More Math Stuff

Collapsing tables

In lecture 30, we gave conditions that imply that the marginal and conditional OR’s are the same. We
show this for a 2x2x2 table below, with factors A, B, C.

Let uij be the mean count for the ijk cell. Since we are dealing with a 2x2x2 table, we don’t need
subscripts on the main effects and interactions (we can write a, = &, f,= £ and so on). Recall that any
main effect or interaction with a 1 subscript is zero. Thus

log(s4,,) = (Int),

log(s,1,) = (Int) + ,

log(14,,) = (Int) + 5,

109(145,) = (Int) + ax + S+,

log(14.,) = (Int) +7,

log(1,,) = (INt) + & +y +

log(1s,,) = (Int)+ S +y + By,

log(t,,,) =(INt) +a+ B+ y+af + Py +ay +apfy.

Note also that e.g. af in this context does not mean a multiplied by S, rather it is a single number
representing the interaction between aand S.

The marginal table of A and B (collapsing over C) has probabilities

P(A=i,B=)) =7y,
= Thij + Ty,
__ My + U,
Mg oot

so the odds ratio between A and B in the collapsed table is

(oo + Ta00) (T0y + 7115)
(7100 + 70055 ) (7051 + 70515)
_ (g1 + o0 ) (a1 + #415)

(L1 + 9 ) (blgyy + Hoy,)
(e(lnt)+a+ﬁ+aﬂ + e(Int)+a+ﬂ+y+aﬁ‘+ﬂy+ay+aﬁ‘y) x (e(lnt) + e(lnt+y))

[e(lnt)+ﬂ + e(lnt)+/;’+;/+ﬂy) x (e(lnt)+a + e(lnt)+a+y+ay)

~ e(lnt)+a+ﬂ+a/;’e(lnt)[l+e(lnt)+y+ﬂy+ay+aﬂy][l+e(lnt)+y]

e(lnt)+ﬂe(lnt+a)[l+ e(lnt)+y+ﬂy][l+ e(lnt)+y+ay]

af (Int)+y+By+ay+afy (Int)+y
_e”[l+e 11+e ]
- [l+ e(lnt)+y+/?y][1+e(lnt)+y+a;/]




Suppose that C is conditionally independent of A, given B. Then af8y =0 and ay =0. Substituting this

in the expression above gives

eaﬁ[1+e(lnt)+y+ﬂ;/][l+e(lnt)+y] o
[1+e(lnt)+y+/2y][1+e(lnt)+y] -

When afy =0, this is just the conditional odds ratio between A and B given C (see the formula in the
last Math Stuff handout).

A similar argument works when C is conditionally independent of B, given A.

Maximising the Poisson log-likelihood in the flying bomb example
Let y; be the number of squares hit by i flying bombs, i =0, 1, 2, 3, 4, 5. The log-likelihood under the
5
model is Z y, log 7, (1) where 7;() is the probability that a Poisson variable Y with mean u has value

i=0
Y =i, namely

e u
il

m (1) =

We need to maximize the log-likelihood as a function of u. The log likelihood is

o

5

D yilogz (1) =Yy, (ilog(u) — ).

i=0 i=0

5 .
|
Differentiating with respect to xand equating the derivative to zero gives Z Y;(——1) =0 which has
i=0

5 -
z 1Y
i=0

5

;)/i

likelihood since the second derivative is negative.

solution 1 = , i.e. the mean number of hits per square. This is the value that maximizes the log-



