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Chapter 2

Statistical

John M. Chambers
Trevor J. Hastie

fit

This is a book about statistical models — how to think about them, specify them,

them, and analyze them. Statistical models are simplified descriptions of data,

usually constructed from some mathematically or numerically defined relationships.
Modern data analysis provides an extremely rich choice of modeling techniques;
later chapters will introduce many of these, along with S functions and classes of
S objects to implement them. AJl these techniques benefit from some general ideas
about data and models that allow us to express what data should be used in the
model and what relationships the model postulates among the data. You should
read this chapter (at least the first two sections) for a general notion of how models

are

kinds of models or after you have experimented a little,
experience first is probably a good idea—for example

represented. You can do this ejther before you start to work with specific
Getting some hands-on

The first two sections of this chapter introduce our way of representing models,

and are likely to be all you need for direct use of the software in later chapters.
When and if you come to modify our software to suit your own ideas, as we hope

2.4.

many users will do, then you should eventually read further into Sectjons 2.3 and

Throughout the book, we will be expressing statistical models in three parts:

® a formula that defines the structural part of the model—that is, what data
are being modeled and by what other data, in what form;

13




14 CHAPTER 2. STATISTICAL MODELS

o data to which the modeling should be applied;

o the stochastic part of the model—that is, how to regard the discrepancy or
residuals between the data and the fit.

This chapter and the next concentrate on the first two of these. They discEss ho;&;
formulas are represented, what objects hold the data, and how the tv&fg a;e rowig :
together. The rest of the book then brings together the three parts in the contex

£ different kinds of models. '
° Formulas are S expressions that state the structural form of a model in terms of

the variables involved. For example, the formula

Fuel ~ Power + Weight

reads “Fnel is modeled as Power plus Weight.” More prpgzifely, 111-1 tills us tlél?;t ;I-lse
i dditive model in the two pre ,

esponse, Fuel, is to be represented by an a

;owlc)ar an’d Heig,ht. There is no information about what method shquld be used- (tio

fit the model. Formulas of this general style are capable of representing a very wide

range of structural model information; for example,
100/Mileage ~ poly(Weight, 3) + sqrt(Power)

says to fit the derived variable 100/Mileage t0 2 third—orffler polynoméaldgezglgl;
plus the square-root of the Power variable. '.Iransform':a.tmr}s are. used enerzted
the formula, and the basis for the polynomial regression in Welghfi_ is rge rate
automatically from the formula. Here is a formula to ﬁi:, separate B—:?p ine dIi .
curves within the two levels of Power obtained by cutting Power at 1ts mil ge:

Fuel ~ cut(Power, 2) / bs(Weight ,df=5)
urves will be used to model the trans-

nparamesric smooth ¢
B e ety using 5 degrees of freedom for each

formed Fuel additively in Weight and Power,

term:

sqrt(Fuel—min(Fuel)) ~ g(Weight, d£=5) + s(Power, 4f=5}

The details of these formulas will be explained later in the chapter. 4 ettt
The models above imply the presence of sotne data on FueZ‘L, Power Al ejf r&
in fact, reasonable models are inspired by dz?ta., since models mt?ouf data ailz Ct?on
to thirk about. These data actually do exist, and form part of a arie go e
of data on automobiles described in Chapter 3 and.used througl}ou_t t ; cloo% the
present model relates fuel consumption to tvato_vehmle characteristics. aglooking
model-building process is collecting and organizing the rele*_vant datas?, an Jookine
at it in many different ways. Some of the useful views are sunpi{‘a, sucl b{;ms iu puoanes
and plots. The next chapter is about tools for organizing data into objec 1s1 fhat o
convenient both for studying the data directly and as input for more sop 13&:i e
For the moment we assume that such data organization has already

rocedures. ! .
. he variables referred to in formulas are available.

taken place, and that all t
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2.1 Thinking about Models

Models are objects that imitate the properties of other, “real” objects, but in a
simpler or more convenient form. We make inferences from the models and apply
them to the real objects, for which the same inferences would be impossible or
inconvenient. The differences between model and reality, the residuals, often are
the key to reaching for a deeper understanding and perhaps a better model.

2.1.1 Models and Data

A road map models part of the earth’s surface, attempting to imitate the relative
position of towns, roads, and other features. We use the map to make inferences
about where real features are and how to get to them. Architects use both paper
drawings and small-scale physical models to imitate the properties of a building.
The appearance and some of the practical characteristics of the actual building can
be inferred from the models. Chemists use “wire frame” models of molecules (by
either constructing them or displaying them through computer graphics) to imitate
theoretical properties of the molecules that, in turn, can be used to predict the
behavior of the real objects.

A good model reproduces as accurately as possible the relevant properties of
the real object, while being convenient to use. Good road maps draw roads in the
correct geographical position, in a representation that suggests to the driver the
important curves and intersections. Good road maps must also be easy to read.
Any good model must facilitate both accurate and convenient inferences. A large
diorama or physical model of a town could provide more information than a road
map, and more accurate information, but since it can be used only by traveling to
the site of the model, its practical value is limited. The cost of creating or using the
model also limits us in some cases, as this example illustrates: building dicramas
corresponding to every desirable road map is unlikely to be practical. Finally, a
model may be attractive because of aesthetic features — because it is in some sense
beautiful to its users. Aesthetic appeal may make a model attractive beyond its
accuracy and convenience (although these often go along with aesthetic appeal).

Statistical models allow inferences to be made about an object, or activity,
or process, by modeling some associated observable data. A model that represents
gasoline mileage as a linear function of the weight and engine displacement of various
automobiles,

Mileage ~ Weight + Disp.

is directly modeling some observed data on these three variables. Ihdirectly, though,
it represents our attempt to understand better the physical process of fuel consump-
tion. The accuracy of the model will be measured in terms of its ability to imitate
the data, but the relevant accuracy is actually that of inferences made about the
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real object or’ process. In most applications the goal is also to use the model to
understand or predict beyond the context of the current data. (For these reasons,
useful statistical modeling cannot be separated from questions of the design of the
experiment, survey, or other data-collection activity that produces the data.) The
test data we have on fuel consumption do not cover all the automobiles of interest;
perhaps we can use the model to predict mileage for other automobiles.

The convenience of statistical models depends, of course, on the application and
on the kinds of inference the users need to make. Generally applied criteria include
simplicity; for example, a model is simpler if it requires fewer paratneters or ex-
planatory variables. A model that used many variables in addition to weight and
displacement would have to pay us back with substantially more accurate predic-
tions, especially if the additional variables were harder to measure. ‘ '

Less quantifiable but extremely important is that the model should correspond as
well as possible to concepts or theories that the user has about the real object, such
as physical theories that the user may expect to be applicable t0 some observed
process. Instead of modeling mileage, we could model its inverse, say the fuel

consumption in gallons per 100 miles driven:
100/Mileage ~ Weight + Disp.

This may or may not be a better fit to the data, but most people who have studied
physics are likely to feel that fuel consumption is more natural than mileage as a
variable to relate linearly to weight.

2.1.2 Creating Statistical Models

Statistical modeling is a multistage process that involves (often repeated use of)
the following steps:

» obtaining data suitable for representing the process to be modeled;

e choosing a candidate model that, for the moment, will be used to describe
some relation in the data;

e fitting the model, usually by estimating some parameters;

o summarizing the model to see what it says about the data;

¢ using diagnostics to see in what relevant ways the model fatls to fit as well as -

it should.

The summaries and diagnostics can involve tables, verbal descriptions, and graph- -
ical displays. These may suggest that the model fails to predict all the relevant .
properties of the data, or we may want to consider a simpler model that may be:
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nearly as gooed a fit. In either cas i
. , th i i
A e, the model will be modified, and the fitting and
If we started out with a mod i
_ . el for mileage li i i
; ge as a linear function of
t }iséprllalgzréllegt, \lzredwould then want to look at some diagnostics to exar(;li;‘;elllgol:r ;’Iel?l
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ingweight andztc!;zgcleafor 60 automobiles plotted against the values predicted by a linear model
placement (the left panel) or weight, displacement and type of automobile

o i (the right panel).

1 : .
mileage: they all fall above the line. The change to 100/Mileage helps some (there

- is a plot on page 104). If we add i i

b s add in a coefficient for each type of car (¢
. Stu% " d};;;}gsgin, eté:.) the fit improves further. In practice, we would cénﬁzﬁ: (jc%
- s and try alternative models, seeking a better understanding of the

underlyi i i
erlying process. This model is our most commonly used simple example, and

__\_mll recur many times, to introduce various techniques

Re i isti i
search in statistics has led to a wide range of possible models. Later chapters

in this book deal with specific classes of models: traditional models such as i
in-

ear regression; recent i i
; recent innovations, such as models involving nonparainetric smooth

-curves ;i
.perimegzstrse dstructures, 1mporta'nt specializations such as models for designed
erimer to, ﬁ?mgzmlaral computaj::onal techniques such as minimization Wililch ce -
o mOleseis; I;?trziio];lgmgttc.) any of the standard classes. 'I‘his’ rich choii‘lg
enefit in analyzing data. Wheneve
. T we can specify
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a model that is close to our intuitive understanding or is able to respond to some
observed failure of a standard model, chances are we will more easily discover what
is really going on. A limited computational or statistical framework that requires
us to distort or approximate the model we would like to fit makes such discovery
more difficult. It can also hide from us some important information about the data.
The methods presented in this book and the functions that implement the methods
are designed to give the widest possible scope in creating and examining statistical
models. :
Of course, 21l this rich variety will only be helpful if we can use it easily enough.
We must be able to carry out the steps in specifying the models without tog much
effort on our part. The fitting must be accurate and efficient enough to be used in
practical problems. There must be appropriate summaries and diagnostics so that
we can assess the adequacy of the models. In later chapters, each of these questions
will be considered for the various classes of models. P
Fortunately, many different classes of models share a substantial common struc-
ture. The steps we listed above apply to many models, and important summaries
and diagnostics can be shared directly or, at worst, adapted straightforwardly from
one class of models to another. The organization of the S computations for the
various classes of models is designed to take advantage of this common structure.
This chapter describes a way t0 express the structural formula for the model.
What about the data? For the moment we can assume the data are around in
our global environment, and simply refer to variables by name. In Chapter 3 we
describe data frames, a more systematic way of orgenizing and providing the data
for a model. Depending on the class of models, formulas and data frames may
be all we need to specify; for example, if we are using linear least-squares fitting,
there is not much more to say in step 3. Other kinds of models may requife some
further specifications; generalized linear models, for example, require choosing link
and variance functions. The choice of the kind of model and the provision of these
additional specifications fix the stochastic part of the model to be fit. :

2.2 Model F@rmiﬂas inSsS

The modeling formula defines the structural form of the model, and is used by the
model-fitting functions to carry out the actual fitting. Most readers will already be
familiar with conventional modeling formulas, such as those used in textbooks or ;
research papers to describe statistical models, as in (2.1) below. The formulas used

in this book have evolved from mathematical formulas as a simpler and in some’:

ways more flexible approach to be used when computing with models.
A formula in S is a symbolic expression. For example,

Fuel ~ Weight + Disp.
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i:;lislf ;E:;Kéz tfc:;l G;chfi Islfll;ﬁ;tulial.ll E:;ch(fl ; model.f If fyou evaluate the formula, you
. r, use of a form
o o e o s e, o
?}?Sfi ;E;a :iigie?sdzgi \;il;?lai;eiof th(iis tcasﬁet 2];18 rzsp:ns;SiSZ?ggiio:g: ’nz?r;neet;if
used to fit the response, made up in dditi
model of. terms separate?d by “+". The variables appeariJ;g in the I:,erm:n ’ al,il-‘;Ve
the predictors. Experienced § u ious, 50 =
E;);;llrﬁfjg sisaf;)ru;l:j;z):zleft S "t (:ei.rssair g ?gml:}tci)zvn lzif;tt)ac?cl)zs fgghizg 131‘-11: ,Szjsetthljz
e o an wnevalual ;: expression, a fc‘vrmula‘ object. o
o presses most of the ingredients of a statistical model of the

Fuel = a -+ WeightB, + Disp.fa +¢ (2.1)

For moit of thet models. in this book, the formula does not specifically refer o the
fﬁramc; ers (; in the linear model. These can be inferred and so we save typing
M:?ét ne;; senste% thalso aérmd mental clutter, in that the names of the parameters
relevant to the model itself. When we come to i
. general nonlinear models in
... Chapter lq,_however, the formula will have to be completely explicit, since it i

. longer additive. ' j TREe
t C’.Ehe formu.la makes no reference to the errors ¢ either. These, of course, are the

: ._s o .a'.stlc part of the model specification. When formulas are used in a cafl t
the linear regression model-fitting function P

Im(Fuel ~ Weight + Disp.)

.__wgbp?mplete the rest of t1.1e modeling specification; 1m() assurtes the mean of Fuel
. elng_modeled by the linear predictor, and uses least squares to compute the fit.
] ;c;c)lreis;silor.ls such as the one above were encountered in Chapter 1; in fact all the
. h:g:n ;E?(i?n fltinctlon;* take a formula as their first argument, and in most cases
Ccmseauencest a can be used interchangeably among them (hopefully with different
rI‘.he formula above is equivalent to

E:‘:.u.e_l ~ 1 + Weight + Disp.

zzeatilil ielicilc:tc.ats; ?h:s_mt al,n Intercept a is present in the model. Since we usually
pt, it is included by default; on the other hand ici

. . : = . ! e

h..flf%e an intercept by using -1 in the formula e éXPhCItIY

Fuel '~ -1 + Weight + Disp.

u .-. [ . .

s___l(;)_lii fo}x;nulas itis important to keep in mind that we are writing a shorthand
dé_.wp' he modeI.expressmn. In particular, there is no operation going on
Ids Weight and Disp-; the operator “+” is being used in a special sense, to
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separate items in a list of terms to be included in the model. The formula expression
is, in fact, used to generate such a list, from which the terms and the order in which
they appear in the model will be inferred. This inference poses no problem for most
models, but with complicated formulas, some care may be needed to understand
the model implied. The remainder of this section gives enough information for most
uses of model formulas; Section 2.3.1 provides a complete description.

2.2.1 Data of Different Types in Formulas

The terms in a formula are not restricted to names: they can be any S expression

that, when evaluated, can be interpreted as & variable. For example, if we wanted
to model the logarithm of Fuel rather than Fuel itself, we could simply use that

transformation in the formula

log(Fuel) ~ Weight + Disp.

A variable may be a factor, rather than numeric. A factor is an object that
represents values from some specified set of possible levels. For example, a factor
Sex might represent one of two values, "lMale" or "Female". Readers familiar with S
might wonder what happened to the category, which is also an object with levels.
Factors have all the features of categories, with some added class distinctions; in
particular there is a distinction between factors and ordered factors. Factors can be
created in a number of ways, as will be discussed in Section 3.2. For the moment
the distinction between factors and categories is not important, and we will simply
refer to them as factors.

Factors enter the formula in the same way as mumeric variables, but the inter-
pretation of the corresponding term in the model is different. In a linear model,
one fits a set of coefficients corresponding to a factor. Consider the model

Salary ~ Age ¥ Sex

where Salary and Age are numeric vectors and Sex is a two-level factor. This is now
shorthand for a model of the form

if Sex; is Male
if Sex; is Female

Qpf
ar

Salary; = p + AgeS + { + &5 (2.2)

where ap and oy are two parameters representing the two levels of Sex. The
coding of factors proceeds from observing that this model is equivalent to one in

which the factor is replaced by one

set to 1 for all Male observations and IFemale is set to
The original model is then equivalent to

“dummy” variable for each level—namely, &
numeric variable taking value 1 wherever the factor takes on that level, and 0 for

all other observations. In this case, for example, suppose Xiale is & dumimy variable:
1 for all Female observations:
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Salary ~ Age + XMale +XFemale

Eit:i ;n n;odgls such as this not all of the coefficients can be determined numerically;
for exz CIInI; e, 1{)1 (2.2} we could replace 1 by p+ &, and then compensate by replacing,
ar b};f Cojirh I(fé:ar—.—t _6 a:ndJG }clxM — 6;!)1 Numerically such indeterminacies can be
ities in the variables used to represent the t
Ifemale add to a vector of ones, which i e e o
_ ) is also used to represent th
and will be handled automatically dur et b
y during the model-fitting. Occasionall
want to control the para izati ici . on 5.3.3 il shory
ran | parametrization of a term expllclt%y; Section 2.3.2 will show
t Otl;iarl no_n—numeiric va_ria.bles enter into the models by being interpreted as fac-
ori. . _ogmal variable is a factor with levels "TRUE" and "FALSE". A character
vtec_ or is Amterpreted as a factor with levels equal to the set of distinct character
strings. category o.b ject in 8§ will be treated -as a factor in the modeling softwar
Section 3.2.? deals with these issues in more detail. -
;&dtirmhm a formula can also refer to a matrix. Each of the variables repre-
sen ﬁei by t I—? columns of the' matrix will appear linearly in the model with iis own
coeTc1ent. owever, the entire matrix is interpreted as a single term
b sum up so far, the following S data types can appear as a term in a formula:

1. a numeric vector, implying a single coefficient;

: 2. a factor or ordered factor, implying one coefficient for each level;

: ': 3. a matrix, implying a coefficlent for each column.

Z;;:':_I’r'ansformations increase the flexibility greatly, since the final element in this list is

Z--..'To appreciate this last item i
, consider these examples of vali i
ari appear as terms within a formula: ! i expressions that

.02{ (Age > 40), which evaluates to a logical variable;
4 cut(4ge,3), which evaluates to a three-level category;

_'é:.:.I)Olyfﬂge,S), which evaluates t . :
il in Age, 0 & three-columnn matrix of orthogonal polyno-

tg?égsl(’?“; ecox.nﬁutatmnal model for regression is an X matrix and a coefficient
el i;hé o ;115 syntax c_)f our modeling language allows us instead to think of
oL e n:;naw.ssaélf entity, even th_ough :chey eventually will be expanded into
g o a rr.lodel matrix X in most of the models discussed. But
" e modeling language put no restrictions on the form of a term
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term by a particular model-fitting function.
can often be thought of as a function of the
tep functions, and terms based on functions
See Section 2.3.1 and Chapter 6. For other
models, like local regression and tree-based models, the contribution of the terms
is interpreted differently. In particular, the contribution of a term to a tree-based
model is invariant under monotone transformations of the variable.

or on the interpretation given to the
The contribution of 2 term to the fit
underlying predictor; factors produce s
like poly () produce smooth functions.

2.2.%2 Interactions

of two or more variables lead to further shorthand

Terms representing the interaction
in formulas. We may suspect that the effect of a variable in a model will be different
n this case we need to fit an

depending on the level of some factor variable. I

additional term in the model.
As an example, we consider some factors that describe the solder experiment in

Chapter 1(these data are described in more detail in Chapter 3 and used throughout
the book). Opening and Mask are two factors in the experiment, having three and
five levels respectively. To allow for interactions, we will fit a term for each of the
individua)l factors and in addition a coefficient for each level of the interaction—-
that is, for each combination of levels for the two factors. This is expressed in the

formula language as
Opening + Mask + Opening:Mask

which implies fitting coefficients for the 3 levels of Opening, the & levels of Mask, and
the 15 levels of their combination. The idea behind this separation into main effects
and interaction effects is that for simplicity, we would prefer the interactions to be
absent; by fitting them separately, we can examine the additional contribution of
the interaction terms. (Once again, not all these coefficients can be determined

independently.)
Rather than writing out the three terms,

(<31

we allow a special use of the “r

operator in formulas to imply the inclusion of the two terms that are operands of

the “«” and of their interaction. Thus
Opening * Mask

is equivalent to the previous expression.
When one of the variables is numeric, the interaction notation is still recognized,

but it reduces to fitting coefficients for the factor variable and separate coefficients
(see Section 2.3.1 for details).

for the numeric variable within each level of the factor
Tnteractions may be defined between more than two variables; for example,

Opening * Mask * Samt
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f;, iﬁ;ﬁrfzsz?'o Is.roduce ;e;ms for each of the individual variables, for each of the
inations, and for the three-way combinati is, i

each of the 3 X 5 x 2 levels of th fointly e b ociicient for
e factor defined jointly by al i
: vels y all three var

Another form of interaction is known as nesting, which we discuss in Section1 31231;‘53-

TheTSI:;full repertoi.re of special operators in formulas is discussed in Section 2.3.1
e section discusses how formulas are interpreted, which may be relevallut- it-'

by Pl [
S Slmp].e

2.2.3 Combining Data arnd Formula

E(l;(:} :rata Zn? the formula for a_model come together when we actually fit a par-
generatlenz Ile gL \Tvl;len we estimate coeflicients. The model-fitting functions will
appropriate internal form for the data i i
genclete an appropriaie inf . : a in preparation for the fitting.
of their extensions, this f i i
manear models and most ¢ , this form is the model matrix or
, ore columns correspond to each of i
model. Experienced modelers m i i tmation o i e
. ay have imagined the comstructi i
matrix while reading the previous secti i Htionely ree i
) ection, a tedious task traditionall
_ part of the “art” of regression. The fi i doon o g =
b . | . unction model.matrix() d i is; in i
. simplest form it takes a singl i ot
- gle formula argument (with or without
- produces a matrix. Try it on a sim o
_ ple formula and see what happens! ile i
. : st Wh
- ;igdh‘ir‘gz gcf)ia}ffrtmgt f.or youhto read Section 2.3—4 to see how we foI:Jstruct thléei:
s matrix, such detailed knowledge is not n .
_ eCcess
._ of the techniques we present in later chapters. ay for standard use

Nonst i i

e ha;lglialfgdz.fr‘dres;yttll::;ns tl’}}j‘t may Lrlake model matrices of more interest include

problems, where the size of the model matri

e _ _ . : atrix may force th

'Ei:'om;fu iﬂff;ils tszglmqt_les, anfdt'lvla.nous kinds of updating, subsampling, ang iterativz

g some of the observations in the data. I i
O . _ . . In these computat

.._pracncal considerations may require working directly with the model malfjrix o

T ) - -
ctiorl::;oil;?io%f inc%i;l matrlcfis contain coded versions of the factors and inter.
. el. e particular choice of coding will be of i .
rant to interpret particular coeffici i y s o e oy S0
an cients; Section 2.3.2 di
g, Sargon g b o tioular ; . 3. scusses how to contro! the
ding. 4. s further discussion of model matri j
on is intended for those who need o e o Jects. That sec
. t to know how th i
e . T Wan ow the computations actuall
- an}; O(i:ethincﬁz;:;:::a(;rg tt};) c]ljevell{op a new approach to fitting models, not covereg
_ _ e book, you would need to und i
h? steps that go into creating a model matrix. Fretend something about
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2.3 More on Models

: § functions and
) : k expands on the .
. : h chapter in this boo . ded versions
The third S?Etlg?noshzaé:hapter. Here we discuss the optl?lf;f a;is;’;?; in section 3
objects provided 1 s the basic ideas. e .

- abilities to : ented in
Ao thaif a‘cbld E)ize?it after you have tried out thi e@enéxjtli ]fen;ieéus for
should usuatly be ; hows that, after trying .

: mples. Experience s functions, and will
seC“fIOn 2 on ailf ehv;:: Z bitter feeling for how .to make usi og :;?OH 3 15 intended to
\}r;rha}e, go‘t;}grllk «This would be a bit better 1ffon1y . meeded is not here, and there

egin. 1o s the extra feafure ™ ‘ ’ .
handle most of the “4f-only.” ‘g;h:\ziting some function yoursel, the nextlf»'ﬂf I:ar?uig
&
. ks. There you can learn w
: ich reveals how it all wor t step before
look at lsecc;clzln niz) ;gfngrthe basics. However, you shc.ul;i1 not take that step
. i . .
?E;:o‘fgﬁy understanding what can be done more directly

is no obvious way to create it

2.3.1 Formulas in Detail

ical 8
i ulas and gave some examples of typica

e ot mtmdizz(t)n goigzlangpact description of the strugturixl i%(;x;ril Elfaz;
eXPTeSSiOI}S g cacrll.l ?E‘iﬁing sitnations can often be handled by the gu:a?lzd e
o, et the 1:1111 scope of model formulas allows mx}ch more ¢ et e o
shown ther(?, bt the. the full syntax available and explal.n how it is in ‘;ﬁl R
e formn E;?Nethe resulting model. Unless otherwise state_d, :veto Dl
generat? e terms'm or additive models, In which the coeffimen sd e
e o s 111183Iex licitly in the formula. Formulas as d1scusze e ety
do T e the app?a:rodiced by Wilkinson and Rogers (1973), aI\lﬁ]hSﬂe N
generally. the Stﬂetu't‘ tical programs such as GLIM and GENSTA.T. e s
o ]Enany oo 1tsex‘c of the analysis of variance, the nota‘qoz‘n g u foct st 2
e e o o the set of terms defined separa.te_ly and join ye yeneral- o
Shorth'and > ex?r:;SII}gactors. Tts application is therefore much mor Ogdirect,link .
> Vaflabl‘?sa LS fi ftree—based models (Chapter 9), where the;efls ;ﬂas: _
emlI'np]Le’ ;ovng:{ S'I‘varo additional extensions appear in our use of for
to linear .

i i S expression, and
o & “variable” can in fact be an arbitrary p

o the response in the model is included in the fonnula.‘

h
in the first item had better evaluate $0 one of t

. . ies and logica-ls)
factor (including categories s, an

ession”

Of course the “amny expr . e -

issi ta types: numeric vector, . o cta

Permlss_lble d’;he dsi?cussion here focuses on special operatossss;fons P .

o r{latslizez;camples below, we will omit the response e;q;;del S torm dentifie

o igt of terms to appear 1 . o

efines a list of te ina: ‘ "

" ISnDdLe}L forj:gzl;liolving the data. This expression, 10 & linear moadel; & _
some 3 expressi
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one or more columns in a model matrix. These columns, each mu
appropriate coefficient, are the contribution of this term to the fit.
of models, the contribution of the term may be computed in a slight
but in any case the ezpanded definition of the model corresponds to this list of terms.
A corresponding expanded formula has one expression for each term, separated by
+ operators. You will hardly ever write fully expanded formulas, but any formula
you do write will first be expanded (and simplified) before being evaluated. In this
section we proceed by first discussing the meaning of expanded formulas. Then we
give the complete rules by which arbitrary formulas are expanded.

Itiplied by the
For other types
ly different way,

Interaction and Nesting

Expanding 2 formula reverses the process shown in Section 2.2 of choosing a short-
hand for a formula. For example, the formula . '

Opening * Mask

says that we want a model which fits coefficients for Opening, for Mask, and for the
interaction of the two. When Opening and Hask are factors, this means a coefficient
for each leve) of the factor; if either is a numeric variable or a numeric matrix, there
will instead be one coeficient for the variable or for each column of the matrix.

(We will discuss the meaning of interaction in this case later in this section.) In the
more customary textbook notation,

® a factor:factor interaction represents a term of the form “¥ij, Which is a set
of IJ constants for each cell in the two-way table obtained by crossing the
two factors (assuming the factors have I and J levels, respectively);

¢ a factor:numeric interaction represents a term of the form Bz, or a varying

slope model, in which the coefficient of the numeric variable z is different for
each of the J levels of the factor;

© & numeric:numeric inbteraction represents a term Bzz, where zz is simply the
pointwise product of the variable x with the variable z. This is probably the
least meaningful form of interaction, but of course the syntax allows far more
meaningful terms to be created in cases such as this. For example, poly(x,z,2)

will specify a bivariate quadratic surface in the two numeric variables x and
Z.

The formula Opening * Mask in expanded form is then

1 + Opening + Mask + Opening:Mask

The formula above brings in factors in a crossed model; that is, the model says that
the individual factors should be included and, in addition, that the contribution of
one factor to the fit may change depending on the level of the other factors.
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Nested terms in a model, on the other hand, arise when the levels of (::netf_actorf
are only meaningful within a particular level for some ther fac_tor or-c;)lmltlnna 1?;1})(;
factors. For example, suppose we have some geograllzhlc data in Whl?i : ;e : zzfmties

i d the factor county In
state defines the state for each location an ;
within each state. Cleacly, county was generated by coding Whate:}? cozx.léirzz?iersl
t level 1 of county means someting i

appeared for each state; s0 tha ' 3 e ¢ oo

i i ffect for county is meaningless,
different states. In this context, a main € :
typical model will fit a main effect for state and then_ lock at the cgefﬁcmnts for
couaty within each level of state. In expanded form this could be written

1 + state + county:state

However, to emphasize that the last term is thought of as a nested term, not an
interaction, we allow {and encourage) writing the model as

{ + state + county %in} state

The formula written above in expanded form has the shorthand notation

state / county

meaning “state and then county within state.” 1\_Totice that Whilehfact(éri jsfn;;ci
by * can be permuted without changing the meaning (.except for t et o;. f.af of th
expanded terms), factors joined by / c]a;n nev:rc})te meanf;gfully permuted: 1 ¥
i i hen state cannot be nested in county. . .
® nﬁftﬁgel?hitﬁz’dil implies a coefficient for each level of each .ter_m, in p?t;tﬁcz
the coefficients have built-in dependencies. When a model ma.'trlx ﬁ zri;ate A ﬂa;e
represents a particular model, columns coding ea,ch. t.erm are mc?; e d.or 1 Lo
coefficients that can be estimated; this is the condition for a velid coding

model. One would like the individual coefficients to be meaningful in terms of

the overali model and to avoid too many redundant coefficients ‘that x:vill have 1150 l?ie
removed in the fitting. In Section 2.4.1, the general rules for cpdmg; will be outlined,
but for practical purposes you need not worry about the coding unless you want to
understand or control the specific choice of coeflicients.

The coding of factors depends on the overall model.. In t]:}e twoaf?ctor cross;t\itlil
model, main effects are included for bosh of the factors in th‘.e 1nterat(;,t1on term.till
the possible coefficients for the interaction ter?n can he estimated hy reﬁresixs Wi{gl
each factor by contrasts among the levels of the 1nd1v1.dua1 factors. The ]]COC{I rasShown
he chosen by default in a standard way, but the coding can he controlled, as _

in the next section. Unordered factors are coded as successive differences using th

Helmert contrasts (Section 2.3.2), and ordered factors are coded to give a polyno.miai_
fit to a hypothetical underlying mumeric variable. In the nested model, there is no

main effect for county, so that the coding of county %in%
state is coded by dummy variables and county by contra.st?s.
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computational equivalent of “county within state” and also guarantees that the
model will fit as many coefficients as can be meaningfully defined. The details of
coding affect only the meaning of the individual coefficients estimated. Any valid
representation will give the same contribution to the overall fit in the model for each
of the terms. If you don’t care about the individual coefficients, leave the default
coding in place; if you do care, look at page.32 to see how to chaﬁge it.

When one of the variables in an interaction is numeric, the term will be computed
formally the same way, but some extra remarks are needed on how crossed and
nested interactions are interpreted. A numeric factor is always “coded” as itself. In
‘interactions, the numeric factor will be multiplied by either the dummy variables
or the contrasts for a factor. Consider a simple example using the automobile data:
suppose Weight is numeric and Foreign is a logical variable, which will be turned

into a factor with two levels corresponding to FALSE and TRUE. Both the crossed
formula

Foreign » Weight
and the nested one

Foreign / Weight

make sense, but they mean something different. Consider the nested version. As
before, this expands into the main effects for Foreign followed by Weight within each
" level of Foreign. In terms of the actual coefficients, one coefficient will be fitted for
- -Weight using only data from level 1 of Foreign and one using data for level 2. There
-~ will only be one coefficient for Foreign, estimating the contrast between the two

i levels. This is equivalent to fitting a model to observations for which Foreign is
TRUE a3

Hap + B3 X Weight
~‘and another model to observations for which Foreign is FALSE as

p—ap + B2 X Weight

There are four coefficients: the intercept p, the contrast ap for Foreign, and coeffi-
ients [3; for Weight within each level of Foreign. This formula therefore corresponds
0 the concept of fitting “separate slopes” to the different levels of the factor.

. The crossed formula fits main effects for both Fereign and Weight, and then fits

j‘_tlé'pmcluc’c of Weight with the coded contrasts of levels for the factor. In terms of
-8pecific coefficients this is

t

-+ ap+ 0 X Weight + v X Weight

en Foreign is TRUE and

g - ap 4+ 3 X Weight - 7 X Weight




28 CHAPTER 2. STATISTICAL MODELS

when Foreign is FALSE. Again there are four coefficients, but this time there is an
overall slope 3 for Weight and a contrast estimating the interaction of Foreign
and Weight. This is an appropriate way to code the model if we want to look at an
overall fit to Weight and then to examine whether something substantial would be
added to the model by allowing the regression to depend on the level of the factor.
The distinction between the crossed and nested versions is not so strong here as
when both predictors are factors, because a muameric factor is always just itself, but
the treatment is entirely analogous. (Section 2.4.1, where we discuss how the coding
works, will show why the computations can be the same.)

When both factors in an interaction are numeric, the formula expands as usual;
now the pure interaction x:z amounts to fitting an ordinary product. In this case,
however, you may really have wanted to use = or / in its ordinary S sense, in which
case you ought to have protected the expression with the identity function 10, as
we will show when we go into details about general formulas next.

Syntax of Formulas

We now give the full rules for writing model formulas. A model formula is created
by separating a response term from the predictor terms by the operator ~; the
response can be absent. Expressions appearing in a model forrula are interpreted
as ordinary S expressions, except for the following operators:

+ - = /4 ¢ Yin% 7
The operator - is used to delete terms; for example,
Padtype * Opening * Hask - Padtype:Opening:Mask

deletes the third-order interaction term that was implied by the expansion of the =
operator, so that the formula expands to

Padtype + Opening + Mask + Padtype:Opening + Padtype:Mask + Opening:Mask

As in this example, the - operator is useful for compactly dropping a few infer-

actions, when we are prepared to assume these particular terms axe negligible. A

simple use of - is to exclude the intercept from a model:

Yield ~ Mass — 1

TIn Chapter 1 we describe the update(} function for changing fitted models, typ-
ically by altering the formula. The “-" operator plays a special role there as well

(illustrated again in the first example in the list below).

The use of “:” to denote interaction is a break from the traditional Wilkinson

and Rogers syntax, where .7 is used instead. A “.” is a valid part of a name
S, as in wind.speed, so it could not serve as an interaction operator. A single ¢
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does have a special meanin; i

g though; it serves as the default left i i
jformula wherever that makes sense. We made use of “.” in som g fr e o
in Chapter 1. Other examples are ' ® of the examples

@ updat ~ - i
update (lmob, . . Age) is used to update the fitted linear-model object

i11;:-|lobh‘by modifying its formula and then refitting it. The “.” on the left of
pEtess thz;t the response is the same as in 1mob, while the “.” on the right c:iJ?
gets replaced by whatever was on the right in the formula used to fit 1mob

e Ilm(Mileage ~

., data = car.test.frame); here the “." igi
pmas . e); e “.” 1s interpreted relative
o H(; eii:c; gr;;?e ]t;al; .tgfft.frame, which is a dataset to be used in fitting
. L)ata frames are described in Cha
: ; pter 3. The “.” here
;rae;;;.s tlllat all‘ thei va.na.bles In car.test.frame, except Mileage, are to be us;d
ively, which is equivalent to the explicit formula ’

Mil ~ i
eage Price + Country + Reliability + Type + Weight + Disp. + HP

© Im(ski ~ N = Vv -
ips .72, data solder.balance); similar to the previous item, ex
¥

cept all the main effects and i
second- i : .
solder.balance are to be used. n-order interactions of the variables in

T . .
he following table summarizes the special meanings of the operators in formu-

las:

Expression Meaning

g ~ F T is modeled as F'

Fa + F Include both F, and Fj

Fa - F Include all F, except what is in F}
a*Fb Fa+Fb+Fa:Fb

ga/;b Fa+F6°/=in (Fa)
o Py oor The factor jointly ind

B i 5 j y indexed by F, and
A

Fm All the terms in F crossed to order m

lig‘:lec ;;pg:ssalfgtg’ arls ? term (with no spe_cial operators included), but F, F,, and
e i bl ); ormu.1a5, not ,_]usf: single terms. The operators in the :table
popocial in thelr emantl'.(lic§ (that. Is, n the way that S interprets them) but they
oo wise ack. y would in ordinary expressions, with the same precedence and
: ey would normally have (see [§], Section 3.2.6). Parentheses can be

used ing impli
to change the grouping implied by precedence rules—for example, to force a
% ?

Panel / (Opening * Mask)

a t ms 10 Ope; M sk Wlth.lrl each. le‘le O.E Pamel.
a'l‘s l‘.O iit ll lle teI P nlng * a, y
1
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{Panel + Mask)/ Opening

which expands to
{ + Panel + Mask + Opening %in%  (Pamel + Magk)

The parentheses around Papel + Hask here do not get expanded further, and the
last term is equivalent to

Dpening:Panel:Mask

The last item in the table is a shorthand for creating interactions. For example

(Opening + Mask + Panel)’2

w_,

expands to the same formula constructed from using

Padtype + Opening + Mask + Padtype:Opening + Padtype:Mask ~+ Opening:Mask

Composite Terms in Formulas

The special meaning of the .operators applies only at the top level in the formuklla
expressions, and only on the right of the “~”". If the operatc?rs appear as the
arguments to other functions, they behave as they always do in S. As the user

certainly intended, the term
atan( Length / Widsh )

fits a single coefficient to the ordinary value of the 8 expression, and does not treat
/ as a nesting operator. Similarly,

sqrt (x - min(x})

does not treat - specially. It is also possible to foree the operators. 10 be treat.ed
in an ordinary way, by using the identity function, 1¢). This function returnvs 11;5
argument and exists only to protect special operators. For example, to fit as a single
term the product of Length and Width, use

I( Length * Width )

operator # from getting its special interpretation.

tO pgzv:;lfp;ifsizzd before, any variables in the formula {either the response or tlrtle
factors in the terms) can be arbitrary S expressiqns, 50 long as they_evah;ate o
objects having a valid data type, namely: nur{lerzc va,n«:ibles or matTices, ch;o:;
including ordered factors, and non-numeric variables which will be converted 1n

faCtlsff:‘.crices that appear in the formula are treated as a jaingle factor.' ThlSh 15
how special curves can most easily be generated, and functions are Prowded % :
generate suitable matrices for common kinds of curves. The following are some

examples:

2.3. MORE ON MODELS 31

® The expression poly(x, degree) returns a matrix whose columns are an or-
thogonal basis for fitting a polynomial of degree degree in the numeric variable

x. Similarly poly(x,y, degree) returns the matrix of bivariate polynomial
terms of degree no more than degree, and so on.

e The expression bs(x, df) returns a matrix which is a B-spline basis for piece-
wise-cubic regression on x. The parameter af is the degrees of freedom, which
determines the number of interior knots. These knots are automatically placed

by the function; otherwise, the knots argument can be used to place them
explicitly.

See Chapters 6 and 7 for a general discussion of composite terms such as these.
Functions can be used that produce factors and categories as well; for example,

ordered(x,breaks) will return an ordered factor cutting the numeric variable x at

the breakpoints breaks. This is similar to the § function cut (), which produces a

category. Expressions that produce factors or categories can be used in conjunction
with the special operators, so that

cut (Weight,5) * Country

147 creates a five-level category from the numeric variable Weight and then uses it in a

crossed model with the factor Comtry. Similarly

( Age < 45 )} = Cholestercl

“creates different linear trends in Cholesterol for people under and over 45. The
- function codes() produces numbers to represent the levels in a factor or ordered

factor; so if Opening is an ordered factor with Ievels Large, Medium, and Small, then
~the expression '

'_ codes (Opening)

implies a term linear in the numbers 1, 2, and 3, coding the three levels.
: '_ As always in 5, you can write any functions of your own to create other suitable
ariables. The expressions can be more complicated than function calls as well:

‘group * (if(all{x)>0)log(x) else log(x-min(x)+.01))

E'xc:ﬁtic expressions like this are perfectly legal but hard to read and not good pro-

amming style. A better approach is to define a function, say

.plus.log <~ function(x)
C1if(all{x)>0)log(x) else log(x-min(x)+.01)

nid _t'hen write the formula as group * plus.log(x).
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2.3.2 Coding Factors by Contrasts

On page 21 we noted that factors entering a mode! normally produce more coef-
ficients than can be estimated. This is true regardless of the data being used; for
example, the sum of all the dummy variables for any factor is a vector of all ones.
This is identical to the variable used implicitly to fit an intercept term. This is
functional overparametrization, as opposed to data-dependent overparametrization
in which the number of observations is not large enough to estimate coefficients or in
which some of the variables turn out to be linearly related. The functional problem
is removed in most cases before any model-fitting occurs, by replacing the dummy
variables by a set of functionally independent linear combination of those variables,
which is arranged to be independent also of the sum of the dummy variables. For a
factor with & levels, k— 1 such linear combinations are possible. We calla particular
choice of these linear combinations a set of contrasts, using the terminology of the
analysis of variance. Compnutationally, the contrasts are represented asa k by k—1
matrix. :

Any choice of contrasts for factors alters the specific individual coefficients in a
model but does not change the overall contribution of the term to the fit. All the
model-fitting functions choose contrasts automatically, but users can also specify
the contrasts desired, either in the formula for the model or in the factor variable
itself. By default, contrasts are chosen as follows:

o unordered factors are coded by what are known as the Helmert contrasts,
which effectively contrast the second level with the first, then the third with
the average of the first and second, and so oz;

e ordered factors are coded so that individual coefficients represent orthogonal
polynomials if the levels of the factor were actually equally spaced numeric
values.

If this choice of contrasts is adequate, no user action is needed.

The simplest way to alter the choice of contrasts is to use the function CO ,
with usage C(factor, comtrast) in the formula. The first argument is a factor, the

second a choice of contrast. It returns factor with the appropriate contrast matrix

attached as an attribute. The choice can be made in three ways:

s By giving the name of a built-in choice for contrasis: helmert, poly, sum, OF

treatment. For example, C(Opening, sum) uses the function comtr.sum() to
generate the appropriate sized contrast matrix. We will explain the meaning

of these choices below.

o By giving a function, which when called with either a factor or the number o1

levels of the factor as its argument, returns the k by k—1 matrix of constraints
C(Opening, myfun) calls myfun(Opening) to generate the contrast matrix (
myfun exists as a function). :
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e By giving the contrast matrix or somme colu

C(Opening, mns for the contrast matrix.

mymat) uses the matrix mymat as the contrast matrix
The function C() tests for each of these ¢

The four standard choices corresp
lar flavors of contrasts.
contr.poly():

Zses to determine how it has been called
ond to four functions to icu
C generate particu-
The polynomial contrasts are the result of the lgl)mction

> comtr.poly(4)
L

g - c
[1,] -0.6708204 0.5 -0.2236068
f2,] -0.2236068 -0.5 0.8708204
3,1 0.2236068 -0.5 -0.6708204

(4,1 ©.870820¢ 0.5 0.2238068

e e odu : l T OT a..tlon Of the d.umm var IabIeS COTTes On.d.

that takes on equally spaced values fo
contr.poly produces k
1tok—1.

SlIIIl]aIly, ‘lle flllleJlOI}. contr .helmelt() IetuInS th.e Helmelt parametrlzat]on,-
Ih-e ﬁ.ISt 11116&1 COIIIblIl&thIE 15 th.e dlﬂelence bet%eell t e ’
h Se(!Ond a]ld ﬁISt ].e‘fe].s

g
‘ 1€ Se(:()n.(l 15 1€ (11“818]:1(:8 i)e.Wee 1 l:he ‘Ellid. Ieve] all(i the average Uf h.e “[S and

3 1
113

ratlillypfthetlica.l underlying numeric variable
o e iour levels of the factor. In general
1 orthogonal contrasts Tepresenting polynomials odg degiee;

> contr.helmert (4)
[:11 [,21 [,3]

1 -1 -1 -
2 1 -1 -1
3 0 2 -1
4 0 0 3

_These two are the default choices.

The sum choice and the corres

ondi .
betwoon emch of the b ponding function contr.sum() produce contrasts

— 1 levels and level &.

> contr.sum(4)

(.21 [,21 [,3]

1t 0o o0
20 1t 9
3 0 0 1
4 -1 -1 -

IhiS COI‘I‘GSE)( )!NIS to n t b h
o a2 para.metrizatit) 0 ai 18] Y‘I e
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The treatment form of coding is commonly used in models for which the first
level of all the factors is considered to be the standard or control case, and in
which one is interested in differences between any of the nonstandard or treatment
sitnations. As constraints on the coefficients, this Is usually expressed as saying that
any coefficient in which any of the factors appears at its first level is set to 0. The
equivalent coding uses the dummy variables for levels 2 through k. The function
contr.treatment () gives this coding:

> contr.treatment{4)
234

> W N

OO O

O = OO0

O OoOC
1

This is a legitimate coding, in that it captures all the coefficients. However, it is not
a set of consrasts, in that the columns do not sum to zero and so are not orthogonal
to the vector of ones. For applications to linear models in designed experiments,
the coefficients will not be statistically independent for balanced experiments. This
complicates the interpretation of techniques such as the analysis of variance, so that
the control-treatment coding should generally not be used in this context. For some
other models, such as the GLM models in Chapter 6, the lack of orthogonality is less
obviously a defect, since the assumptions of the models do not produce statistical
independence of the estimated coefficients anyway. Probably for this reason, the
control-treatment coding is popular among GLM modelers, since what it lacks in
orthogonality it gains in simplicity.

Any of these can be selected in a formula to override the default. You can also
implement any function you like, perhaps by modifying one of the four standard
functions, to produce a different set of contrasts. The matrix must be of the right
dimension and the columns must be linearly independent of each other and of the
vector of all ones. If this fails, model-fitting with complete data will produce singular

models. An easy way to test this condition is to bind a column of 1 to the matrix -
The value of this function has a component :
matrix. For a set of contrasts on:

and pass the result $o the gz O function.
rank that is the computed numerical rank of the
k levels, the rank should be k—for example

> qr(cbind(i,contr.treatment{4)) Yerank
(11 4

A function to generate contrasts must also, by convention, take either the levels 0
the factor or the number of levels as its argument. See any of the four standar

functions for code t¢ copy-
The third way to specify contrasts is directly by numeric data. You can st

from the value of one of the functions, but a more typical situation in practice is tha
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you want to estimate one or more specific contrasts, but will take anything suitable

111 d k - p p q ¥ raeres
E or t € remaimndger o th.e 1 columns 148 08€ gualit 15 a. 1ac tOI‘ (uIlO d d

> levels(quality)

[1] "tested-low" "low" "high" "tested-high"

Suppc(l)se that we want the first contrast of quality to measure the difference betwee
este band nontested—that is, levels 1 and 4 versus levels 2 and 3-—and we don’?
care about the other contrasts. Then we can give the factor in the formula as

Clquality, <(1, -1, -1, 1))

Two additional contrasts will be chosen to be orthogonal to the specified contrast

If we had wanted the second contr
ast to be between the two low and t i
levels, we would have supplied ¢() with the matrix ' 'd e fo gt

(.11 [,2]
[1,] 1 1
2,1 -1 1
{3, -1 -1
[4,] 1 -1

~and one further column would be supplied.

= .:-___One additional detail is sometimes needed. Sometimes the user is willi
: :gssert that only some specified contrasts in the levels of a factor can be i : ;ltg t(?
he .‘o'the?rs should be regarded as known to be zero and omitted from trl?po é:lﬁi}
'Is“hlJls;n 1ist ;‘ésky,doi }i:ourse, 1'Ii-ut is done in some experiments where the numbei cl)i‘l ?"qu.
S lin an e user has considerable prior knowledge about the
p_g%ﬁcatmn can be done by giving ¢() a third argumentg, the number Z?Sé)s;i;gilg
or example, suppose we are fitting polynomial contrasts to ar ordered factor,

leliability, and assert that no m i
1 3 ore than quadratic effects are i
Q:r_eg.pondmgrexpression in the model would be sporeant. The

(B..e'liability , poly, 2)

;r'}:;?alzi)}; ;eontras_t g};e'nera.ted by.contr.poly() corresponds to an orthogonal

T o %Ige i, tb%s term retains only linear and quadratic effects.
i (;2‘1?;1}1 uges a factor and & Spef:iﬁcation for the contrasts wanted,
Cp o actor ith those contrasts explicitly assigned as an attribute. The
an ﬁontrasts() extracts the contrasts from a factor, and returns
kg al:;pm er;:aint?sfts :inay have _been explicitly assigned as an attribute
e 2P priate default, according to whether the factor is ordered or
ou want to set the contrasts for a particular factor whenever it appears,

ction contrasts() on the leff i
peciﬁ.:_;-:contmst, e left of an assignment does this. In the example of
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> comtrasts(quality) <- c(i, -1, -1, 1)

> contrasts{quality)
[,11 [, 1,31

tested-low i -0.1 -0.7
low -1 -0.7 0.1

high -1 0.7 -0.1
tested-high 1 0.1 0.7

two additional linear combinations have been a@ded {0 give a .full cor;i?;i ;p:;ilfh

i 1ity will have this parametrization by default.ln any for ) C(,) o
e om erwgi?:uastill available to use the ¢() function to overrld_e. As w1t‘ . ,1 N
- tiom cor ysts() on the left of an assignment takes an optional additiona, at
fgﬁiﬁ? 1::;1 ti:ny that says to assign fewer than the maximum number of contrasts
to the factor.

You can also change the defa _
options() command in 8, once you know a little more about how co

ult choice of contrasts for all factors using the
ding is done.

> options{)$contrasts
factor
"conty.helmert" “contr.poly"

ordered

These options are the names of functions that

shows us what the defaults are. o e

provide contrasts for unordered and ordered contrasts, respec
defaults, use:

n
options(contrasts=c("contr.treatment“,"contr.poly 3}

ents changes the default choice of contrasts. The
he default contrast functions lasts as long as the
the permanent default is assumed. If you_really
you run S, you can invoke
Section 3.4.9). Notice that

Redefining one or both of the elem
effect of using options() to change t
ssion; each time S is started up, : .
xsw:;t to lilave your own private default coding every t1e
options () automatically via the .First() fur.lctlon { ,
explicit choices for individual factors can still be use
coding by assigning the contrasts as bef.ore. _
Strictly speaking, the term contrast implies th
contrasts of levels. bie the &
matrix should be zero. Orthogonaic
i lumns of the contrast mat :
er praducts of any two co . -y
:;Iii plz)lynomial contrasts have both these properties. The contrast and )
+ properties are particularly ' ode e
onatr(;omrzli?ss g))thirwise, the choice of contrasts can introduce art(;ﬁigal (,io;zl:ﬂ; i
f:u?tjween coe.fﬁcient estimates, even if the design is bglaxgcetiioﬁ% Stioiz;;lathe con{;é:
implicati fitted models appear in Section 2.s.
the implications of contrasts for ' _ -
of anaifsis of variance, and in Section 6.3.2 in the context of GLMs

to override the new default

at all the linear combinations are:

i olumn of the:

is case, the sum of the numbers in any ¢ e

2 o asts have the additional property that tl}e;
rix is also zero. The Helmert

important for linear models in desigi}e‘d
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2.4 Internal Organization of Models

In this section, as in the fourth section of later chapters, we will reveal how things
work: the internal structure of the objects that have appeared earlier in the chapter
and the computational techniques used in the functions. This section is not required
reading if you only want to use the functions described so far. It will be useful,
however, for those who want to extend the capabilities and/or to specialize them
in a serious way for particular applications. Extensions and modification of the
software we provide is not only allowed but is one of the goals of our approach to
statistical software in this book. Rather than trying to provide a complete approach
to the topics we cover (probably an impossible task anyway), we present functions
and objects that form a kernel containing the essential computations. The functions
include what we see as the natural approach to common, general use of the statistical
methods. The classes of objects organize the key information involved, with the goal
of making subsequent use of the information as easy and general as possible.

Users with special needs, and researchers who want to extend the statistical

techniques themselves, will want to go beyond what we provide. Understanding the
material in this section will likely help.

2.4.1 Rules for Coding Expanded Formulas

.- This section gives the rules underlying the coding of factors in the expanded for-
- mulas of Section 2.3.1. To produce a model matrix for use in linear models, factors
“and their interactions are represented by columns of numeric data, either dummy
-variables or contrasts. To be valid, the representation must estimate the full linear
“model. Since such models are generally overparametrized, there will be many dif-
ferent valid representations in this sense. The goal of a particular representation is
-to be meaningful and reasonably parsimonious. The actual coefficients estimated
hould mean something in the application of the model. For example, a coefficient
value significantly different from zero should say something useful about the data.
A parsimonious parametrization is desirable numerically, since the size of the model
matrix can in some cases be much larger than necessary. The mathematical discus-
lon that follows provides the basis for understanding how the representation can
e chosen for various models.

- Bach term in an expanded formula can be written using only one special oper-
T, “:”. Suppose we have an expanded formula with p factors:

F17F21"',Fp

1 m terms:
' T+ Tot -+ T

¢ I'y need not be simple variables, but can be essentially arbitrary S expressions.
?xpanded term T} can always be written as an interaction of 0, 1, or more of
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the Fj; say,

Fil N Fig . "':Fini
where 1 < ¢; < p. The value of o; is the order of Ti—that is, the number of factors.
We will assume that the expanded formula is sorted by the order of the terms, so
that all terms of order 1 appear first, then all terms of order 2, and so on.* The
intercept term is the only term of order 0, and is written as 1. If it is present, it
comes first.

As discussed in Section 2.2, a factor corresponding to Fj can be represented
in the model by a matrix whose columns are the dummy variables corresponding
to each level of F;. The interaction of Fj, and Fy, is represented by the matrix
containing all possible products of pairs of columns from the matrices represénting
the main efects. A three-way interaction is represented by all products of columns
of this matrix and columns of the matrix representing Fj,, and so on. For details,
see the function column.prods(), which carries out just this computation.

Tf all factors were represented by dummy variables, there would be nothing more
1o the interpretation of expanded formulas. However, both numerical and statistical
arguments require Imore careful coding of factors. Usually, coefficients cannot be
estimated for all the levels of the factor. For example, the sum of all the dummy
variables for any main effect is the constant 1, and so is functionally equivalent
to the intercept. Coding all levels by dummy variables would produce a model
matrix with more columns than necessary (in some cases many more), and the

model matrix would nearly always be singular, so that numerical solutions would -
These are the numerical -

reasons for choosing a good coding for the terms, but the statistical reason is more .

not produce estimates for all the requested coefficients.

important—namely, $0 allow a meaningful choice of coefficients for the particular

model. The functional dependencies among the dummy variables in the terms imply”.

that only certain linear combinations of the coefficients for the dummy variables are

estimable. The goal is to represent those linear combinations so that the individual

computed coeflicients are useful for the particular model. Section 2.3.2 showed how
this coding could be controlled. -

The following rule specifies which factors should be coded by dummy variable
and which should be coded by contrasts in producing the columns of the mode
matrix:

Suppose Fj is any factor included in term T;. Let Ti¢;) denote the margin
of T, for factor Fj—that is, the term obtained by dropping F; from 1.
We say that Ty has appeared in the formula if there is some term Ty
for 3" < i such that Ty contains all the factors appearing in Tj(;y. The
usual case is that Ty itself is one of the preceding terms. Then £} is

1The only ordering that we actually need is.that any term Ty appear in the formula after,
margins. It does not make sense for a factor to appear in the forrnula after some interac
including that same factor.

2.4. INTERNAL ORGANIZATION QF MODELS 39

coded by contrasts if T} has appeared in th
coded by contrasts I ) ppeared in the formula and by dummy

In lnterpretil}g this rule, the empty term is taken to be the intercept
T.he ap.phcation of this rule corresponds to generating a matri;c-the del
majcnx—v;flth n rows and some number of columns, to represent the whole 1;11 Od ?
This matrix comes from binding together the columns of the matrices produc (21 le) -
the }"ule for each term. We can compare this matrix with the overspeciﬁid butevalig
cod_lng we would get if we used dummy variables for all the factors. Our rule i
vahfi if the dummy variables, say X, introduced for term 7} in this.overs ecifi 1cSI
coding, can bé represented as a linear combination of coluxr:ns from the ‘ tri .
produced by our rule for terms up to and including 7}, for alt e
Hel_re is an informal proof that the rule is valid. :Start Wi:ch an inductive
. sumptlo.n: suppose that the rule is valid for terms of order less than the ord as?f
T specxﬁca.lly, for any such term, assume that its dummy matrix can be w ?:u .
asa linear Fombination of the matrices given by our rule for that term and r’clh -
| (_)f its margins that are in the formula. Suppose F; is one of the factors for Wh?;i
: ..t.he. rule says we can use contrasts. Let X; be the n by k; - 1 matrix of contrast
va.nables for F;, and X7 the corresponding n by k; matrix Jof dumm i W
| v variables. We
w;l} need to refer to the Ith columns of these matrices; let’s call them z;; and z*
“:Any column ?f X* can be written as the product of one column from Je-;a.ch of 137111
~dummy matrices, X7, for factors J in T3, so in particular it can be written as: )

A *
( H Q’J:u) Zju

T€Tys)

ote_'that this is ordinary multiplication of the n-vectors, not matrix product. Now

at the two parts of the above ex i
Ay L pression separately, t i
d the single vector on the right. > ¥ the left part i parentheses

': Bjr'_-the inductive assumpti i
ption, the left part is a 1 inati
Liice ot T o e i P near combination of our

FrOﬁi"the definition of a valid i indi
yom | coding of the individual f i
8 :a-'hngar combination of 1 and the z;., sl factors, the right part

i ;9_0 _fe)égftuli these two linear combinations, the result would be a. linear
S i_mhmt.n products from our coding for T; and for its various margins.
S e ;:IZ asslzitmptlon holds for T; as well. By looking directly at the
i A belian bger.ms of order 1,_t1?e inductive assumption holds for
sty b e?d e in general. This is not quite precise; in particular,
 fecs ot ads ed for the (somewhat strange) case that Tj;) is not in
ontained in some other preceding term of order equal that of 5.
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The argument above should nevertheless be sufficiently convincing for our purposes

here.
The rule does not always produce a minimal coding; that is, in some cases there

may be functional dependencies between columns of the matrix representing T3 and
those representing earlier T... In particular, this will be the case again when there
is no 7y that is exactly equal to Tj;). However, models of that form are usually
questionable; for most censible model formulas, the rule above produces a minimal
and meaningful coding of the terms.

Numeric variables appear in the computations as themselves, uncoded. There-
fore, the rule does not do anything special for them, and it remains valid, in a trivial
sense, whenever any of the Fj is numeric rather than categorical.

2.4.2 Formulas and Terms

Formula objects pass through an intermediate stage before being combined with

the data. This stage produces objects of class "terms", which contain the formula

after it is processed to have, in a convenient form, all the information needed to

create the model. Users of model-fitting functions will not see this intermediate
stage, but those of you who want to modify model-fitting techniques or to create a
new class of models may find it helpful to know what information the terms objects

contain. A terms object is an object of mode "expression® with extra attributes.

The elements of the expression are the individual terms
of the formula:

> forml <- skips ~ Panel * Opening

> termsl <— terms(forml)

> as.vectoxr (termsi)
expression{skips, Panel, Opening, Panel:Opening)

Now let's consider the attributes:

> names(attributes(terms1))
[1] “formula" "factors"
[5] "term.labels" "intercept”

"yariables”
"elass!

“order"
"response"

The meaning of the attributes is as follows:

wformula”: the actual formula used to construct terms, in this case the contents ol

forml:

» attr(termsl,"formula")
skips ~ Pamel * Opening

There is a generic function formula() for !
of objects; in this case, formula(termsl) would extract the formula from th

terms object.

in the expanded right side

extracting formulas from a variety
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"facto'rs": a matrix with factors along the rows and terms along the columns, The
jth column says what factors appear in the jth term and also Whetherl the
are coded as contrasts or dummy variables. Values in the column are 1 fo};

contrasts, 2 for dummy variabl i
contr y variables, and 0 if the factor does not appear in the

> attr(termsl, "factors")
Panel Opening Panel:Opening

skips‘ 0 0 0
Panel 1 0 1
Opening 0 1 1

The coding is specified according to the general rule in the previous section.

I He 1]
order": a ':rector giving the order of each term: 1 for main effects, 2 for second-
order interactions, and so on: ’

> attr(termsl,"order")
[1] 112

;ra_:r'iables"f an e?cpression whose elements are the expressions for each of the vari-
.....__ables, including the response (remember that these need not simply be names):

> attr(termsi,"variables™)
‘éxpression{skips, Panel, Opening)

fm‘;iabels": the character form of the terms, only i v
A i ¥ cl €
.. ; Inter s included to save r peated

~attr(termsi,"term.labels")
1] “"Panel" "Opening” "Panel:Opening"

hlch can also be extracted using the labels() generic function.

: _;__)_t":_ a logi?al variable that will be TRUE unless the term -1 appears in the
ormula. Notlce.that the intercept term does not appear in the expression
_g_c’:sql.'_‘_ltgelf nor in the term labels. The label " (Intercept)™ is used to label
oefﬁmenfcs, etc. corresponding to the intercept.

which variable in the "variables i i
" attribute is the res i
6 response specified). ponse (¢ if there

o tg::}-ﬁttmg functions include the terms object for a particular model
1 : étr.e};;rfesents th.e fitted moc}el, you can use the information above
flmc{g & 1nf01:m'f1txon about pieces of the model when designing new
19_1'1§ or modifying the model-fitting. Section 7.4 describes some ad-

nts in the call to terms that add to its flexibility.
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2.4.3 Terms and the Model Matrix

The process of putting together data and formula to construct a model matrix

involves three basic steps:

1. Convert the formula into a terms object, in which all the interactions and
nested terms have been expanded, and any simplifications resulting from sub-
tractions, parentheses, dots, and powers have been applied.

9. Compute a model frame from the terms and the data, containing variables
d to compute the terms defined in step

corresponding to the expressions neede
2.

3. Generate the model matrix itself from the model frame.

A model frame is a special type of data frame, described in the next chapter. For
the moment, simply think of it as a list of the response variable and variables corre-
sponding to all the terms in the formula. The function model.frame() uses the terms
object, specifically its attribute variables, to determine which expressions will be
used in generating the model matrix. It returns a special data frame containing
those variables. Notice that there is no restriction on the expressions appearing in
the formula for the terms. The names of the variables will not necessarily be syntac-
tic names in S; if one of the terms is log (Fuel) then the corresponding variable will
have name "log(Fuei)". Two other, optional computations take place during the
evaluation of the model frame. If a subset argument is supplied, the corresponding
subset will be extracted from each computed variable before it is inserted into the

model frame. Similarly, if 2 na.action function is supplied either as an argument or
as an attribute to the data frame, this function will be applied to the model frame.’

See Section 3.3.3 for further details.

Once the model frame has been computed, it is used to generate a maodel matrix;
terms in the model formula. A model

matrix is a numeric matrix of suitably coded dummy variables, contrasts, or numeric

" with columns corresponding o each of the

variables, plus some attributes related to the model.

We don’t have to worry about the steps described above; the fitting functid;_ls
and will return both the model frame and model

matrix if requested. On the other hand, we can create a model matrix from some

such as 1m() do the work for us,

data directly from the model.matrix () function. To illustrate the structure in mod
matrices, we will compute a model matrix from a market study data frame describ:
in the next chapter. The model chosen will use the numeric variable usage alo:
with a complete model (main effects and interaction) for two factors; nonpub a0

education:
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> modell <- model.matrix(
: i - ~ usage + nonpub * educati
> print(modeli[1:5,], abbreviate = T) g o
(Intre) usage nonpub educationl educatiom? education3 educationd

1 1 9 1 1 -
2 i 2 1 1 ,1 :i G
7 1 3 -1 -1 -1 -1 o
8 1 1 -1 1 -1 -1 4
10 1 2 -1 -1 -1 -1 _1
. educationi nop:edcl nnp:ede? nnp:edcd nep:edcd nmp:edch
- 1 -1 -1 - o
7 -1 1 1 i 1 1
8 -1 -1 1 1 1 1
10 -1 1 1 1 1
> dim(modeli) '

‘[1]1 1000 13

_. %\;?lgrc:dwe ;ﬁzd nodnfsponse ilikl the formula; had one been there it would have been
ignored. model matrix has as many columns as are i

a2 required by th i
of:.._t]::t.e”e?a.nded form_ula. The abbreviate= argument to the printing meihi)ocflflcl)g
trix o jects abbreviates the column labels. The unabbreviated colummn labels a,r:

>,&imnames(mode11)[[2]]

"nonpub”

;]'f(Intercept)" "usage"
gj.zeéucat%onl" "education2" "education3"
71 "educationd" "educationb" "nonpub:educationl®

oj.ﬂnanpnb:education2"

101 *non "nonpub:education3”
3]. -"notipub: educations"

"nonpub:educationd"

Model matrices have additional attributes:

;é(aftributes(modell))
Hdim" "formula"

G "class"
~ASElgn "dimnames"

"order" "term.labels"”

StnattrlbUte .haS value c("model .matTix", "Illatrix"), which me that
= 'l'ébc:f;:i:g irom the more general class "matriz®. The formula, order
i e dabels utes are retained from the terms object. Th . -
with length equal to th ject. The assign attribute
S e number of terms. The elements i
Urans - - of ass
_ns_;_.of. .the matrix belong to the corresponding terms: ign define

deli; *assign™
Ept) 2] :
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$usage:
i1 2

$nonpub:
(11 3

$education:
123458
L8678

$"nonpub:education”:
1 2 3 4 5
g9 10 11 12 13

s the matrix of predictors for linear and gen-

eralized linear regression and anova model-fitting routines; other model-fitting func-
tions, such as those that build trees, require other constructions. These are discussed
further in the relevant chapters, as well as in Section 3.3.3. There we also expand on
the sequence of steps needed to create model frames and model matrices, to allow

tacilities for weights, missing data, and subsets.

The model .matrix function produce
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_9_d_<_els in the following chapters. To get a general view of our approach
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ding 1__:h.rough the first two sections of the chapter before ﬁttin’g particular

-'Xarfﬁ;'ples of Data Frames
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i a8 bglng organized by wvariables—statistical abstractions for dif-
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