero and one. The linear Tuneton unisriumately does mot have this property, so the
mupide]l permits megative probahilities. Nasiy!

The solution is to model the probahility @ as some sultable Tunethon of the Tnear ex pres-
glon a + Fr. The lunction B chosen 1o make sure the probahility stays between zero amd
one, A commonly wsed lnnction & the bgstic funclion, which 1s of the lorm

exp e+ fr)
L+ explo + Ge)
The parameters @ and § determine the shape of the curve. I F > 0 then the probability
ol a 1™ Inereases a5 & Inereases, and I F < 0 tlen tle probability of a *17 decreases as ¢
Ingreases. IT 3 =0 then tle msponse B unrelated to 2 Graphs of the logistle lunetion ame
gligwe n in Flgure 5. 1.

There 15 a comnection beiween § and the odds rate. Imagine that the explanatory
variahle ® Is also bimary, having values sem and ome say. We can think of a(2) as the
conditional probability of a suceess, glwen that the explamaiory variable s 2. Then # 15 the
population kg adds ratke lor the corpesponding two-way 1ahle classilying cases acoording to
tlee wvalies of the hinary response and the hinary explanatory variable.

Mote that the lnverse of 1le Tanetion

alx)=

&
14+ e=

15 1he so-called logid Tunetion

lozit p = log, (ﬁ) .

This the mode] above can be writien

logita(z) = a+ Fe. (5.1}
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Figure 5.1: Shape of ile logistie curve. (1) # =0, [11) & < Q.

This & mually called ile logistic model

Example 2. The risk of CHD ncreases with age, o a(2) B the probahbility that a rasdomly
chosen individual aged # has CHD, a reasonable model for 5 might he a loglste model, with
3=

5.2.1 Fitting the model

T fit the mwsdel, we gheerve n cases, and lor each record y amd 2 Let iy and 2 be tle
measirenments for the ih case, i = 1, ... n. We want to etimate the values of o amd 7,
and calculate a standard error for each, We will use the method of masgmum Bkethood 1o
do this, and we briefly review this method.

Suppose in gemeral each msponse has a density [or probahility funetion) § that depemds
on i and a vecior 4 of unkoown parameies. In the present case, 5 = (e, #), and tle
probability function is

—sxplodFa} -1
flwir) = o=t B
Teplarrar: W =0

This can he more compactly wriiten as

eopla + ) }"“{ 1 }l""'
1+ expla + fx;) 1+ expla + Fx)

e e+ B W

L4 eple 4 B2l

Tlwwr) = {

Provided the gheervations are independent, the joint density of the ohserved mespomses &

.Ir[m.l |F'r|.:I = H.Ir[y'il.f:l
i=1
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and regarded as a lunction of 5, B called the likelhood function and Is denoted by Li4).
The masmum likelihood estimales of o and 7 ame Just the values of ¢ and 3 that maximise
tlee likelilwmnd, To simplily tle mathematios, we usually work with the quaniity

—M = 2lpg L

The maximum lkelilood estimates are the values that minimise —2F.
For ihe logiste model above, —28 &

-2 E{;ﬁ[a + i) — log(l + exple + Ge) ) (5.2)

=l

The minimising valises ave found by dilferentiating (5.2) and equating the resuli [ealled e
sopre functlon) to serg. The kads 1o the equations

Plw—wiz)) = 0
=1
D ozilw—alz)) = 0 (5.3)

il

which are solved numerically by an Iterative process known as ileralively rewsighted least
squares, or IRLS. This k& a speclal case of amther algorithm ealled Fisher scoring. The
stamdard errors are approximately given by lnveriing a certain matriz of expected second
derbatives See [28.38]1 lor more detalls.

Example 3. To i the loghile model 1o our CHD data, we mse the [unction glm. GLM
stamds for “generalbed linear model™, a class of models that includes the logistle model.
GLM's are discussed In more deiall in Sectlon § A, In the lunetlon, we se the same (ype of
muide] formula as in linear regression. Suppose the hinary response 1s denoted by g, which
has value 1 for CHD amd O for the alsence of CHD. Suppose also that the variable age
containg the ages of the 1 patienis, amd that the data ave in a data frame chd. We specily
a loglstile model by the argument famil p=binemial . (Mherwlse the syntax ls exactly the
sgame a5 lor 1m. We it the model (5.1) by typing

» ghd.glme=glm (v~ age, famil y=binomial  data=chd)

This prsduces a “glm object™ chd. glm, which contales Information about the fit. We can
eeamine these resulis using the suwmmary [unction Just as we did lor lisear models:

» pummary(chd. glm)

Call: glm{formula = y - age, family = binomial, data = chd)
Devisance Residusls:
Min 19 Med ian 0 Max
=] .BEEREL =0 .B4B00E]1 -0 4B0TITH O B2ELET2 2.2T93TT

Coallicients:
Valuwe Std. Errer £ walue
[Intercept) =5, 2784441 1.13033699 -4, BEGTHT
aga 0. 1103208 0.02401445 4. 583833
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[(Dispersion Parameter for Binemial family teken to be 1 )
Mull Deviance: 136.6863 on 899 degrees of fresdom

Res idual Devience: 107.6806 on 86 degrees of fresdom
Humber of Fisher Scoring Iterations: 4

Corralation of Coefficients :
[Intercept)
age =0, BTE0136

The estimate of oI5 -5.2T8 and that of § B (L1103, The standard errors are 1. 1305 and
(L0240, Mote also how the eratlve caleulations have proceeded: we needed 4 lerations of
il Feher seoring (Le IRLE) algorithm.

We now turn o te problems of assesing the significance of the regression ooelliclents.
Specifically, how do we fnd confidente Intervals lor ¢ and F and test I they ave equal to
oI

We use the [act that the estimates of the regression epelllclents are asympiotically nor-
mally disiribuied, with mean equal 1o the tree value, and a standard deviation which s
estimated by the standard error compuated rom (e lkelibood fmetion, A 955 confidenos
Interval for eg. & 1s thus . .

et aeF) = L0

A testof # = 0z obtained by eom paring 3 /ee [ ®) 1o sta ndard normal tables, or equlvalently,
Ty using the square of this and computing pvalues using the y§ distribution. The pevalue

will be the area under the ¥* densliy to the right of the quantliy [ﬂ,.'g e [,’iyj] This method

of testing Is known as the Wald test. The terms “mull deviance™ amd “resldual deviance™
are explained below In Sectlon 5.24.

Example 4. From tle outpui in Example 3, we see that the coelficlents o and § are both
slgnificantly different [rom sero, sinee the p-valise Ior hoth coefliclenis is small. A confidenos
Interval for e ls —52TE4 £ L1 = 106 Le. — 5237842 2157 and the corresponding interval
for F & 00110 & U040 'IE:u lest 1[ G =10 [Le. that tle variable x s not assoclated with
ilee Pesponse ), we oom puie ﬂ,n's &, [,ﬂjl = (L1103 /00240 = 4.50. The cormesponding pvalie
I ealeulated by finding the area under a normal curve beyomd +4.58. This avea s (.00,
Indieating a slgnificant regression. We can ealenlate the area in Splus by typing

> oEel=q B3
» Ze[l=pnorm{abe(z)})
[1] 4.43246e-06

52.2 DMultiple logistic regression
I we have several explanatory varlables ®y . .., 2, we can use the mosdel
PlY =1)=wiey,...,2)

whiere
explfo+ Fie + - -+ fere)

(1 +eeplfs + fiey+ - -+ Sexz))

A[Eh ey B =
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Equivalenily, the model ¢an be written

logit (Y = 1) = o+ ey + - - + Jere.

The parameiers are estimaied In tle same way by maximum Theliloed, 1sing the same
Tuneton glm, eoept that ihe model now becomes (lor eg. 3 explanatory variahles)

¥ xlbxdex 3.

Confidence Intervals and tesis lor Individual heia's equal 1o 2ero amw carmled out as helore.

Example 5. The data In Tahle 51 were collected on &3 patienis wndergoing correciive
gpinal surgery. The objective was to ldentily risk lactors lor kyphosls [Heding of the spise)
Tolloaw ing surgery. The wariable kyphe was a himary resporse with 1 isdicating the presenos
of kyphosis and § the alsence.

The risk [a¢tors sindied were age In monihs [age), the stariing vertebrae level of the
surgery [start) , amd ile mumber of vertebhrae lnvolved (number). The data are in the data
[rame kyphos is containing these variahles.

The first step is 1o plot the variables:

» pairs (kyphosis)

The plot of the respose versis age shown in Figure 5.2 amd indicates that the risk Ilnereases
and then decreases with age, so that a quadratic term In age should he added 1o mode] this
aspect of the data. Acoordingly we fii a logistie regression of the lorm

Jogit p= b + [ age+ G age® + Gy mumber + G4 start
1o the data, sing 8 model statement of the fom

» kypho . glmd=-glm(kypho™ age + I(age™2) + number+ start,
* family=binemial, dataskyphosis)
» pummary(kypho.glm)

Call: glm{fermula = kypho ~ age + I(age™2) + number + start, family =
binemial, data = kyphosis)
Devisnce Residuals:
Min 19 Med ian 30 Hax
=2, 235604 =0.5124374 =0 245114 =0. 06111367 2. 304818

Copfficients:
Value Std. Error L value
[Intercept) =4, 352604826 2.03425TTTHD =2, 153400

age Q. 0BLEZ2446 ©.0341033361 2. 303386
I[ﬂ.ﬂﬂ-ﬂ} =0, DDOISEIRT Q.0001EE2EET =2, 106512
number O.426817T215 D.235316BEE3 1.B137898
start =0, 203832564 0.0 TabETL -2. 5892080
[Digpersion Parsmeter for Binemial family teken to be 1 )
Mull Devisnce: B3.23447 on B) degress of {resdom

Hes idus]l Devisnce: 54.42776 on 76 degress of [resdom
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Table 5:2: Daia lor Example b

Age  Start momber Kyphosis | Age Start number  Hyplosis
Tl [ 3 1] 158 14 3 1]
128 5 4 1 2 1 5 [}
1 15 4 [} 1 1 2 [}
il 17 2 f] ar 16 3 1]
113 16 2 f] o 12 L 1
&2 14 ] 1 148 16 3 1]
18 2 ] f] 1 12 4 1]
243 & ] f] 164 18 3 1]
1 16 3 f] T8 15 L1 1]
175 13 ] f] & 16 5 1]
T ) 4 f] 2 16 2 1]
1005 5 L 1 e 12 3 1
131 3 2 f] 15 2 T 1
! 13 5 }] 12 2 14 1
] L 3 }] 100 14 3 1]
4 16 3 }] 151 16 2 1]
H 16 3 }] 125 11 2 1]
130 13 5 }] 112 16 3 1]
140 1 5 }] 93 16 3 1]
1 ! 3 }] 52 L] 5 1
H) ! L] }] 91 12 5 1
] 1 5 1 1 13 3 1]
143 3 ! }] il 1 4 1]
or 16 3 }] 139 10 3 1
1346 15 4 }] 131 13 5 1]
121 3 3 1 | i 14 2 1]
8 1 5 }] ! 17 2 1]
134 L 1 1 2 17 2 1]
140 15 4 }] T2 15 5 1]
2 13 3 }] 1) & 3 1
5l 9 T f] 102 13 3 1]
130 1 4 1 114 & T 1
a1 1 4 }] 118 16 3 1]
118 16 4 f] 17 10 4 1]
195 17 2 f] 159 13 4 1]
15 11 4 f] 15 16 5 1]
158 14 5 f] 127 12 4 1]
ar 16 4 f] i 10 4 1]
11 15 3 f] 178 15 4 1]
157 13 3 1 G 13 T 1]
1) 13 2 f] 42 G T 1
T 13 4 1]
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Figure 5.2 Scatterplots for the kyplosis data.

Number of Fisher Scoring lterations: 5

Correlation of Coefficients :
[Intercept ) B Ifage=2) wum ber
age =0, ET9TT30
Ifage~2) O.5801570 =0.3E40T06
number =0, TZE4200 0. 1730226 =0, 0EERDE
gtart =0 Z2F2H0 =0, 1430661 O0.091183& O.0721616

The eoefficient of age” s pogative, ndicating that the chanee of kyphosis first Inereases with
age and the decreases, The term in age” I reguired in the model, sinee tle pevalie b small:

> Eg= =32, 1055612
> 2e(l=pnorm{abe(=)))
[1] ©.03524&6T6

Simbarly, the variable start seems Important, but the eomiributlon of tle variable number
& ratler more uneeriain:
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> oEl= 1 . BL3ITEE
> 2e(l=pnorm{abe(z)))
[1] 0.0E0TO8E:

The ¢oeflicient of start is negative, Indicating that the higher the wlue of stare, the smaller
tlee logit, amd bence the amaller the probability of kyphosis.

5.2.3 Analysis of grouped data using logistic regression

Suppose we have a data sel containing fu cases, bt the mumber of distinet #-values s msch
less than n, hecause of repeais — In this data set thew are several distinet cases having the
sgame sel of #-values (Le. having the same walues for the explanatory varlables, or, putting
It amother way, the same “povariate vector™ ). Suppose lorevery distinet covariate vecior =;,
i=1,...,m there are 1y cases, of which & are sucomsses | Le. lave [y = 1) and f; — 85 ame
fallures [y = (). [This was the situation In Example 2). For each &, we can regand the ny
cases having the covarlate vecior as a sequence of Bernoulll irla ks, of which s; are sucoesses.

Under these condithons & has a Bln(ng, 7)) dbtribution, where 03 = PV = Lz = 4]
Le. the probahility that an Individeal case having covariate vector &; will be 8 “success™
and have ¥ = 1. As sual, the ogistic mode] assumes that logits = & + Sz + -0 -+ Berg.

For each of m possible eovariate vectors we have two observations, the mumber of cases
71 that have the covariate vector 2, and the mumber & oul of n; that are successes. We
fit the mode]l 1sing tle proportion of successes as the response, and the snumber of irlals as
a “welght™ that s specified as In welghied least squares. We lustrate the procedure wsing
some data [rom an Indisirial ex periment.

Example 6. The data in Table 52 comes from Cox and Snell, “The Anmalysls of Binary
Diaia™, p 11, amd conskis of eleserations on the “mreadiness for molling™ of metal ngots
prepamed with different soaking times and different heating times. For each combination of
heating and soaking times (exoept one ) the tota] number of Ingots examined and the mombsr
“npt ready for rolling™ are given, The first number in each pair Is 8;, the second n;. Thus
{1, 100 signifies (0 not ready ot of L.

Tahle 5.3: Data lor Example 6

Heatlmg iime
Spaking time | T 14 a5l
L. 0,10 03l 156 3,13
LT 01T 043 444 01
2.2 a7 233 021 01
2.8 012 03l 12 00
4.0 09 019 114 01

The data ave fitst entered Into a data feame ingote, with varlahles heat, seak, notready
and total:

> ingobls

hast sosk notresdy tobtal
1 T 1.0 o 10
2 14 1.0 o 31
3 Zr 1.0 1 oh
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4 51 1.0 3 13
-] T 1.7 o iy
] 14 1.7 o 43
T 2 1.7 4 44
& 51 1.7 o 1
) T 2.2 o T
10 14 2.2 2 33
11 2 2.2 o 21
12 51 2.2 L+] 1
13 T 2.8 L+] 12
14 14 2.8 L+] 31
15 &7 2.8 1 22
18 51 2.8 L+] L+
1T T 4.0 L+] )
18 14 4.0 L+] 19
19 & 4.0 1 16
2 51 4.0 L] 1

Noie that o observations were made for spaking tlme 28 and heating time 51, We need
i delete this observation from the data. The easlest way to do the 15 to me the sib-
setiing commands lor deleting the corresponding row om the data frame. This we se
ingets [=16,] rather than ingote as our Input data frame. We it the model

kit Primpiready) = So + A = eating tlme + 5 = soaking 11me
Ly Ly ping

» ingots.glmc=-glm (notready ftotal "heat+soak, weight=total |
* family=binemial data=ingete [=16,])
» pummary( ingote. glm)
Call: glm{formula = notresdyftotal ~ hest + soak, Temily = binomial,
dats = ingete[=16, ], weights = total)
Devisnce Residuals:
Min 1Q Bed ian 0 Hax
=1 . 283108 =0.THELE3IBE =0.5051426 =0.089701581 1.T1922T

Copfficients:
Value Std. Error Eovalue
[Intercept) =5, 56016069 1.1186612% -4 SE06109
heat Q. 0E20306T 0.023T2086 3. 4551654
soak 0. 0RETTOTT 033008200 0. 1T1RZE2

[(Digpersion Parameter for Binomial family teken to be 1 )
Hull Deviance: 25.39510 on 18 degrees of {reedom
Res idual Devisnce: 13.T5283 on 16 degress of fresdom
Number of Fisher Scoring lteratione: &
Corral ation of Coafficients:
{Intercept) heat

heat =0.8113857T
gopk =0.T00801 Q. 3336745
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The estimates of &, & and & are [standarvd errors In brackeis)

gy = —5.5581 (1.1186)
G o= 0.0830 (0.0237)
G = 00567 (0.3309)

It would appear that the spaking times do woi affect the probability of being noi ready,
glmge the pevalue for the hypoilesk #: = 0B (L8638, However, the wating times clearly o,
glnge the pevalue lor §) =0 & (LS. Inereasing the heating tme Inereases the probability
of helng not ready.

52.4 Deviances, goodness of it and comparing models

Suppose that we have 1 cases, and measure a binary msponse i and kB covarlates £y, ... 2k
for each case. The covariates could he continams explanatory varlables, or lactors, or a
mixture of both.

Alsgp suppose that there are several cases having each possible sei of swmlues. This,
tlere are in < n possible covarlate vectors @& ..., &, . Let iy be the mumber of cases having
covariate vector &, Obvlouwsly, 9y +- -+ + 1, =

Example T. The larvae of the tobhacco budworm, Heiothis wirescens, are responsible lor
much damage o coiton erops n the Undted States, amd Central and Southern Ameriea. As
a resuli of Imemsive cropping pracileoes and ihe misise of pesticldes, particularly sy mbeti
py retheolds, the nseet las beoome an Important cmp pest. Many studies on the reslstance
ol the larvae to pyrethroids have been comducted, but the object of the experiment by
Holloway [1988) was to examise levels of meslstance In the adult moth o the pypethinoid
trams-cy permethrin.

In ile experiment batches of pyrethrold mesistant motls of each sex were exposed 1o a
range of doses of cypermethrin two days afier emergenee rom pupation. The mumber of
mpihs which were eliber knocked down [ movement of the moth uneoordinated ) or dead [1he
moth is umable o move and does not respomd when poked with a hlunt Istroment) were
recorded T2 lours alter treatment.

Belerence: Holloway, JW. [1984), A compardson of the toxdeity of e pyrethrodd trans-
oy permeethrin with and without the symergkl plperony]l huiosxide, 1o adult moths Ieom twoe
sirains of Heliothis virescens. Unlversity of Reading, PhD. thesk, Department of Pure and
Applied Zoology.

The problem is o assess the effect of Increasing dose of eypermethin on ey, The
data ave shown in Table Sod. In this example there are 12 distinet eovariate wectors: [Male,
Ly, (Male, 2.00, (Male, 4.0), (Male, 8.0), (Male, 16.0), (Male, 32.0), (Female, 1.0), [Female,
2.0, (Female, 4.00, (Female, 8.0), (Female, 160) and [Female, 32.0). There are 3 cases
[moths) oleerved lor each covariate pattern, so n =20 % 12 = 240, m = 12 and 1y = A lor
i=1,2,.. 1%

We assume that the responses are Independent, and the probahility that ¥ = 1 lor a
partleular case (eg. that a moth will be “kocked down™) depends only on the covariates.
Let a; be the mumber of 1™ responses rom the fi; cases having covariate vector 2;. Then ile
ditributien of 2; Is hinemial, Binjng, a; ), when «; B the probability a case having covarlate
velor &; will be a “17 response,
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Tahle §4: Data from the tobacen hsdworm toxdeily experiment.
Sew of moth  Dose (mg) of  Number affected

ypermetlirin qat el 2

Male 1 1
20 4

4.0 !

& 13

160 18

J2.0 Pl

Female L }]
20 2

4.0 L]

& 10

160 12

J20 16

The —2 log likelihogd for this model is

—20 = 2% {sap+ n log(l+ &™)}

=1
where iy = loglt 75, The loglstic model specifies that the loght of 43 1s linear:
logit 7 = fo + e + - + B [fd)

where &; = (2, Py, - Fig)-

Example 8. For 1l tobacon hudworm eomm ple, we have two oovarates, sex and dose. The
data take the form

pax dose & 9 n
20
20
20
20
20
20
20
20
20
20
12 20
16 20

be Do = mn bt ke e

R OO OO S O

HeosenwelBhoawe
FamolBbhosr

and the model is
logit & = & + 3 sex + 3 dose.

Let [ be the parameter vector [, ..., &) that minimEes —2f for this model, and ket
— Mo be the minimom valse.
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A more general model than e logistle 1s the “saturated model™. This s the model
where ile 7;'s are kel unspecified (ecoept that they depend only on the covariate vecior In
some umspeciied way ). For example, In the hudworm problem, the saturated model woukd
he gme with a different (arbitrary) probahility #; lor each sex-dose comhination.

The valee of a; (4; say) that minimises —2f in the case & given by 4; = 8;/n;. Let
—2fgpp b the minimum valee of —2F lor the saturated model. Since the saturated model
containg the leglsile model, we must have —28,0 < —28 00

The difference between those two quantities 5 a measure of how much the 10e]lhoosd
can be Increased [Le.  how much the —2 lop lkelibood can be decreased) by dropping
the restrleton that tle leglsile model, [(54), bolds. The differenee Is thus 8 measure of
“gopdness of 117 of the legistle model, and is called the “deviance™. The saturated model
I8 a “benchmark™ — It s the mode]l which fits best In the sense of having tle smallest —28.

Howoewer, 1t 1s usnally desimble to have a sim ple model that demonsirates the eonnesion
hetwesn the oovariates and the probablities a0 O the logktle model I8 “close™ 1o the
henchmark (the hest possible) then we would prefer . We Interpret “close™ as “small
devianoe™ .

Provided m B mot too big and the ny's are large, the asymptotie distribution of e
devianee when the logiste model s the true one & x% |, although this asymptotie ap-
prmimation B uswally not very accumie. I the asymptotics hold, we can perlorm a test
tlat the kegistie model 15 corpect by oom puting the devianee, and the caleulating a p-value
Singe large values of tlhe devianee are evidence againg! the logiste model belng cormect, a
suitable pvalue Is caleulated by Anding the area under the ¥® . curve to the right of the
value of the devianee.

T see that the devianee does Indeed measure goodness of i1, we can wse the Tolles ing
asym ptotle approcdmation: provided the condition above holds (Le large 5;'s, moderate m)
il devianee ls approximately equal 1o

i [y —H#3)*
Var[f]

il

The devianee Is rather like a welghted reskdual sum of eguares, and this Is a goodness of fit
e ASIUTE.

Getting deviances In Splus

T caleulate the devianee we first it the model In the wswal way, and then ecamine e
output om the swmary unction. The deviance of the model belng fitted Is called 1le
"reldueal devianee™ on tle ouput. The degrees of eedom m — E — 1 are also given, We
can also use the deviance lmetion:

» bugs. glmc=glmie /n sexrdope Tamily=binomial weightesn datasbugs)
» deviance (buge.glm)
[1] Z7v.s&ETaT

The conditions lor the asympilotks hold, so it I8 easonable to Interpret the devianee using
a jrvalue : the degrees of reedom are mm— k— 1 =12 —2— 1 =19, so the p-value &

1=peh ing (27, BETOT,9)
[1] 0.000965602T
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The deviance Is much too large, so the logisitk model seems Implasible. However, 1t s
known [rom previoms experlence that a logkile model sing log dose rather than dose often
fits this type of data well. I we [t the model

logit o = fy 4 3 s + 3 log|dose)

we gt a misch heiter fii:

» logbuge, glmc=glm(e/n -~ sex + log(dose), family = binomial,
* weighte = n, davashugs )
» pummary( loghuge . glm)

Call: glm{fermula = s/n - pex + logldese), Tfamily = binemial,
+ weights = n)
D iance Hesiduals:
Min 10 Madian 30 Max
=] A0EIBE =0, 65343189 =0 0Z229900 0. 4847064 1. 420444

Copfficients:
Value Std. Error L value
[(Intercept) =2.372412 O .3BRE0ET =6.154000
sy =1, 100743 0. 3BLEZ3E -3 08307
log(dose) 1.536336 O0.1801019 B.119003

[(Digpersion Parameter for Binomial family teken to be 1 )
Mull Deviance: 123.87T56 on 11l degrees of {reedom

Res idual Devience: €.757064 on 9 degress of fresdom

HNumber of Fisher Scoring [terations: 5

Correlation of Cosfficients:
{Intercept) Y
gax =0, 2031088
log (dose) =0.TE19E40 =-0.2T7EET42

The devianee 6. 75T 15 now much smaller, Indicating a better fit. The p-value is

» L=pechieg (6. TET06L,9)
[1] ©.6&23068
s the mode] wsing log(dose) s well

We can assess the [t graphically by plotiing the leglis of the observed proporiions against
tlee Jog dose, with the Hited lines lor males and females added. The ftted lines are of the

form . -
kgt 7 = & + S log(dose )

for malkes, amd . . -
oglt w = (o + 5 ) + Belog(dose )

for emales. To draw the plot, wing M's lor males and F's lor lemales, and draw in the
fitied lines, we 1y pe

» plot(log (dose), log({e+D.5) (n=a+0.5) ), type="n")
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» text{ log(dose), log((s+0.5)/ (n-8+0.5)), ifelse(sex==d, "M, VE1))
» abline(=2.372412,1. 536336, 1ty=1)

» abline(=2.372412=1. 100743, 1. 535336, Ley=2)

» legend(0,3,c("M", "F"), ley=c(1,2))

The result, shown in Figure 5.3, shows that the model fiis wery well. Note that when
cakulating the logis of the oleerved proportions, we have added a “ledge [actor™ of (U5
This & to avold the difficulyy of compuiing the log of sero.

n
7o
>
[4]
3
.E:ﬂ
]
+
= n
F
+ LF
[a] 1 2 a

oy s
Figure 5.3: Flited lines for the nsect data.

Example 9. In the Ingot exa mple, we can test the adequacy of tle loglate model by Tollow ng
tle procedurs above. We can to get tle devianee of the logetle model using the deviance
Tume tem:

» logistic devc-devisnce(ingote.glm)
» logistic.dev
[1] 13.TE263

T test the adequacy of the ogstle model, we work ot the area under the 5, ., density.
The degrees of reedom m — k— 1 ls compuied by exiraciing the 4f . residual compoment
[rom the object ingots .glm:

» ingots.globdf residual

[1] 18
These valies are also part of the output prodsced by the swmme ey lunciion when applied to
a “glm object™. Toget tle pvalue | iype

» 1=pchisg (logistic.dev, 16)

[1] ©.61T1366
The p-value (6171 & guiie large, so there 1s no evidenoe that the logistle model B inadequate.
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The “sparse” case

What happens when 1; = 1 (e, every case has a distinet covarlate vector)? Then ile
conditlons [or the asymptotes do ot okd, so we can no ooger iIntempret the deviance as
a measure of goodness of fit. However, iU B still el as it allows 15 1o compare models.
Anotler property of the deviance when f; = 1 for each 1 & that it depends entirely on #
it 15 & Tumetlon of ﬁ alome, amd as such canmot be a goodness of it measare.

Compard mg models
Suppose that we have a logistie model, and we want to see if we can dmop a subset of
variahles from the model. In oither words, we wanl 1o see I a submodel of tle original
logistle model is adequate.
Standard likelibood theory [see eg. 528381 suggesis that I the submodel s adequate,
the diference
(—2fzum) — [—ypure) (5.5)

will have a distribution that s approedmaiely x:, where —2fqpup amd —2fpp1. are the
minimum valees of —2f fom both the submodel and Tl mode]l espectively, amd d B ihe
mumber of varlables dropped.

The difference [5.5) can he expressed as a difference of devianees: ket —2fgar be the —2F
of the saturated model. Then

[(—28gpm) — (—2pyL)

[[—2fgum) — [—2égar)]

—[i—2pyre) — (— 250 )] (5.6
= deviance of submodel [5.T)
— devianee of Tull model. [h.8)

The difference 1s the Increase In the devianoe when we drop the d terms Trom e model.
Whik thk diference will always he positive, I the Inerease B small dropplog (e exira terms
will mot Increase the deviance ly very moch, so the variables can he deopped In the Intensis
of getting a simpler model. This a small Increase In deviance means we can drop the d
varia bles from the model

The difference In the deviance has apprsimately a ¥5 distribution if the submodel 1s
adeguate, Unlke the approximation to the devianee, the ¥ ap proximation to the difference
In deviances ls wsually quite accurate. In particular it will be good I me s larger [we don't
need the n;'s large). I Iollows that we can test the adequacy of the submodel by the
Tl loew g prosoedare:

« Calculate the devianoe of the lull model.

» Caleulate the deviance of the submodel.

# Caleulate the difference [5.8).

« Caleulate a p-valse hy finding the area to the right of [(5.8) under the xﬁ densiiy.

A small p-value will be evidence agains! the subhmodel - Le. a small p-value Indicates that
we canmol drop all the d varlahbles rom the model

Example 10. In the kyphosk example, suppose we want 1o know 1 we can doop hoth the
variahles start amd number. We i the submodel with age and agesq only sing the call

» gub.glmc=glm (kypho™ age + Ilage 2), family=binemial, datas=kyphosis>
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» deviance (sub.glm)
[1] T2.T3BEE

This tle submodel deviance s T2TILE, o the difference between the submosdel and Tl
mude] devianees & T2.7EA08 — S A2TTG = 1831082 on 2 degrees of reedom, which is highly
slgnificant, with a p-value of (LKEIL. The model witheout the surgical varlables stare amd
number k clearly inadequate.

Teating the significance of the regression

A speclal case of testing a submodel B ihe problem of testing the ovemll significance of
the regression: are any of the explanatory varlables ueelul In ecplaining the response? For
limear models, we test the gwerall significance of the regression by testing I all regression
epeflicients [ecept the onstant term) are sero, This test Invalves com paring the Regression
sum ol sgquares with the total sum ol squares. Now the total sum of squares §s Just the mesidial
55 from fiting the “mull model™ 35 = G+ &, 80 the mimerator of the test lnaolves

Besldipal 55 [rom the null mode]l — Besldoal 55 rom the Dol model.

The quanilty
[devianee lor the null medel — devianee lor the [l model )

asym piotically plays the same rolke In leglstle regression.
To ewluate this quaniity, note that the devianee for the mill model s obiained by
minimking
—2% " wilfo + 2nlogll + &™),
=l
Differemtiating with respect to 3, and equating to 0 glves
af
14 gffa

=

s that value of b that mindmises tle -2 log Tkelihood is

o Ty
Fo = log (n - nl)

where 11y 15 the mumber of eases lor which ¥ = 1. For thk walue of 5 the -2 log 1Toe]Thssd

Is
Tl 1l — 1t
—211y 1 — Il _
h 06 (:h—:hl) ' EE( Tl )

= —3ny logny + fg log uy —alegn) [ 5.9

where fig = 11 — 11y, The deviance of thls null medel [Le. the diiference between [59) and
— g1 lor the saturated model) Is called the “null devianece™ and & printed out as part of
tlee summary output. We can do a test for & = - - = # = 0 by comparing the differenos
hetween the model devianee and the null deviance to a ¥i dstribution.

Example 11. For ihe CHD daia ng = 57 and 51, = 43 s0 that the devianee for the mall
maodde] B 136463,
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In pragtice, we don't need 1o do the caleulation by hand, as the valpe of the null devianos
I In¢lsded In the ouipul om summary. The mull deviance ls also inclided in the “glm
object™, and may be extracted with the § operator:

> npull.dev €= chd.glofnull. devisnce
» null. dev
[1] 136.663

The {ull model devianee [Le. tle reskiual deviance) B LIT.G2050 a0 the difference between
the Tull and mall medel devianees is 136663 — LT GR050 = 2808,

These caleulations ave ako done by the aneva Tumetion:

» anowva (chd. glm)
Analysis of Deviance Table

Eineomial model
Hesponsa:

Terms added sequentially (first te last)
Df Devisnce Resid. DI Resid. Dewv

NULL h:be) 136. 6630

age 1 25.59824 88 107 . 6B0E

The difference in the deviances is dietributed as x7 under the mdl hypothesis that the ml
miidel B oirue, gliving us angther test of 3 = (. The p-vwalue is

» 1=pehieq (28, 0B24,1)
[1] 7.3038R0e-08

This pevalue s strong evidence that there Is a relatiomship hetween age and the ooeurence
of CHD. Note that you get the degrees of freedom Tor the v® by subtracting koelstie model
Al (98] from the mal model dF [949).

Example 12. In the kyphosis example, the devianoe of the logistie model is 5 AZTTE, and
that of the mll moedel & 8324447, The difference in the deviances lor the logistle and the
mull mosdels B this B3 24T — 542776 = 28 80671, with 80-T6 =4 degrees of Iveedom. The
pevalie Is about 10-%, indicating a significant mgrossion:

» 1=pchisg (28, BOETL,4)
[1] 8.556025e=06

More generally, the aneva lunctlon allows us 10 examine the changes in the devianee as
terms are added 1o the model, and s a convenlent way io declde which terms ghould be
retaimed:

Example 13 To see the eflect on the deviance as more terms are added 1o the model in
il ky phosk example, iype

» kypho . aovd=anovalkypho.glm)
»  kypho.aovw
Analysis of Devisnce Table

Einemial model
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Hespones: kypho

Terms added sequentially (first te last)
Df Devisnce Resid., DI Resid. Dey

WULL B0  B3.Z23AT
age 1 1.301885 e B1.9329
Ifage™2) 1 9.193508 T8 T2.T3808
number 1 B.ETHIZE Tr B3.B82Bb
start 1 B.435088 e 54426

We can Judge the significance of these changes:

» 1=pehieq (kypho. sovfDeviance, kypho. asv$Di)
[1] K Q.253801014 Q. 002428231 0. QUZEEREED Q. D021 2ETLT

This gives the pvalue lor each reduction, amd works hecaise kypho.aov las componenis
Deviance aml Df that are extracied In the wsual way Adding each term [excepl age)
Improves tle model significantly. This process is dmilar o “lorward selectlon™ In muliiple
Tegression.

The lunetion aneva can alao be wsed 1o compare models. As an Mustration of this, we
can o the calewlations in Example Mewhmode] ky phosk example!!! by typing (sub.glm ls
1l “glm ob jert™ storing the results of ning the submode] witlout start and number)

» anova (sub. glm, kypho. glm)
Analysis of Deviance Table

Hesponea: Kypho

Terms Resid. DI Resid. Dev Tast
1 age + Ilage™2) TH  T2.T385R
2 age + I(age™2) + number + start TE 54,4276 +number+start
Df Devisnose
1

2 2 18.31082
» 1=pchieq(18. 31082,2)
[1] 0.000105646T

5.2.5 Residuals in logistic regression

Aszume that there are i distinet govariate vectors, and g observations are taken at covariate
veetor &, resultiog in g sueeesaes. Let 8, &y, .. .., (& be the MLestimates of the regression
coefliclenta, We may define two v pes of resldual:

l. Pearson residuak, defimed by

o w— gl
Wil — &)

where logit (%) = S+ 0eq + - 4+ 0w, These aresimilar to linear mode] standardised
residpals,
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2. Deviance reslduak. Let & amd & be the estimated suecess probabilitles or the dih
povarlate pattern, using the logisie and saturated modek respecilvely. Then it can be
slown that the deviance of the loglsile model can be written

Deviame = idf

i=l

k
where d; = +{ -2 (yilog (2 j] + (i — #3) log [ 1= j]j]} . The sign & positive If r;
Iz positive and pegative I v 1s negative. (The quantity in the braces { } & always
positive). The gquantiiies d; are called deviance residuals.

KNote that the sum of squares of the Pearson residuals 1s
E [ — nqdi)” ngdi)*
1nrl!.[“[:h,?h:l

This statistic, called a generalized y* statistie, can be used for testing the null ypotlesk that
1lee lpgistie lunction ls adequate. As noted In Section 5.2.4, 1t Is asymptotically equivalent to
tlee tesi based on the devianee. Thus hoth the sum of squares of the Pearson residuals and
ile sum of squares of the devianee reskduak are “goodness of it statistles™. This jstibes
thee 1me of the term “residuals™. Both sums of squares have the same distribution (x2 _, )
asym ptotically under the null hy pethesis that the logktie model Is adeguate.

Large values of #; or d; denote covarlate patterns that ave poorly Gtted by the medel.
Large values of d; Indicate observations that ave undue inflsence on the log Hkelilaod. Nowe
tlat the Pearson reskduals ave only smelil lor grouped data, while the devianee reslduals are
wselid for ungrouped, as well as grouped data.

Baoih iypes of residual are caleulated as part of tle “glm object™, and are extracted with
il residuals lnneilon.

The resldual analysk lor the Pearson reslduak procesds as lor ordinary regression. We
draw mormal plots, and plet residwals versis fited values, Flited values are the estimated
probablities 45, mot the logiis of these probabilities, amd are exivacied om the “gln objeet™
singtle lmetion fieted  val wes.

Inthe case of devianoe reslduals, weam interested 1o which cases make disproportionately
large contributions to the the deviance. Such cases may be ldemtifed by normal plots anmd
hy plotting the residuak against case mumber. Flots of mesiduak wersis ftted values are
mot selul, sinee tle devianee reslduals have a stmng Insetonal relatiomship with the fited
valiss.

Example 14. For the Ingot data, we caleulate the pesiduals by typlng

» dev. resided=-res idual a(ingots . glm)
» pearson. residec-residusl e(ingots. glm, type="pearson')

We can plot the mslduak against Index [case number) to ldentily covariate patierns that
are poorly fited:

» plot(dev . resids types="1")

KNote I we give plot only one argument, we gei an index plot. From the resulting plot (mot
shown), we see that the Tih amd L0ih covariaie paiterns are ot well ftied, and have hig
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devianee reslduals. We can dentlly the cases by primting out the corresponding rows of 1he
data frame:

ingote (e ,10),]

heat soak notready total
T 2 1.7 4 44
10 14 2.2 2 33

Influential polnts

We will ako be ntersied in detecting influential poinis, for emmple by compuiing “leave
one out™ diagmsties. Since the IRLS method of Giting essentlally proceeds by performing
repeated regressions, we can adapt regpesslon Infleence technigques 1o legktle regression. Tt
can be shown that the effect of deleting all olserations having covariate vector 2; Ioom the
data will change the deviance by an amount approsimately egual to

4y,
AR = L
D
and the ¥* statlstle by approsimately
. w2
F
Axi = 75

mn

where by are the hat mairik diagonals from the lasi regpession in the IRLS lerations.

Changes in ile eoefliclentis are measured by quaniities simlar to those In ordina oy linear
regresslon, and In fact the lunectlon influvence.messuvces described in Chapter 2 for the
calkulation of nfluence statistics compuies these when given a “glm object™ as lis argument.

Example 15. Comsider the lollowing example, taken fom Preglhon, Annals of Statisties
(1981}, pTh. The data & fvom Flnney, Blomeirika [ 1947) pd3). Seealso the 1989 final exam.
The data in Table 53 were obiaimed In a study of the effect of the rate and volume of alr
Inspived on a tramsient vaso-comstriction in the skin. The nature of the measurement process
was sach that only the eccurrence or nopoocurrence of vaso-comsiriction could be reliably
measured. Theee subjecis were Involved In the stidy: the st coniribuied 9 responses, the
segond contribued 8 pesponses, amd the third coniributed 22 espomses. The model iied 1s

loglt(a) = G + 3 log(FRATE) + 55 Jog (VOLITAE).
The estimated coelllcients and thelr sandard errors ame

G = —0.5206 (32331)
B = 38832 [1.4286)
B = 26491 (0.9142)
Suppose the data are In a data frame wase, with varlables leg . velume, log. rate amd

response. A uselul plot of the data can be made by plotting the explamatory variables
agaimet each other | Indieating the value of the respomse by a 0 or L

» attach{vasa)
» plot(log . volume  log. rate  type="n")
» bext(log . volume  log. rate  response)



b CHAPTER 5. MODELS FOR CATEGORICA L RESOINSES

Table 5.5: Listing of Finney's daia on vasp-¢omsiriction In the skin of the diglis. The hinary
response Indicates the occurrence (1) or monoceurmence () of weap-ponsiriction.

Volume HRate Respomse Volume Raie Besponse

2.7 A2h 1 1.8 LA 1
3.5 1.0 1 A 2 i
1.25 2.5 1 ! 1 1.3 i
Th L5 1 1A% 135 i
& 3.2 1 L5 1346 i
T 3.5 1 L 178 1
i3 Th i A0 LA i
1.1 LT i 1.8 LA 1
O Th i A5 1.9 i
O Al i 1.9 A5 1
& AT i L A i
A6 2.7h i 2.7 Th 1
LG 3. i 235 A3 i
14 2.3 1 1.1 1.&3 i
Th 3.7h 1 1.1 2.2 1
2.3 L 1 1.2 200 1
3.2 LG 1 B 3.33 1
AL LALS 1 ! 1 1% i
LT L. i JTh 1% i
1.3 625 1
11
|
LI o
? 1
E mq0 oo 11 1 11
g 014, B g 1 1
- a i 1
o 0 1 1
a o
o A 0
1 z a
log solums=

Figure 5.4: Pl of 1he vaso-comstriction data.
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The plot is shown in Flgupe 5.4,
The result of fiting the leglstle model] is

» vaso. glmt=glm{responselog. volume+log . rate datasvase family="binomial)
» summary(vase.glm)

Call: glm{fermula = response - log.volume + log.rate,
family = "binomial", data = vasa)
Deviance Hesiduals:
Min 19 Med ian 20 Max
=1 .B06E6E =0.T3HE5EE6 0. 0300776 O .4BERE21 2.328314

Copfficients:
Value Std. Error L value
[Intercept) =-9.528258 3.2139003 -2.964931
log.volume 3.BE2007T 1.4202335 2.T3335E
log.rate 2.6489036 O0.909538L 2.912506

[Digparsion Parsmeter for Binomial family teken to be 1 )
Mull Deviance: 54.035981 on 3B degrees of {resdom

Hes idus]l Devisnce: 289.7723 on 36 degress of fresdom

HNumber of Fisher Scoring [teratione: &

[(ME: Correlation matrix not shown to conserve space.)

Note that tle plet in Figure 5.4 indicates a coupl of possibly outlylng points. We will
cakulate the deviance melduak amd produce some inflence plots. The osde 1o exiract the
devianee residuwak and Pearson reslduals, amd caleuwlate tle differences in devianoe due to
110 one polnt deletions Is

» dev.residec=res idusl a{vaeo. glm) @ get deviance residusl e

» pearson. residec-residusl e{vaso. glm, type="p") # note abbrevistion "p"
» hated=1m.inf lvence(vaso. glm) Fhat @ hat matrix disgonals

> B Caleculate lesve-one-oubt deviance differences

» del . dev ©= dev.resids”2 + pearson. reside” 2¢hate/(1=-hate)

Tk

=]

draw Index plots, and label polnis, we iype

# draw index plot of deviance residusls
plot(dey . resids type="1" main="Index plot of devisnce residoals")
# now label pointe
nc=lengrh(dey. resids)
cext(l:n dev . residavl 02 1:0)
# draw index plot of deviance changes
plot{del .dev type="1l" main="Index plot of deviance changes')
# now label points
vext(seg(n), del . devel 02 seq(n))

WOW W WO W W W

The resulting plots shown in Ggure 5.5 (e plot of Ayd versus § 1s similar o the deviance
difference plot amd has not been drawn.) These plois show that two olserations, the Tih
and A%ih, are ot well Hited by the model, and moregyver have a conslderable iInfluence on
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Index plol ol deviance residuals Index plof of deviance changes

i
[E ]

dere ramids
el dww

Ingkx nd=x

Figure 5.5 Influence plots for the vase-consiriction data.

it fit. These two polnts correspond to the two outlying positive responses In the plot of
rate versus volume in Figure 5.4, The effect of deleting these polnis can be determined hy
refitiing:

» new.glmd=glm (reeponse” log. vo lumes log. rate ,
* data=vago[=c (7,350 ,] family="binomial"}
» surmary(new. glm)

Call: glm{fermula = response - log.volume + log.rate,

family = "binemial', data = vaso[ = (T, 38), 1)
Dy iance Residuals:

Min 10 Median =0 Max
=1 . BOFIEET =0, 11868 =1, 1561 58w=-00 0. 0ZEEL10E 1.970363

Copfficients:
Value Std. Error L value
[Intercept) =41 BE2TE 21.87TT136 -1.918025
log. volume 17.489200 9.257T570 1.56B4E1
log. rate 10.7427T4 5.5891088 1.921405

[(Digpersion Parameter for Binomial family teken to be 1 )

Mull Deviance: H1.26586 on 36 degrees of {resdom
Res idual Deviasnce: 10.68978 on 3 degrees of freedom

KNote the large changes in the coefliclents. Alihough the t-valses [Wald tesis) are rather
amall, ithe analysk of deviance suggesis hoth variables ape peguiped:

» anova(new.glm)
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Analysis of Devisnce Table
Einomial model
Response: response

Terms added sequentially (first to last)
DI Deviance Resid. Df Kesid. Dev

NULL 36 o1 . 26586
log . volume 1 8.75000 30 42 . 51586
log.rate 1 31.81607 34 10 . 65089773

» 1=pehieg (8. TE000,1)
[1] ©O.003006021
» 1=pchisg (31, B160T, 1)
[1] 1.684846e=-08

As these olservations are not eally associated with extreme valies in the rate-volume plane,
tleelr ellect on the it might presumably be small. However, Trom the “leave ome out analyss”,
wie have reason o helleve otlerwize

5.2.6 DBinary anova

The logistke regression method can he easily extended to the case where the explanatory
variahles are [actors (Le. “bimary ANOVA™) ora mixture of factors and continuoes varlahles
[Le. "binary analysis of ¢ovariance™ ).

For example, suppose we have a two-way ANOVA with several observatlons per oell,
bt the pesporse Is binary. Let A and B denote the two [actors, haviog T and J lewels
respectively, and suppose that ng; binary responses Yi,., k= 1,2,... ny are taken when
Als at level { and B Is at level j. Let m; = Pr(¥ia = 1], et pg; = Joglting; ) and suppose
that the mumber of “secoessms™ oul of the fy; binary olesrvations inthe i § cell s 25;. Asin
ordinary ANOVA, we can decompose uy; into a grand mean, main elfects and interactions:

pii = ptog + 5+ aly. (5.10)

Because of the usual constraints on the parameters (e.g}.. o = 0) there will then be
I — 1 Tunctionally independent a;'s, J— 1 lunctionally independent 3% and (F—1)(J - 1)
functionally independent af;'s. These IJ parameters can be estimated by ML just as in
the case of leglstle regression.

Mote that the model above puts no pestriction at all on the quantities #;;, other than
they must be probabilities, and hence no restrictions on the ;' The medel is therelore a
“saturated model™, with as many parameters as there are oovadate patterns. Under ilwese
creumstances, the parameters @;; are estimated iy

Wiy = ha ']
Tli;
L the proportion of the fi;; cases having [actor level combination (4 §) that have a 17
response. Note that o the peesent ANOVA example, “lactor level combinatioms™ ave equiv-
alent o “povariate wee tors”.
The ML estimate of pi; Is egit(Fy; ), amd the ML estimates of the o4's ete are given hy

e L
dio= i — .
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Table 5.6 Grasshopper data.
Experiment  Mid Mitesls Conirel X-ray Beia-ray

1 Yiem 12 3 4
M 1 L5 12
2 Yes 14 5 L]
Ko 3 1 !
3 Yes ! 5 2
K 11 17 17
4 Yes 17 5 T
Ko 2 14 13

Hypothesls tesilng

We can test for sem Interaction n our model by examining the difference in deviance when
we add Interaction terms 1o the model. We it the submodel

;= ptag + (511

derived foom (510) by setting the nteractions equal to sero. The ML estimates of e
parameters will be different from those obtalped above, gloce —2f B now helng minimised
subject 1o the constraints
Bij — i — g+ . =1

The estimates lor the sulmode] o longer have a slmple form, bt can he easily caleulated
hy glm, as can the devianee for the submodel. To test the zero nteraction hy pothesis, we
compare the satumied model to the [additve) submodel by eamining the devianee of the
submadel The degrees of Teedom ave IJ—[[(F—1)+(J —-1)+1) = (I —1)J— 1). Similar
statkties can be med 1o test tle hypoilesk of sero main effects, and are also reported in
tle ANOVA table. In pracilee, the caleulatons are done by glm and anova.

Example 18. Tahle 56 contains the resulis of a serles of experimenis 1o compare the efflecis
ol x-rays and beta-rays on the mitotle mies in grasshop per neuroblasis, For each experiment,
embryos [rom the same egg were divided Inio three groups, one serving as 8 eonioel, and
ilee oiler two being exposed 1o physieally equivalent doses of x-rays and beta-rays. Aler
Irradiation, approcimately equal mumbers of eells in each of the 12 experiment = {reatment
combinations were examined and the mumber of cells passing through mid-mitosis was moted.
We thus have a hinary ANOVA, with the cells belng the experimental unlis [cases), the
hinary response being 1 I the ¢ell has passed mid-mitesls amd sero otherwise., There are
twn [actors, the experiment with 4 levels and the treatment [Control, X-ray, Beta-ray) with
thiree.

T fit the model, we need o read in the data, create the [actors, and use glm, We iy pe

# enter data

yesc=c(12,3, 4,14 5.6 ,8.5 217 .65.7)
nod=c (10,16, 12 3,10, 8,11 17, 17,2, 14,1 3)
total C=yag+no

oW WY

W

# Create factors
exper iment<=-factor(repll:4,c(3,3,3,30 )
» treatmentd-reple("Contral","X=-ray", "Beta=ray") 4}

W
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> We don't want levels in alphabetical order
» breatmentd-Iactor(treatment, level s=un ique (treatment))

> # make a data frame
» gragec=dats,. frame(experiment trestment,yes total)

> grass

expariment trestment yes total
1 1  Centrol 12 22
2 1 K=ray 3 18
3 1 EBeta=-ray 4 18
4 2 Control 14 i7
=) 2 K=ray 1] 15
& 2 EBata=ray 5] 15
T 3 Contrsl 9 20
B 3 K=ray ] x
) 3 Bata=ray 2 19
10 4 Contral 1T 19
11 4 K=ray ] 19
12 4 Bata=ray T 0

# now it model

» grass glmo=glm( yes/cotel "experimentstreatment weight=total

* Tamily="binomial", datasgesss)
» pummary(grage. glm)

Call: glm{formula = yesftotal ~ experiment * Lreatment,
family = "binomial', data = grass, weights = total)

Coalfllclients:
Value Ztd. Error £ valus
[Intercept) =0.420T5008 0. 1880176 -2.5EEREDE
experiment]l =0 41215848 O0.2801566 =1.4711762
axpariment? O.57T0ZM6d 0O.2B66136 2.0132508
axpar imentd =0.T5E4207T1 O, 2001654 =-2.61353T72
trestmentl 134520057 0O.2350338 L.TD18ER1
trestment? =0, 70824493 O, 2306341 =3 07518960
experiment ltrestment]l =0.32106047 O, 303320 =0.B6E003
experiment2trestment]l O.047EMGED 0. 4215573 0.113571%
experiment Itrestment]l =0 . 3579000 0. 3820768 =0. 8364308
experiment ltrestment? =0 05B2E343 0. 4132610 =0, 1410330
experiment 2trestment? =0 . 13117983 0. 3072123 =-0. 3302612
experiment 3treatment? 0673026 0. 3011232 1. T223223

[Digpereion Parsmeter for Binemial family teken to be 1 )
Hull Deviance: 54.837T0 on 1l degrees of fresedom

Hes idusl Devience: O on O degrees of fresdom

HNumber of Fisher Scoring [terations: 5

[ME Correlation matrix not shown to save space)
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» anova(grass. glm)
Analysis of Devisnce Table

Binomial model
Response: yes/total

Terms added sequentially (first to last)
Df Deviance Resid. DI Resid. Dev

KULL 11 54.8B3TH0

experiment 3 11.8E8240 B 43.17511
treatment 2 IB.21197 & 4.896314

expariment trastment & 4.96314 ¥ LER L]

The difference In deviance beiween the model with and without Interactions s not slgnifi-
Al

» 1=pehieq (4.96314,6)
[1] 0.5485493

As Inordinary ANOVA, a el graphic display to oom plement the test lor sero Interac-
thons Is to plot g versus § separately for each §. We joln up the points of 1l separate plots
Ty limes. Parallel “profiles™ ndicate eero nteraction. The Splis lmetlon intersction. plot
can he used, but we need 1o supply an exira argument to plot the logite of the ool pro-
portins rather than the proportions. [For bhinary data, proportions asd means are tle
RAMNE. )

» attach(grass )

» logitd=funct ion (x){log(x (1=-x))}

» interaction. plot(experiment, treatment yestobal Tun=logit)
The plot & shown in Figume 5S06. Apart om a rather high valee Ior the logit of the X-
ray proportion in Experiment 3, tle profiles are guite parallel, indicating the absenee of
Interaction. This the effect of changing [rom one treatment 1o apother Is the same lor all
Tonr ex perimenis, alilbough there are significant differences heiween experimenis.

Estimat ing cont rasts

Contrasis In ihe parameters are estimaied in the sual way, Thus, a conirast of the form
E:_l oy in the A main effecis s estimated by E:_l sed. We can caleulate the standand
error of a contrast estimate by means of the lormula

B2 (E Eifﬁ] = Ec,—cﬂx:-.r[&i iR

i

We can estimate a 1051 — o) confidence interval for %7, epoy usng the formula
o
Zq&i + 5.0, (Zqﬁ,-] # [Ej .

Example 17. Calculating these quantiles In Splis s relatively simple. The estimated coal-
ficlents (the estimates of o, 3 and of;; are In the “glm object™ and can he exiracted with
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expearimea

Figure Sk Interaciion plot lor tle grasshopper data.

il coeificiente [unction. The covadance mairix ls computed in the summaey Tunetion,
and is exiracied using $eov . unecaled. We Musirate using the grasshopper data. Sinee
there 15 no evidence of Interactlon, we wil it and use an additive model.

add it we.glmt=glm (yes/ total "ex pariment+ tres tmen b weightstotal |
* family="binomial", data=grass)
est ima tesd=coalficient s (additive. glm)

cov . ma bo=summary [ addit ive. glm) Foov. unscaled

Suppose we want 1o compute a confidence interval for #:— 3, the contrast that measures 1l
effect of tle X-ray treatment com pared 1o the eontrol treatment. The order of the estimates
is

» getimates
[Intercept) experiment] experiment? experimentd treatmentl
=0.47Th218 =0 4248361 0.61453m8 =0.7T200158 1. 2687

treatment 2

=0 .GEEERDDD

s the coefliclenis of the desived contrast ave (000,0,-1,1. The estimate is

> contr . coeffsc=c(0,0,0,0,-1,1)

» contr . egtd= gum{contr . coaffesastimatas)
» contr.est

[1] =1.8&57581

The standard emor is

» std.errd=sqrt(sum{contr. coal fa+(cov. mati+* feontr. coaflfal )
» gtd.err
[1] ©.3820636



H CHAPTER 5. MODELS FOR CATEGORICA L RESOINSES

Table 5.7: 1.5, deaths by [alling, 1970,
Month Number of falk  Month  Number of [alls

Jan 1G8R July 14065
Feh 14007 Aug 1446
Mar 1370 Hapt 1322
Apr 1300 et 13463
May 1341 Now 1410
Jung 1388 D 153G

A 5% confidence for the contrast is LOGTHL + 1946 = 03820636, Le. [—2.706, — 120G

5.3 Analysis of contingency tables

Suppose we have k categorieal varlables amd measure these varlables on each of 1 cases.
Suppose that the k varlables have Iy, F,... e categorles, and that we classily the n cases
Intey the Fy = Jo o= . L% fp possible eategory combimations or cells. The resuliing kway table
I8 called 8 condingeney talde We can use the terms facior and level interchangeably with
variahle and category.

Example 18. In gur first example, k= 1. Table 5.7 contalns data on U7 5. deaths by {alling
(1970 data). Each death ls classified by a single lactor, the month of oocumenee.

Example 19. For an example with two [actors, conskler the data in Table 58, where 655
stiglents chosen al modom rom the student body at Awcklamd Undwersity are ¢lassified
aeoording to thelr degree oourse and soclo-economic status [SES).

Example 20. For an example with three [actors, consider the data In Table 58, where 123
patents sullering fvom diabetes ave classified on the bask of three criteria.

The type of mode]l comsldered lor this type of daia s different Trom those discussed
s [ar In that a division of the variables lnio responses and explanaiory varlables Is not
made. Rather, Inmterest focisses on the joind distribution of the varlables, ratler than tle
e itiona ] distribution of one, glven the others.

Tahle 58 A 1. students ¢lassified by degree course amd SES.

Diegree enrolled for
S3ES  Aris  Science Law  Engleeering Commerce  Medicine  (hler

1 T 28 38 28 1T 3 T
2 A4 41 Zh 1T 24 9 14
3 37 14 & 20 16 4 12
4 35 12 9 1% L5 2 110
] 4 il 0 3 1 1 1
(] ! 4 3 4 2 1 1]
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Tablk 5.9 Diabetes patients ¢lasified on three criteria.

Family histony of diabetes Yes Ko

Dependent on lnsulin njectlons | Yes No | Yes  No

Apeat omet < 45 G 1 L 2
= 45 G 5 48

Demote by i the number of “eells™ In the contingency tahble, and suppose 1hat there ane
f1 cases 1o classily. Thus in Example 10, there are 12 eells amd 168386 cases, In Example 11
there are T x 6 = 42 celk and 655 cases, while inally in Example 12 there are 22 2= 2= 8
el and 123 cases. Typleally, the cases will be pespomndenis In a survey, and the cells will
comespond o all posible ways of responding o all or part of the guestionnaive.

Suppese that the probability that an Individual chosen at random {alls in the ith cell Is
Ay, 1= 1,. .. . We assume that the eategories are defimed in sueh a way that each case ls
classified nto exactly one eell, s that

i+ +aTm= L

Further suppese that the mamber of cases that ave classified Into the cells are gy, 1 =1, .. . .

IT ile sampling is random [Le. every sample of slee 1 rom the population has the same
prohability of selection), then the joint distributon of the gquantiiles g, 1 = 1,...,m s
given by the multivariate hypergeometrk distribuion This s mathematically iniractable,
s the distribution of the ¥i's s appretimated by the muliisomial distribotion. Poovlded
il sample Is hui a small feaction of the total population, thes appretimation should be
adequate. Thus the probahility that alier the classificatlon there are 4, i4,.. cases in
categories 1, 2,.. B

11l
B LI |

Sinee each case goes In exactly one category we must have 5.4 = 1.

In this section we diBciss ow 1o estimate 1he parameters v, both in the simple siivation
abowe and alse when the 7' are sub ject 1o warious comsiraints that correspond lor example
io pertain forms of Independence beiween the [actors Involved. We will also dibciss how
variois hypotleses [again related 1o varlows types of independence between the faciors)
may be expressed and tested with both 1kellhood ratlo tests and Pearson y* tests.

f'...ﬂ:“‘.

5.3.1 Likelihood based inference for contingency tables

We begin by studying the Theliloed Tunetlon for the mulinoemial model above. The likeli-
hod 15 st the jolot probabiity Tunetion, regarded as a Tunetion of the a's:

Tl .

—_— T
i lgxl. .. itm] 1

I P S i S

The -2 log likelilopd & this up to a constant,

— 3ol = —EE it oo ;.

i=l

The maximum lkelhood estimates of the 7's are the values §; that minimse this quantity,
subject to the constraint %, & = 1. By using Lagrange multipliers, or some otler suitable
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meethesd, It can be shown that

d; ==, i=1...,m.

.3
il
The minimum value of the -2 log lkellbood is thus

m m m
—2% glos = 2% g gy + 2nloe
owleg = 3 wilemw + nlogn

il i=l

This medel, with the #'s unponsivained [except by the requirement that they sum to unity)
I8 called the saturaled model or the full model We wil denote the —2¢ of the saturated
midel iy — 28 g4

T test the hypotlbesis that the a's satkly some additional constrain, we eompute tle
minimum value of the -2 log lkelilood subject to the additional comstraint. Call tle mink
muame valise —2f-. Then i the comstraim is in fact satisfed, statstical theory tells s that
the diEtribution of the devianee

[—26p) — [—2Eg47)

las approsdmately a ¥® distribution with m — 1 —¢ degrees of freedom, where ¢ 1s the mimber
ol free parameters In the consirained model We can compute a pevaliue for tle hy pothesls
Ly ealeulating the area under the v2 _, . density to the tght of the oleerved deviance.
Some examples of the constralnis encountered in praciioe are given below.

Completely specifled probalbilities.

Suppose the hy pothesis 1o be lnvestigated 1s that the probahilities are completely specified,
Le. @, =5, 1 = 1,...m lor glven probabilitles #;5. Then there are no fvee parameters, so
¢ = [l The devianee under the null ypothesis is

—EE(_- = —22]‘1 ]l::l'gﬂ i

=1

Example 21 Suppose In the death by falling example, we want i test i all monihs are
equally likely, Le. we want to test if 73 = 5. Then

9% il B
~Msar = -2} wlog T = BAITA

i=1

amd

m 1
2o =-2% g — | = 8441725
o i_lilh :E(lg)

sp that the deviance Is B4417.25 — 8433744 = TOAL The pwalue [11=12-1-0 degrees of
Treedom ) is (L0, sothat the data & pot comsistent with the hypoihess of equal probabilities.
There are too many {alk in the winter months.

The calculations above can wery easilly be done In Splus:

» yo=c[16BE, 1407, 1370, 1300, 1341, 1388, 1406, 1446, 1332, 1363 , 1410 , 1626)
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» n<=gumliy )

» min.satd= =Zesumlyelogly nd)

* min.sat

[1] B4337.44

> min.constrained<= =Zesum(yelog(if12))
min, constrained

[1] &341T7.25

» deyd= min.constrained = min.sat
> deav

[1] T8.80ETS

» 1=pehisg (dev 11)

[1] L.80E8168a=12

Teating for independence in two-way tables.

For two-way tables it B comvenlent to use a slightly different system of indexing: we let
Iy; denote the Trequency count in the 1, § cell of the table (Le the cell In row { and column
i), 8o that gy; 18 the number of cases in category i for the “row™ factor and category j
for the “column™ [acter. We wil suppose the row and column factors have I and J levels

respectively. We let the corresponding probabDity be w;, so that

Ty = Pr| A randomly ¢hosen respondent 1s in category 1 of the row lactor
and category § of the column factor].

I the facios are independent, then in fact

Pr| Respondent 1s In category { of the row factor]
xPr [Respondent is in category § of the column lactor]

'|‘|-i‘-i

= Wisflsj

gay, where 7. amd 74; and the marginal probabilities of the two lactors. The notation 7.
Is justified by tle lact that

wix = Pr|Respondent is in category i of the row factor |
4

EPr|Rns.pcmﬂ1m Iz In category © of the row [acior
=l

amd category § of the eolumn factor]
¥

= Eﬂij.
=i
Simlarly 74 = Y0_, wij.
Under the hypothesis of Independence, —2f- Is the mindmum of the —2 log lkelilwsd,
under the constraint w; = wiene; Iordi= L2, .7 and 7 = L2 ... J. Il can be shown
that the minimum eeeurs when 75 = peye; /1 where 115 the sum of the oell frequendies,

'
Wis = }:‘;r_Ly,-‘,- and gy ; =3 ., Wy, and hence

rJ
=1 =i
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The mumber of free parameters under the constraint s e = T+ J — 2, sinoe E:_l g =1
amid E;_l ey = L. The minimum of —2¢ under the saturated model Is

P
—2fgar = —EETE_EIH;]‘E y—:":'.
= a_

s the deviance B the difference of these. Under the mull hypoiless of Independence, 1he
devianee s detributed as ¥ withim —1 —e=FJ —1 — [T+ J =2 = (I = 1}[.J — 1} degres
of Treedom.

Example 22. For the student data, —2fc ¢ = 4323102, —2f- = 43T2L6ETT 50 the devianos
I8 4957 with [T— L= (6 — 1) = 30 degrees of beedom. The pevalue s (L0137 a0 the
hy pothesis of Independence s rejected.

5.3.2 Chi-square tests

An alermative to e Tkellhood ratio tests discissed above Is provided by the chi-square lesl
Suppose as helore that we want to test I the probabilities are subject o some constraint,
such as Independence In a two-way table. Again as helore, we assume that there ame n
cases Lo classily Inmto me eells, 1he ohserved equencies ave gy, .. ., i, and the elassification
probabilities ave oy, ..., 7. The empecled mumber of cases that will be classified oo the
ith eell & na;. Let & he the estimate of a; under the consiralnt, Le. the value of ; that
minimkes the -2 log likelibood subject o the comsiraint. Under the hypotlesls, our estimaie
of the expected mumber in the iih cell B thus uf;. An obyvious way 1o assess the plasibiity
ol the hypothesk B to compare the expecied beguencies nd; with the oheerved requencies
it A sultable statistle for the purpese Is the v? statistie

¥ i (s — nda)*
i=l

b

which asympiotically has the same ditribution wmder the mull hypoihesis as the 1kelfhoowd
ratlostatistle. povalpes are caleulated In the same manmner. The ¥* apprximation k usually
quite good as long as all cells have expecied Teguencles eceeding 1.

The statkile X wually has wery similar valpes to the devianee, The p-walue B caleulated
In the same way as helore. We ustrate the method in the two cases comsldered above

Completely specifled probabilities

In this case the expected Teguendles under the moll ypothesls are nrg so the v statlstle
Is

i (i — fimg 1
X = E:—“
it TIT 40

Example 23 Inibe deatls by [alling data, the valee of X Is W20 and the p-alue B 00000,
In agreement with the previows metlxsd.
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Table 51l: The 2 = 2 table

Colinmns
1 2 | Tistal
Rows 1 Ty Ty Tie
2|l T | Woe
Total | wey  des 1

Independence in two-way tables

Again we mwwvert to our double Index motation. Under ile ndependence assumption, ile
estimate of 74 Is

g WiElEj
The y* statistle Is
Wit Wiy :|:t

J F [H'"_
xeyy et

i=l j=I1

and under the Independence assumption has approsimately a @ distribution with
(I — 10 — 1) degrees of Ioeedom.

Example 24 For the student data, X = 45,237, with a poalue of (03T, Note, however,
that 1 ell has an ex pected valoe of less than 1. I1 may be adviEable 1o combine categories,
for example SES ¢lasses b and 6.

5.3.3 The odds ratio

Conslder a two way table with two factors each at two levels. As sual, let oy be the
probablity of ¢lassification nio the 4, § eell. The slination s Mhstrated in Table 510

Recall that independence of the two factors is equivalent to 7;; = a0, ord §,= 1,2
Several eguivalent formulations of Independence In a 22 2 table exki. For example, we may
eomsider the odds ralio
L Ty
Myafay

The name eomes Tom the fact that o & the ratlo of the odds a0 fme and aw faee Tor each
level of the eolumn factor. It & an easy ewerelse 1o verily that Independenee 5 equivalent to
a= 1.

=

The sample odds ratio

Suppose we take a sample of n cases and classily them into a 2 = 2 table. Let g, g0, s,
wrz be the number of cases elassified into the ndicated eellk. Reeall that 445 = 4 /0 s the
MLE of the ¢ell probahilites.

An obvims estimate of the odds ratio Is

&= Wfer  jgte
Wizfty  Bhzlin
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Table 5.11: 326 convicted Florida homickde delendants,

Dieath penalty
Yes  No  Total
Race White 19 141 160

Blagk | 1T 149 1643
Total | M 200 MG

For large 1, the disiribution of leg & s ap procimately normal, with mean log o, and we can
estimate the standard error of log & by

1 1 1 1
g [logd) = \/—+ —_—t—+—.
win Wi L it

An approximate test of leg o = 0 (Le. of @ = 1 or Independence) Is tocaleulaie the siatistie
log i fae (dog ). For this statktie, p-walues may be oomputed from the standard normal
ditribution. A confidence interval Tor log o s

log & £ 250 [log &)

where # 1s the appropriate percentage point of the normal disiribuiion.

Example 25 Inihis example, the 336 “cases™ are convieied delendants in bomicide indiet-
menis in X)) Florlda countles 1976-7T. The [actors are Defendant’'s Race and Death Pemaliy.
The data are in Table 5.11.

The values of the devianee and the chisgquare test are hoth (022 [a fluke!), with a pwvaloe
of (L6383, The estimated odds ratle & 1s 118, and 115 log & (LL66. The standard error of log
s

1 1 1 1

TR TR T
Hence the value of the test statistic b 235% = 469, with a p value of 0639. A 95% confidence
interval is QUGG £ [L96)[(0354) Le. [—0.527, 0.860) for kg o, or equialently, [e—%827
S0 — (G 2 A6) for . Clearly, we canmol mject the hypotlesis of ndependence bores,
slnce the Interval contalms 1.

= (LA54

5.3.4 Log-linear modek

A very uselul deviee lor reprsmenting varlms ty pes of dependence structure in comingeney
tahles & the log-lnear maodel We begin discussing these modek In the simple context of
twip-way tahles.

Define parameters f;; = Jog 7;;, and as In two-way ANOVA, let

J1

o= T,
a; = f—F,
#; = H;-7,
ey = fy — T - +T

Then, again as in ANWVA,

logag; = p+ oy + 5 + (2 f); (f.12)
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However, the parameters are not all lunctiosally dependent. The usual ANOVA comsirainis
apply, so for example, 3, a; =10, E,‘ Bo=0, % (e®i; =0 for all §, and 3 (a)i; = 0 for
alli. Moreover, the constraint 3, % 7y = 1 means that j can be expressed In terms of the
other parameters. Thus, the eell pmﬁah]]h]m can be writien in terms of .7 — 1 Independent
parameters oo, by gy ooy The model [(5.12) is called a log-linear model lor the
#qj6. The model (512), with “main effects™ and “interactions™ & st the saturated model
ol the previous secilon. We have made no pesivictions on the probahilitles, just expressed
them in terms of “ANOVA"siyle parameters.

Fitting the model
Fittlng the log-linear mesdel Imoplves caleulaiing ML estimates of the parameters - 1e. min-

Imising
-2 E E iy log
i

as a lumetion of ay . [a® ey jo—1)-

In Sphs, the fiting 15 dowe ndirecily, wsing e lollowing cunning trick. Suppose we
regarnd the count in the i, § cell ag being sampled [rom a Polsson distribution with mean Ag;
gay. IT we set 5; = log A, and define g, o and so on as we did above, then the MLEs of
ile parameters in this Polsson mode] are exacily the same as those In the log-llnear model.
Morewoer, the deviances, reslduak and Hited wlues are exactly the same. Polsson models
are fitved by the glm lmetion, uslng the argument £ amil yspoisson. The model Is speciied
exactly as In ANOVA, We Dlistrate with the student SES data.

Example 26. To it the log-linear mode] 1o the student SES data, we type

» pas.glmd=gln (y~ pesrcours erpe s conree, fami ly=poisson maxit=20)
» purmary(ses. glm)

Call: glm(formula = ¥ ~ pes + CoLrse -+ Se8icoUrBE,
family = poisson, maxit = 20}

Coallicients:
Value Std. Error L value
[Intercept) 2.13305885 O.0B40E2T3 25.3T458064
gegl 1. ZROBEIGLE 0. 10232880 12 .51680215
g 0, BOTEDDER O.110489708 B Z13TGERI
gegd Q43303470 0.12TIT1I20 3.41Z20EELR
gegd 0, 2R0034T1 O.1408128F 2.06484167
gl =1, B3T1TI2]1 0. 289283331 5. 6248447TH
coursal L. 024TETTE O.12648830 B, 101034924
coursa? 0. 3Te247T 014287913 2 .43509EED
coursed =0, 20805760 0. 24364600 =0 .B61TIZEL
coursed 0, 288689274 0. 1501TEED 1 . SR EOLEE
courseh =0, 10221434 0 . 20343336 =0 00244632
coursst =0, BOTEDERD O . 25430661 -3 R2O0ZEI1T
ges leoursal =0, 10TI30ET 016022630 =0 ET3E1TES
gegleoursal =0, ZEI2306T O 1TETQG3 =1 57200644

ves s cand more sstimates, . ..., ..
(Dispersion Parameter for Poisson family teken to be 1 )

Mull Devisnce: 573.2484 on 41 degress of fresdom
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Hes idusl Devisnce: O on O degrees of {resdom

Humber of Fisher Scoring lterations: 189

Note that the algorithm comverged rather slowly - we had 1o request 3 lierations. Seeing
tlee mesdel Is saturated, we get a deviance of zero. Empiy cells can also case oopmaergense
problems - 1t helps to replace them with eg. (.5

Independence and log-linear models

In the medel (5.12), ndependence of the factors s equivalent to (af); = 0 for all © and
i+ T spe this, suppose first that the two factors are Independent. Then #; = wiene;, and
substitnting this into

lafly; = fHi—T —T;+7.
] & ] &
= mga,-,-—Ehmﬁu-zhmﬁu+EE]:;¢“,-‘,-HJ (5.13)
i=1 Ful =l je=l

wie get, alter engthy algebrake manipulations, the result (af ); = 0. Comversely, I (aF)i; =0
for each 1 and #, then
log i = p+ai + &

and sp
“'ij = E"Ea';ﬂ'g‘ :
This
F
My = E"E""EE'EJ = et
F=1
say, and
]
Ty = b o EE"" = (Tt A
=l
say. Henoe,
WipMpj = (gt tei+di = [ty (5 14d)
where

! a
Eg:.e“E e""E &
=l

=1

Adding both sides of [(5.14) over © and § gives Oy = 1, and lenee a5; = men.;, and so the
twn factors are Isdependent.

It follows that we can test inde pendence by fiting an additiee log-limear model [Le. o
with mp nteractions) and seeing I the addiiive submodel s adeguaie.

Example 27. The data in Tahle 5.12 give the resulis of classilying 400 melanoma patients
acoording to by pe of tumor and site of tumewr. An Splis pogram to read In the data and
fit an additive model is

s ye-c(22,2,10,16,54,115,19,33,73,11,17 ,28)
» typet=replcl "Freckle", "Melancma" , "Hodular " "Indeterminate") |
* c(3,3,3,3))
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Table 5.12: A melamomas by site and 1ype.

Hhe
HEtologieal type Head and Neck  Trunk  Extremiiles Total
Hutchimsons melanote eckle bl 2 1 H
Superficial spreading melamoma 16 S 115 185
Nodular 19 1 T3 125
Indeterminaie 11 17 28 i1
Tuoial i 10 THi A
» byped=factor (Lype,levelssuni quelt ypel )
> site<-rep(c("Head and Neck","Trunk","Extremities") ,4)
» pited=-factor (eite,levelssuni quels ite) )
» cancer.glmc=-glm (¥ Lypeks ite, Tamil y=po isson)
» spummary(cancer. glm)
Call: glm{formula = ¥ - type + site, Tamily = poisson)
Deviance Residuals:
Min 19 Median et Hazx
=3 . MB336 =1.07T4106 Q. 1206569 0. BEREL1E & . 135202
Coafficients:
Value Std. Erroer t walue
[Intercept) 3.1T84650 O.0BETZ231 47 .80T23E
typel =0.B737 146 0. 13555088 =6 . 4945230
type2 Q.B202536 0.0BDEDERE 1D.1BEELS
typad Q.43BZ115 O.OBE1DEIL 4. BRER20T
gitel =0, BGEI19L O 0BREIZRE =6 103783
site? =0, 1043882 O.0r94627T3 =1.313675
[(Digpersion Parsmeter for Poiesson family taken to be 1 )
Mull Deviance: 286,203 on 1l degress of fresdom
Hes idusl Devience: 51.789501 on €& degress of fresdom
Number of Fisher Scoring lteratione: 4
Corralation of Coafficients:
[ Intercapt) typel Lypel Lypel sitel
typal Q. 3892042
type2 -0.4618762 -0.4463883
typad =0 3022502 =0.4617212 0.06017TE0
gitel OQ.ZEBBDEOE Q. 0DDODODO Q. O0DDODD Q. 0DD0RO0
gite? =0, 0054858 Q. DDDODDO Q. O0DDODD  O.0DDDD0D0 =0, 6E212E1

» l=pehieq( §1.T9501,6)

[1] 2.050456e=00

43

The p-value lor the deviance Is [ar toosmall for the ndependence submode] 1o be adequatie.
There Is clear evidence that site and iype ame related.
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There s not a great deal 1o be gained by Introducing log-linear models in the eontext of
2-dimensional contingenty tables. However, they are much more uselul in the comext of 3
and higher dimensional tahles.

5.3.6 Three-dimensional tabhles

Suppose we now have 3 factors A B, O with T, J, amd K levelk respectively. The thoee-
dimensional tahle Is Hustrated In Figure 5.7, Factor A s the “row™ [acior, facior B the

7
el
s
L
.
A
) K
R
1 !

B

Figure 5.7 A three-dimensional contingency table.

“polumn™ factor and factor C the “slice™ factor. Let #i;e be the probability that a case s
classified into the 4, §, k cell Then we can write

e = log wie = p4 ai+ B+ e + (ol + oy + (P e + (o0 )i (515
where the parameters ap deliped In the same way as In ANCVA,

Suppess we have 0 cases, and gije of them fall n the ijk eell. Under multinomial
sampling, the likelilwod s

lim, . .omm)= O] gkl
igk

and the minimum —2F is

i=l j=l ki

P 4 K
—2 (Zzzln:k logitiie — 11 dog 11

Various submodels of medel (5 15) may be consldered, corresponding to consirainis that
deseribe varlous iy pes of Inde pendence.
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All three factors independent
The mutiual ndepesdence of A, O and O s equivalent to

Wigk = WitsMpiefesk [ 5 16

for all 4, j, k, where, for ecample, @22 = E:—l E:i § Wijk.
Wiiting (o) Lo (oF);, ete, I can be shown that the eoneept of independence as defined
Ty (516) B equivalent to

(ef) = [ey) = [B7) = [afy) =0

for all 4, §, k. If we think of these as “Interactions™ by analogy with ANCOVA, muizal
Independence of A, B, {7 is thus equivalent to all dao and three factor inderactions bedng
FErm.

T test If this suhmode] 1s appropriate, Le. 1o test tle by pothesis (5.16), we can it the
suhmode] with no interactions using glm. Under tlhe moll hypotlesis that the Inde pendenos
maode] 15 adeguate, the devianee of the mutual ndependence model is distributed as ¢ with
[(TJE-1)—(I+J+K-3=IJK —I—J—-K+2 degrees of [reedom. A numerdcal example
s dirissed in Example 28,

One factor Independent of the other teo
I Ak independent of I and £, then

Wijk = Wig4 Mgk (51T)

for all 4, § and k, where 740 = }::_l Wik, and simlarly for the other pessiblities where I
I8 Independent of 4 and O and £ 15 ndependent of A and B, The relatiomship (5.17) 1=
equdvalent Lo

(af) =0, (o) =0, [afy)=10
or all interactions lnvolving A equal 1o sero Le. to a model
Wik = p+ o + 0+ + () (5.18)
which may he specified inglm by
¥ " a *b+c+ bic
for factors 11 a, b amd e The hypothesis (5.17) can he tested by examining the pesidial
devianee of the model [5.18)
Two factors Independent cond itional on the thivd

Ewvents E amd F are sald 1o be conditionally independend gdoen an evend 7 I
PEN FF) = PIEPIFE).

Faciors A and B are conditionally Independent given a thicd factor O I the events 4 =4
and I = j are conditlonally Independent given O =k Tor alld, 7, k. Interms of the 1's this
I eguivalent Lo

g = Mgk WognfTayp
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Tahle 5.13: The Florida murder data.

C: Vietim's race
Black White
A Delendant’s | B: Death Penalty  B: Death Penalty
Race Yis Mo Yo Ko
Black 13 195 | 23 15
White 1 19 | 319 205

for all 4, §, k. In terms of ithe log Inear model, it s ako equivalent o (o) = 0 and
[ ) =0, Equivalenily, all Interactions containing A and B must be zero.

The conditional independence of A and B ghven O may he tested by Hiting 1he model

logaige = p+ oy + 5 + 9 + [oey)ie + [F7)e

nsing the formula

w T a * b+t opic+ bic

and checking the deviance.
We Mustrate the Hiting with an expanded version of the Florlda murder data.

Example 28. Tahle 5.13 gives a more detailed beeakdow n of a larger set of Florida murder
data, with a third variable (Victim's race) added. The lolowing Splis code it the varios
mddelk. We have sed a different eall to glm lor each model

> race

a b c ¥
black yes black 13
black yes white 23
black mno black 1895
black no white 105
white yes black 1
white yes white 389
white no black 18
white no white 265

=) hoin ke g ke

*} it mutual independence model ;

» glm(y "akleee, Tamilyspoisson ,datase aca)

Call:

glm(formula = ¥ ~ & + b+ ¢, family = poisson, data = race)

Coafficients:
[Intercept) a b c
3.913678 0.D1817T604 1.018682 -0.31961566

Degress of Fresadom: E Total; 4 Residual
Hes idus] Devisnce: 266.9018

*» # fit model for independence of A from B and C;
» glmy arbrcrbie, family=poisson , datasr ace)
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Table 5.14: Summary statstics lor different medels for the murder data.

Midel reskdual deviance df  povaloe
at+bh+e 260 4 (Ul
a+h+e+ah G AT 3 (LG2
a+b4e4ax 1275 3 (LD
a+b4e+tee 2G0T 3 (LDl
a+b4e4ah+tee 2hh6d 2 (LD
a+b4edab4ae 1232 2 (LiEFZl
a+b4e+leedan Loz 2 (383G
Saturated o 0

Call:
glm(formmla = y & + b + ¢ + bie, family = poisssn, data = race)

Coafficients:
{Intercept) a b £ bie
3.818134 0.01B1TrGE 1.128315 =0. 5086744 Q. 23513056

Degress of Fresdom: B Total; 3 Residual
Res idual Devience: 256.0741

> # fit conditional independence of A and B given C;
> glmly "arlbbecka:c+b:c, family=poisson da tasrace)

Call:
glm({formule = y & + b+ ¢+ aic + breg, family = poisson, data =
raca)
Copfficients:
[Intercapt) a B c aie bie

3.486114 0. 3682021 1.138332 =0.T4830T8 Q. B0LTO0E Q. 2351375

Degrees of Fresdom: & Total; 2 Residual
Hes idual Devience: 1.821581

and s on Ior all the other models. The deviances lor these models can be summarked in a
table: Which model should we Y Table 5. 14 shows the diiference In tle deviances lor each
midel, togeilber with the degrees of [eedom and the p-valies. We see [rom i1he table that
the mupdel

¥ " a *bh+c+aic+ bic

fits hest, slnee 1 has the smallesi deviance and a povalue of 00383, This 1s the model of
eonditional Inde pendence of A and B given 7 glven the victims mee, the impositon of tle
death penalty 1s Indepemdent of the the defendant’s race. Note that this s not the same as
the unconditional ndependence of death penaliy and defemndant’s race.

5.3.6 Residual analysis for contingency tables
We comslder a Flacior example, the 2-[acior case Is similar.
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In contingency table work, Pearson meslduals are delined as

L the sqguare roots of the com ponents of the Pearson ¥ statistie wsed to test the adegquacy
of the model:

2 _ {3 ik —*"TiE' I3
':t; E n-.i“,-;.k
The analysls comsisis of compuiing these residuak and noting which eells i poorly Le. which
have hig mslduak.

Example 20, We [lustrate sing the death penalty data. The model fited B that oorre-
sponding to the conditional Independence of delendanis race amd death penaliy, gven ile
vigtim's race. The reslduals are exiracted fmom ithe glm object as helore, sing res idusls:

cond. glme= glm(y arbecrbickaic, familyspoisson datasraca)
p.resc=rasidual g(cond. glm, type="p")
predo=-Titeed . values( cond . glm)

data, frame(race pred p.res)

a b c ¥ pred p.res
black yes black 13 12Z.7r183 0O.0B3ELTER
black yes white 23 1B 37037 1.080111324
black no black 1895 195 22807 =0.01632200
black no white 105 1089.628963 =0.44216108
white yes black 1 122807 =0 20580523
white yes white 38 43.62963 =0.T00ET212
white no black 18 18.771893 O.0h283076
white no white 265 260.37037 0.2B681330
»sum(p . res"2)

[1] 1.98L1G4

The value of the ¥ statistie 15 1985154, The residuals are all quite small, indicating an
eepellent fit.

WO W

=) h N da L k3 e

5.3.7 Simpson’s paracdox

Galven a Fdimensional table we may collapse the table over one dimension o prodoce a
marginal two dimemsional table. For example, we may ¢ollapse the table owver variable O
and ¢onsider the table with entries gi;.. However, association present in the sepamie two-
dimensional tables [Le. the K tables with entries gye lor different values of k) may mot be
prsent (or may even he opposite) to the association in the marginal tahle. The Florkla
murder data Mhsirates the point meely.

Recall that the odds ratlo measures assoeiation n 2 = 2 tahles, and

Eiil
_ g _ L Tig

T Mmoo [1:1.
i
I8 the milo of the odds of B =110 8 =2 [or the different levelk of A, Moregver, ¢ < 1ls
e idvalent fo ‘1"-1'_- < fjt Le. the chanee of getting level 1 of B is kss for level 1 of A than
for Ievel 2 of A, Ao mote that the sample odds ratio s ¥y ¥/ Via ¥
Mow conskder the murder data agaln, The separate tables [or the two levels of O am
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Vietim=Black
Death penaliy=Yes Deaih penaliy=No
Dielendam=Black 13 1945
Diglendant="White 1 19

for which tle odds mitio is 1.2, and

Vietim="Whiie
Digath penaliy=Yes Death penaliy=No
Deledant=Black ] 1
Dielendant="White L Pl

for which the odds ratlo B L4884, Since hoth odds ratios are more than 1, the chance of
having the death penaliy Is more for level 1 of A than for lewvel 2 le. treating tle cases of
hlack amd white vietims separately, we conclisde that In both cases hlacks are more likely 1o
recelve the death penalty than whites, alilbough the analysis of the pevieus seciion shows
tlat this s not significant.

I woe pollapse tle table gver O (race of victim) we get

Death penaliy=Yes Deaih penaliy=No
Dielendam=Black an )]
Dielendant ="White A0 284

with a sample odds ratie of 052, The conclusion Is now reversed - on the hasls of tle
marginal table whites amw now more lkely to receboe the death penaliy!

The reason for this apparent parados i dmple: about 6% of cases involving a black
vigtim pesult in the death penalty, whik for white victims the pementage ls about 1T,
Sinee people tend to murder people of thelr gwn race, on the collapsed table 1t appears that
whites get more death sentences, Using the thivd varlable ) the true ploiure emerges.



