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1. Introduction

Suppose that for each of a number of subjects, we measure a response y and a vector of
covariates x, in order to estimate the parameters 8 of a regression model which describes the
conditional distribution of y given z. If we have sampled directly from the conditional distribu-
tion, or even the joint distribution, we can estimate 3 without knowledge of the distribution of
the covariates.

In the case of a discrete response, which takes one of J values y1, . . ., s, say, we often estimate
(B using a case-control sample, where we sample from the conditional distribution of X given
Y = y;. This is particularly advantageous if some of the values y; occur with low probability.
In case-control sampling, the likelihood involves the distribution of the covariates, which may
be quite complex, and direct parametric modelling of this distribution may be too difficult. To
get around this problem, the covariate distribution can be treated non-parametrically. In a
series of papers, (Scott and Wild 1986, 1997, 2001, Wild 1991) Scott and Wild have developed
an estimation technique which yields a semi-parametric estimate of 3. They dealt with the
unknown distribution of the covariates by profiling it out of the likelihood, and derived a set of
estimating equations whose solution is the semi-parametric estimator of 3.

This technique also works well for more general sampling schemes, for example for two-phase
outcome-dependent stratified sampling. Here, the sample space is partitioned into S disjoint
strata which are defined completely by the values of the response and possibly some of the
covariates. In the first phase of sampling, a prospective sample of size IV is taken from the joint
distribution of  and y, but only the stratum the individual belongs to is observed. In the second
phase, for s =1,...,.5, a sample of size n(ls) is selected from the n(()s) individuals in stratum s who
were selected in the first phase, and the rest of the covariates are measured. Such a sampling

scheme can reduce the cost of studies by confining the measurement of expensive variables to the



most informative subjects. It is also an efficient design for elucidating the relationship between
a rare disease and a rare exposure, in the presence of confounders.

Another generalized scheme that falls within the Scott-Wild framework is that of case-
augmented sampling, where a prospective sample is augmenmted by a further sample of controls.
In the prospective sample, we may observe both disease state and covariates, or covariates alone.
Such schemes are discussed in Lee, Scott and Wild (2006).

In this paper, we introduce a general method for demonstrating that the Scott-Wild proce-
dures are fully efficient. We use a (slightly extended) version of the theory of semi-parametric
efficiency due to Bickel et al. (1993) to derive an “information bound” for the asymptotic vari-
ance of the estimates. We then compute the asymptotic variances of the Scott-Wild estimators,
and demonstrate their efficiency by showing that the asymptotic variance coincides with the
information bound in each case.

The efficiency of these estimators has been studied by several authors, who have also ad-
dressed this question using semi-parametric efficiency theory. This theory assumes an i.i.d.
sample, so various ingenious devices have been used to apply it to the case of choice-based sam-
pling. For example, Breslow, Robins and Wellner (2000) consider case-control sampling, that
the data are generated by Bernoulli sampling, where either a case or control is selected by a
randomisation device with known selection probabilities, and the covariates of the resulting case
or control are measured. The randomisation at the first stage means that the i.i.d. theory can
be applied.

The efficiency of regression models under an approximation to the two-phase sampling scheme
has been considered by Breslow, McNeney and Wellner (2003) using missing value theory. In
this approach, a single prospective sample is taken. For some individuals, the response and the
covariates are both observed. For the rest, only the response is measured, the covariates being
regarded as missing values. The efficiency bound is obtained using the missing value theory of
Robins, Hsieh and Newey (1995).

In this paper, we adopt a more direct approach. First, we sketch an extension of Bickel—-
Klaassen—Ritov—Wellner theory to cover the case of sampling from several populations, which we
require in the rest of the paper. Such extensions have also been studied by McNeney and Wellner
(2000) and Bickel and Kwon (2001). Then information bounds for the regression parameters
are derived assuming that separate prospective samples are taken from the case and control
populations.

The minor modifications to the standard theory required for the multi-sample efficiency
bounds are sketched in Section 2. This theory is then applied to case-control sampling and
an information bound derived in Section 3. We also derive the asymptotic variance of the
Scott-Wild estimator and show that it coincides with the information bound.

In Section 4, we deal with the two-phase sampling scheme. We argue that a sampling scheme
equivalent to the two-phase scheme described above is to regard the data as arising from separate
independent sampling from S+ 1 populations. This allows the application of the theory sketched
in Section 2. We derive a bound and again show that the asymptotic variance of the Scott-Wild
estimator coincides with the bound. Finally, mathematical details are given in Section 5.



In the context of data that are independently and identically distributed, Newey (1994)
characterizes the information bound in terms of a population version of a profile likelihood,
rather than a projection. A parallel approach to calculating the information bound for the
case-control and two-phase problems, using Newey’s “profile” characterization, is contained in
Lee and Hirose (2007).

2. Multi-samples, information bounds and semi-parametric efficiency

In this section, we give a brief account of the theory of semi-parametric efficiency when the
data are not independently and identically distributed, but rather consist of separate indepen-
dent samples from different populations.

Suppose we have J populations. From each population, we independently select separate
ii.d. samples, so that for j =1,...,J, we have a sample {x;;, i =1,...,n;} from a distribution
with density p;, say. We call the combined sample a multi-sample. We will consider asymptotics
where n;/n — wj, and n =ny +---ny.

Suppose that p; is a member of the family of densities

P = {pj(J:aB?n)?ﬁeBanEN}7

where B is a subset of R and N is infinite-dimensional. We denote the true values of 3 and 7
by Bo and 79, and p;(z, Bo,n0) by pjo. Consider asymptotically linear estimates of 3 of the form

J ny
A 1
V(B — o) = 7n Z Z ¢j(xi5) + 0p(1),
j=11i=1
where F;¢;(X) = 0, E; denoting expectation with respect to pjo. The functions ¢; are called
the influence functions of the estimate and its asymptotic variance is E}le w; Ej [(Z)jqﬁ]T].

The semi-parametric information bound is a matrix B that is a lower bound for the asymp-
totic variance of all asymptotically linear estimates of 3: we have

Avarfl =Y Ejl¢;6]] > B
J

where the ¢; are the influence functions of 8.
The efficiency bound is found as follows. Let 7" be a subset of of ®,, so that Pr =

{pj(xv ﬁ: "7(t>)>
B € B,t €T} is a p-dimensional submodel of P. We also suppose that if 7y is the true value of

7, then n(ty) = no for some ty € T. Thus, the submodel includes the true model, having 5 =
and n = ng.

Consider the vector-valued score functions

j.— Ologp;(x, B,n(t))
Jm ot )




whose elements are assumed to be members of La(Pjo), where Pjg is the measure corresponding
to pj(x, Bo,mo). Consider also the space Lok (Pjo), the space of all j-valued functions square-
integrable with respect to Pjg, and the Cartesian product H of these spaces, equipped with the
norm defined by

J
H(fl,...,mu%=ij/r|fj\|2deo-
j=1

The subspace of H generated by the score functions (h,m ol Jn) is the set of all vector-valued
functions of the form (Al.lyn, Al Jn) where A ranges over all k by p matrices. Thus, to
each finite-dimensional sub-family of P, there corresponds a score function and subspace of ‘H
generated by the score function. The closure in H of the span(over all such sub-families) of all
these subspaces is called the nuisance tangent space and is denoted by 7.

Consider also the score functions

i dlogp;(x, B8,1)
R

The projection [* in H of lﬁ = (l'l,ﬁ, o 7,3) onto the orthogonal complement of 7, is called the
efficient score, and its elements (which are members of Ly 1,(Go)) are denoted by I7. The matrix
B (the efficiency bound) is given by

J
B~ =Y w,E[i5i7T). (1)
j=1

The functions B l;“ are called the efficient influence functions, and any multi-sample asymptot-
ically linear estimate of # having these influence functions is asymptotically efficient.

3. The efficiency of the Scott-Wild estimator in case-control studies

In this section, we apply the theory sketched above in Section 2 to regression models where
the data are obtained by case-control sampling. Suppose that we have a response Y (assumed
discrete with possible values y1,...,y7) and a vector X of covariates, and we want to model the
conditional distribution of Y given X using a regression function

fi(z,0) = P(Y = y;|X =),

say, where 3 is a k-vector of parameters. If the distribution of the covariates X is specified by
a density g, then the joint distribution of X and Y is

fj(xvﬁ)g(x)

and the conditional distribution of x given Y = y; is

pi(x, B,n) = fi(x,B)g(x)/m;



where

ni = [ 5w 0)g(a) da.

In case-control sampling, the data are not sampled from the joint distribution, but rather
are sampled from the conditional distributions of X given ¥ = y;. We are thus in the situation
of Section 2 with g playing the role of n and

pi(x, B,9) = fj(x, B)g(x)/m;.

3.1 The information bound in case-control studies. To apply the theory of Section 2, we must
identify the nuisance tangent space 7, and calculate the projection of /g on this space. Direct

calculation shows that
_0logf(n.0)  [Dlogfi(x.)
)] aﬁ J aﬁ ’
where &; denotes expectation with respect to the true density pjo, given by pjo(z) = p;(z, 5o, 90),

where By and gg are the true values of 5 and g. Here, and in what follows, all derivatives are
evalueted at the true values of parameters.

Is

Also, for any finite-dimensional family {g(x,t)} of densities with g(x,ty) = go(z), we have

- 2esgle) g [olosote0)

It follows by the arguments of Bickel et al. (1993, p52) that the nuisance tangent space is of the
form

Ty = {(h— &R, .. h— EsfR]) : h € Lok(Go)}, (2)

where dGy = godx, and Ly ;(Go) is the space of all k-dimensional functions f satisfying the
condition [ ||f]|* dGo(z) < oo.

The efficient score, the projection of ig on the orthogonal complement of 7, is described in
our first theorem. In the theorem, we use the notations mjo = [ f;(z, 80) dGo(z),

J
* Wy
fra)y=> ),
j=1 T
Ig; = (gj1r-- - lgge)"
and
I
di(z) =) ﬁlﬁ,jzfj(%ﬁo)'
j=1"

Then we have the following result:



Theorem 1. Let A be the operator La(Go) — Lo(Go) defined by

J .
(Ah)(@) = f*@)h(e) = Y~ = f5(@) (/75 1)
j=1"7

Then the efficient score has j,1 element

Ig.j1 — hi + Ej[hj]

where hi is any solution in La(Go) of the operator equation

Ahi = ¢1. (4)
A proof is given in Section 5.1.

It remains to identify a solution to (4)

i fi(@, o)/ f*(x) and vy =
[ P;Pj f*dGy. Let V = (vj;), W = diag(wy,

...,wy) and M = W — V. Note that the row
and column sums of M are zero, since

Define Pj(z) =

J
—Z/Pj]jj/f*dGOZ’wj—?/fjdGOZO
§'=1 J

Using these definitions and (3), we get

J

Ahy =y f* = (h, fi/75)2P; f*
j=1

so that Ah; = ¢; if and only if

J
Z hy, f]/ﬁj
7j=1

This suggests that h; will be of the form

b
j=1

for some constants c,...,cy. In order that h) satisfy (4), we must have

Z cjr(Py, fim)2 (¢l, )2 =0, j=1,...,J.



Now
(Py, fimj)2 = /Pj/,fj/ﬂjdGo
= wj_l/Pj'ijf*dGo

so that (5) will be satisfied if the vector ¢ = (c1,...,c;)T satisfies
Mc = d(l) (6)

where d; = (dy,...,dy)T with dji = (¢, Pj)2. Thus, we require that ¢ = M™d ;) where M~ is
a generalised inverse of M.

Our next result gives the information bound.

Theorem 2. Let D = (dy,...,d;) and ¢ = (¢1,...,¢x)". The inverse of the information bound
B is given by

LN~ e [997 r
=D wiElig ik - / N3 dGy —DTM™D. (7)
j=1
See Section 5.2 for a proof.

3.2. Efficiency of the Scott-Wild estimator in case-control studies. Suppose we have J dis-
ease states (typically J=2, with disease states case and control), and we choose n; individu-
als at random from disease population j, j = 1,...,J, observing covariates 1 j,...,xn; ; for
the individuals sampled from population j. Also suppose that we have a regression function
fi(xz,B8),5=1,...,J, giving the conditional probability that an individual with covariates = has
disease state j. The unconditional density g of the covariates is unspecified. The true values
of 6 and g are denoted by (y and gy, and the true probability of being in disease state j is
mjo = [ f(x,Bo)go(x) dx
Under the case-control sampling scheme, the log-likelihood is (Scott and Wild 2001)

J n J J
Z Z log fi(z4ij, B) + Z Z log g(zij) — Z njlogm;. (8)
j=1

j=1i=1 j=1i=1

Scott and Wild show that the non-parametric MLE of 3 is the “beta” part of the solution of
the estimating equation

8logP :EU,B, )

J
Z =0, 9)

Jj=11i=1
where 6 = (/87:0)7 p= (pla <. 710J—1)7

* 6pj-jj(17ﬁ) .
P(x,8,p) = , =1,...,J—1 10
]( 2 l 1 eplfl( ,B)+ fi(x, ) J (10)

7



and

fi(z, 8)
i erfi(x, B) + fi(x,B)
A Taylor series argument shows that the solution of (9) is an asyptotically linear estimate.
Thus, to estimate (3, we are treating the function [*(0) = ijl S log P} (5,3, p) as
though it were a log-likelihood. Moreover, Scott and Wild indicate that we can obtain a consis-

Pj(.’L’,ﬁ’p) - (11)

tent estimate of the standard error by using the second derivative —%?a(g:p), which they call the
“pseudo-information matrix”.

Now let n = ni +---+ny and let the n;’s converge to infinity with n;/n — wj;, j=1,...,J,
and let po = (po1, .-, po.s—1)1 where exp(poj) = (w;/m0;)/(ws/m0s). It follows from the law of
large numbers and the results of Scott and Wild that the asymptotic variance of the estimate
of (3 is the 88 block of the inverse of the matrix

4 0?log P (x5, 5, p)
=2 i 06067 !
j=1

where all derivatives are evaluated at (p, pg). Using the partitioned matrix inverse formula, the
the 3, 3 block of (I*)~!

(o5 = Top(T) ' Tps) (12)
where I* is partitioned as
I*:[Iéﬁ I%P}
Ipﬁ Ipp

To prove the efficiency of the estimator, we show that the information bound (7) coincides

with the asymptotic variance (12). To prove this, the following representation of the matrix I*

will be useful. Let S be the J x k matrix with j,/ element Sj; = W| =3, and jth row

Sj, and let E be the J x k matrix with j, element &;[Sj]. Also note that P;(z) = P} (z, Bo, po)
and write P = (Py,..., Ps)T. Then we have the following theorem:

Theorem 3.
1. Ty =37 w;&[S; 87 — [STPPTS f* dGy,
2. Let U= WE — [ PPTSf*dGy. Then I’5 consists of the first J — 1 rows of U,
3. I, consists of the first J — 1 rows and columns of M =W — V.

A proof is given in Section 5.

Now, we show that the information bound coincides with the asymptotic variance. Using
the definition ¢;(z) = Z] 1 7r]Olgjlf] (z, Bo), we can write ¢ = (S — E)T Pf*, and substituting

this and the relationship lg =S — E into (7), we get

Z w;E;(8;8T] — ETWE — /(s —~E)Y'PPT(S—E)f*dGo(z) —-D'TM™D  (13)



Moreover,
D = / Pl dGo(x)

= /PPT(S—E)f*dGO(x)
= WE-U-VE
= ME-U.

Substituting this into (13) and using the relationships described in Theorem 3, we get

B'=I},-U'MU-E"(I-MM )U-U"(I-M M)E. (14)

1 o
PP
K

is a generalized inverse of M, so UUM~U = I plzpfllzﬁ. Also,

By Theorem 3, the matrix

I-MM)U = (I- MM )(ME - D)
= (I-MM )ME — (I- MM )MC
=0

by the properties of a generalized inverse. Thus, B~ = Izﬁ — IE pIZp_ll’;ﬁ and the Scott-Wild
estimate is efficient.

4. Efficiency of the Scott-Wild estimator under two-stage sampling
In this section, we use the same techniques to show that the Scott-Wild non-parametric MLE
is also efficient under two-stage sampling.

4.1 Two stage sampling. In this sampling scheme, the population is divided into S strata, where
stratum membership is completely determined by an individual’s response y and possibly some
of the covariates x, typically those that are cheap to measure. In the first sampling stage , a
random sample of size ng is taken from the population, and the stratum to which the sampled
individuals belong is recorded. For the ith individual, let Z;s = 1 if the individual is in stratum

s, and zero otherwise. Then n[()s) = 2?211 Z;s 1s the number of individuals in stratum s. In the

second sampling stage, for each stratum s, a simple random sample of size ngs) is taken from the

(s) 5) )

ng  individuals in the stratum. Let x5, i =1,... ,ng and s, 1=1,... ,ngs be the covariates

and responses for those individuals. Note that ngs) depends on n((]s) and must be regarded as
random, since n(()s) > ngs) for s =1,...,5. We assume that the distribution of ngs) depends only

on n(()s), and that, conditional on the n(()s)’s, the ngs)’s are independent.

As in Section 3, let f(y|z, ) be the conditional density of y given x, which depends on a
finite number of parameters 3, which are the parameters of interest. Let g denote the density of



the covariates. We will regard g as an infinite dimensional nuisance parameter. The conditional
density of (x,y), conditional on being in stratum s is, using Bayes theorem,

Is(z,y) f(ylz)g(z)
I J Ls(z,y) f(ylz, B)g(x) dx dy

where Is(z,y) is the stratum indicator, having value 1 if an individual having covariates x and
response ¥y is in stratum s, and zero otherwise. The unconditional probability of being in stratum
s in the first phase is

Q.= [ [ L@sle g do dy
Introduce the function Qs(z,8) = [ Is(z,y) f(y|z, 3) dy. Then

Qs:/Qs(aj7ﬁ)g($)dm

Under two-phase sampling, the log likelihood is (Wild 1991, Scott and Wild, 2001)

g n® g n®
1 1
Zzlogf yzs‘xz&ﬁ "‘Zzlogg Lis +Zm510ng (15)
s=1 i=1 s=1 i=1

where mg = nés) — ngs). Scott and Wild show that the semi-parametric MLE B (i.e. the “”

part of the maximiser (@, g) of (15)) is equal to the “B” part of the solution of the estimating
equations

o o

95 0, p = (16)
The function £* is given by
s nf" s nf"
CBop) =303 log Fyislrie, 8) = 30 log [Zur )Qr(wis, 9)] + st log Qs (p
s=1i=1 s=1i=1

where Q1(p), ..., Qs(p) are probabilities defined by 2;9:1 Qs(p) =1 and logQs/Qs = ps, s =

.8, and ps(p) = c(ng — ms/Qs(p)). The ug’s depend on the quantity ¢ and the my’s, and
for fixed values of these quantities are completely determined by the S — 1 quantities p;. Note
that the estimating equations (16) are invariant under choice of c¢. It will be convenient to take
cas N~ where N = ng + ni, where n; = Zle ngs).

In order to apply the theory of Section 2 to two-phase sampling, we will prove that the
asymptotics under two-phase sampling are the same as those under the following multi-sample
sampling scheme:

1. As in the first scheme, take a random sample of ng individuals and record the stratum in
which they fall. This amounts to taking an i.i.d. sample {(Z;1,...,Zis),i =1,...,n0} of
size ng from MULT(1,Q1,...,Qs),

10



2. For s = 1,...,5, take independent i.i.d. samples {(zis,¥is),i = 1,...,n§s)} of size

ngs) from the conditional distribution of (z,y) given s, having density ps(z,y,3,9) =

Is(x,y) f(y|z)g(x)/Qs.

We note that the likelihood under this modified sampling scheme is the same as before, and we
show in Theorem 4 below that the asymptotic distribution of the parameter estimates is also
the same. It follows that if an estimate is efficient under the multi-sampling scheme, it must
also be efficient under two-phase sampling.

Theorem 4. Let N = ng + n1 where n; = 253:1 ngs), and suppose that /N (ng/N — wg) 20
and \/N(ngs)/N—ws) £0,s=1,...5.
Let 0 be the solution of the estimating equation (16), and let Oy be the solution to the equation

S
wol [Yo(Z1, ..., Ze, 0)] + > Esltos(, y,0)] = 0, (17)

s=1

where s denotes expectation with respect to ps,

S
0
Vo2, Z5,0) = 55 Szlzs log Qs
and

0
Vola,y.0) = 5o { log f(yle, ) —log | > 1Qu(w,B)| —logQ.},  s=1,....8.

Then v N(0—6y) is asymptotically N (0, (I*) "V (I*)~1) under both sampling schemes, where
V= 2o waBa[ (s = Es[a])[(6s = Bala)] and T* = = 557 wa B[00/ 06).

A proof is given in Section 5.4.

4.2 The information bound. Now we derive the information bound for two-stage sampling. By
the arguments of Section 4.1, the information bound for two-phase sampling is the same as that
for the case of independent sampling from the S + 1 densities ps(x,y, 3, g) where

Is(z,y) f(y|z, B)g(x)
Qs ’

Ps(%y,ﬂag): S:].,...,S

and
pO(x7y7ﬁug): 1ZIQ§J

where Zg = I;(z,y) is the sth stratum indicator.

11



First, we identify the form of the nuisance tangent space (NTS) for this problem. As in
Section 3, we see that the score functions for this problem are

l'O 810gp0 .fE 9757 ZZ g

and o1
Z.S: ngs(x,y;ﬂmg) 28—85[8]78:1""75
op
where S = %W and &5 denotes expectation with respect to the true density ps(z, y, 5o, go)-

dlogps(z,y,B,9(xt) _ h—

Similarly, if g(z,t) is a finite-dimensional subfamily of densities, then 5
Ehl,s = 1,...,8 and 2eemolenfa@l) _ $8  7.e(p] where h = 2128=D - Arguing as in
Section 3, we see that the NTS consists of all elements of the form

(Zz EIRY),h = Eilh], ..., h = &[h])

where £ denotes expectation with respect to Gp.

As before, the efficient score is [* = [ — T(h*), where h* is the element of Lok(Gpo) which
minimises ||l — T'(h)||3,. An explicit expression for this squared distance is

k S
Z{wozg[Zs{Ss[Sj]—Ss[h Zws s ({85 = &S] - hj+5s[hj]}2]} (18)

s=1

where h; and S; are the jth elements of h and S respectively. To obtain the projection, we must
choose h; to minimise the term in the braces in (18). Some algebra shows that this term may
be written as

(hj, Ahj)2 — 2(hj, ¢;) 2+Z woQso — ws)Es| +Zws 52 (19)

where Q50 = [ Q(z, By)go(x) dz is the true value of Qs, (.,.)2 is the inner product on Lo(Gp), A
is a self-adjoint nonnegative-definite operator on Lo(Gp) defined by

S S
Ah=@*{h—ZZ<f»8—% S h@)Qr i PS}, (20)




wOQr(l_Qr) r—=-s
Trs = _w0Q,Qs

Wy ) 7’755,
and
a1 s\&Ly *
Ooggﬁ;ﬁﬂ,ﬁ - ZZQ rs = s)Es(Sj). (21)
s=1r=1

As in Section 3, (19) is minimised when h; = h}, where hj; is a solution of Ah; = ¢;, which must
be of the form

S
b
hy = f—J +) P (22)
r=1
for constants c,; which satisfy the equations
s s s
5o —
. ZZ — Yrs) s Zrs) gy ver; = Z (6rs %s)dsj (23)
s=1 t=1 s=1 Ws

where v,s = [ P,P;Q*dGy and dsj = (Ps,¢;)2. Writing T' = (v5), C = (¢rj), D = (dy),
W = diag(wi,...,ws) and V = (v,5), (23) can be expressed in matrix terms as

MC =D (24)

where M = W(I — T)~! — V. These results allow us to find the efficient score and hence the
information bound, which is described in the following theorem:

Theorem 5. The information bound B is given by

¢p"

o dGo(z) —DTM™D.  (25)

S S
= Zwsgs [SST] + Z(wOQSO - ws)gs [S}gs [S]T -
s=1 s=1

The proof is similar to that of Theorem 2 and is omitted.

4.8 Eﬂiczency of the Scott-Wild estimator
Let § = (B,) be the solutions of the estimating equations (16). By Theorem 4, under
suitable regularity conditions, 8 is asymptotically normal with asymptotic variance

I**1VI*71

where I and V are as in Theorem 4. It turns out that the matrix V is of the form

V=1 —I(OT A)I (26)

13



for some matrix A. Thus, the asymptotic variance of 0 is

x—1 0 0
I <0T A)’

and it follows from the partitioned matrix inverse formula that the asymptotic variance matrix
of (3 is the inverse of

* * * \—1ly*
Tss = Iﬂp(Ipﬂ) Ios (27)
where I* is partitioned as
I*_[Ié@ Iéﬂ}
Ipﬁ Ipp

To demonstrate the efficiency of 3, we must show that (27) and (25) coincide. To do this, we
need a more explicit formula for I*. Let S be the S x k matrix with s, j element %ﬁm’ﬁj) | 8=80

let E be the S x k matrix with Ith row E, = £[S], where § = 28LUlE0) |, o Also define

MS(:O>QS($> ﬁ)
S e (p)Qr(, B)

and note that Ps(z) = P} (z, o, po), where pg satisfies Qs(po) = @s0, s = 1,...,5. Finally,
write P = (Py,..., Ps)T. Then we have the following theorem:

(28)

Pl (z,B,p) =

Theorem 6.

1 Ty =0 wés [8ST] — [STPPTSQ* dGy(x),

2. LetU=WE- [ PPTSQ* dGo(x). Then I;‘)ﬂ = ATU,, where Uy consists of the first S —1
rows of U and A is a non-singular (S — 1) x (S — 1) matriz.

3 I, = ATMyA where My consists of the first S — 1 rows and columns of M = W (I —
r—t!-v.
The proof is given in Section 5.5.

We now use theorems 4 and 5 to show that the efficiency bound (25) equals the asymptotic
variance (27). Arguing as in Section 3, we get

S
B! = Th;— T, 'L+ { Y (w0Quo — wo) BET + ETW(I - T)E}. (29)

s=1

We complete the argument by showing that the term in the braces in (29) is zero. We have

s S T
(ws - wOQsO)EsEST + wo <Z QSOE8> (Z QSOES>
s=1

E'W(I-T)ET =

s=1

(ws - wOQsO)EsEZ

M- 11>

©
I
-
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since Zle Qs0Fs = 0. Hence the term in the braces in (29) is zero, the asymptotic variance
coincides with the information bound and so the Scott-Wild estimator has full semi-parametric
efficiency.

5. Proofs

5.1 Proof of Theorem 1 _ _
The efficient score is the projection of /g onto ’Z:f-, so is of the form lg — g, where g is the

unique minimizer of |lig— gl|3,in 7,. By (2), this is I3—T(h*), where h* is the (unique) minimizer
of |ig — T(h N3, in Lok (Go). erte h* = (hi,...,hy). Then

lig — T(h* HH_ZZ /lﬂ,ﬂ hi — E;[h{])* f; dGy (30)

l1]1

so that we must choose h; to minimize

J

Wi 1 * * 7k *
Z;/(lﬁ,jl — hj — Ej[hi])* f; dGo = Zw] (i3] + (AR}, B )2 — 2(¢1, hi)2. (31)
j=1"7

Now let h} be any solution in Ly(Go) to (4). Then for any h in La(Go), using the fact that A
is self-adjoint and positive definite, we get

Zw] [i3.51) + (Ah,B)y — 2(¢1, h)a = Zw] 05,51 — (AR Bi)a + (h = hi, A(h = Bi)),

Y

Z w;E;(13 ;1) — (Ahg, b2

with equality if h = h}, so that the efficient score has j,1 element Sg j; — hj + E;[h]] as asserted.

5.2 Proof of Theorem 2
The [,1’ element of B~! is

J
ZU’J a5l = > TTJJ / (o — b — E5(h))) (g v — hyy — Ej(hy)) f; dGo

= ij g il ] + (ARF B)2 — (60 b2 — (b0, hi)2

= ng is.gils v — (61, 15)a

= Zwa [is s ) — / P 4y - dipM™dg).

15



5.8 Proof of Theorem 3
First, we note the formula
0% log P OQP;‘ 1 Olog P} dlog P}
00007 — 00067 P; 00 00T

and the fact that

aZP* 1 w;j
Z“’J i | a00eT P Z / aeaeTP* dGo(2)
&Py
N Z / 8«989Tf ()
_ iaeaeT / £ dGo(z)
= 0,
since ijl P; =1. Hence
J *
0P

I* = *Zw]’E]‘

9006T

dlog P} dlog P*]

- ij J[ o967

Next, we note the derivatives

dlog P} (x, B, p) 4
= 5 — SSP87
95 >
dlog P} (z, 3, p)
= 5'T_PT7
apr Js

when the derivatives are evaluated at (g, po). Thus

. Olog P Olog P}
I5s = ij J[ 55T }

- z [ (5= S8R (55— oL 8.2) " gy o
! T
- ijEj [SJ'S]T] - / (Egjzl SsPs> (Ejzl SSPS> f () dGo(x)
Jj=1
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ij (S;87] - / STPPTSf* dGy(x)

which proves 1. Also

. dlog P} dlog Pr
por ijEj[ dpr op ]

J .
:}j,ﬂ@fﬂxﬁ—zﬁ&awmw%m

= wE[Sy] — / (Z}]:1 Sij> P, f*(z)dGy(x)

which proves 2. Finally,

dlo PT" O0log Pr
Loprs = ZU’J J[ : - ]]
Opr 0ps

- W/Jr- (5js = Pu)J;(2) dGof)

5.4 Proof of Theorem 4
Under the two-stage sampling scheme, the joint distribution of {n(()s) }, {ngs)} and {(z;s, Yis), 1 =
...\ s=1,..., 8} is (Wild 1991),

g ( s)

. s nts)
HP[ng)\né )] X ﬁ@l X H HI xz&yzs yzs|x157ﬂ) (xzs) /Qsl .

s=1 s=1 | i=1

Thus, conditional on the {n((]s)} and {ngs)}, the random variables {(x;s, ¥is), 7 = 1,. .. ,ngs), s =

., S} are independent, with {(z;s, yis),i = 1,... ,ngs) being an i.i.d. sample from the condi-
tional distribution of (x,y), conditional on being in stratum s, having density

ps(x’yvﬁvg) = Is(xvy)f(y’xvﬂ)g(‘r)/Qs

17



Define
0
(N) - = _ _ —
vM(,y,0) = 57{ log (vl B) 1og[§£jusczs<x,ﬂ>} logQs},  s=1,....5.
and
N) 0 &
7rZJ[() (Zly"'azsve):%ZZSIOng'
s=1

Then the estimating equations (16) can be written in the form

(s)

no S Ny
S0 Zin, o Zis0) 30 ST 00 (46, yis, 0) = 0, (33)
i=1 s=1 i=1

Note that the functions qu depend on N, the ng Vs and the n[() Vg through the us’s and the
Qs’s. As N — oo, the functions converge to

Vs(z,y,0) = je{logf(ylx B) — log [Zust(x,ﬁ)} —10ng}, s=1,...,5,

and
Wo(@,y, 0 Z Z,10g Qs,
where Hs = Wo — (wOQSO - ws)/Qs-
Put
s n{”
Z% Zivy - Zis, 0) + > W (@i, is, 0).
s=1 i=1

A standard Taylor expansion argument gives

VR~ ) = (@S L o5

1 1 0SN
N 06

-1
1
) —=S(bo) + —=
6=0o

-1
R
0=00

where the jth element of R is

Ll .o O
By =30=0)" Fgaer .

Sx; is the jth element of Sy and [|6 — 6g|| < [|6 — 6o]|-

18



Consider first Sy (6g)/v'N. We have

S]\V/(NEO) 2{1% Zixs - Zis, 0o) — Ebol }

S 5) (5)
+ nl {1/) xzs: iS5 9) - gs W}S]}
S s
S (s)
+ \/>Z (*—w0> [¢O]+fz (N—ws) Es[vs)-

Since VN (ng/(N) — wp) and \/N(ngs)/(]\f) — wg) converge to zero in probability, we see that

S(6
éNO) Z Z{% Zz& 90 [w()]}

zlsl

+ Z \/QTSF Z{w $237yisa 9) - (c/‘s[@bs]} + Op(l)

so it suffices to consider Sy = S](\}) + S](\?) where S](\}) and S](\?) are the first and second terms
above.

Under the alternative multisampling scheme, SJ(\}) and S](\}) are independent, as are the S
summands of S](\?). Thus, by the CLT, provided ng) converges to ¢, sufficiently quickly, we see
that Sy is asymtotically normal with zero mean and asymptotic variance V = ZSS:() ws Var Y.

Conversely, under two-phase sampling, the characteristic function of Sy is

B[] = 300, Ele™ [{n}, {n{V} P[{n”}, {n{"}] (34)
(2

where 3 ) denotes summation over all possible values of the {n[()s)} and {ngs)}. Since Sy

depends on {n(()s)} only through {ngs)}, (34) equals

E[e"SV] = 32 o Ele™N E[*SY [} P[{n{)}, {n{}]. (35)

Let Vo = Zle wsVar[is]. Assuming that the ng) converge sufficiently quickly to the 1)y ,
it follows that E’[ iS5 |{n(s } — exp{—1tTVyt}, since the distribution of 5(2) conditional on
{n } and {”1 } is the same as that (unconditionally) under multi-sampling.

Now let € be arbitrary, and let Ny be such that

B[N [{n{}] - exp{~37Vat}| <
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whenever ngs) > Ny for s = 1,...,5. Also, assume that the (random) sample sizes ultimately
get large, in the sense that there exists IN* such that

Pln{" = No,...,ng) > No] > 1 -
whenever N > N*. Denote by 2(1) summation over all values of {n(()s)} and {ngs)} for which
ngs) > Ng for s=1,...,5, and let 2(2) denote summation over all remaining values. Then
) (1) 1 o(1) i1 c(2)
E[eN] = E[e”sl\} ]exp{—ltTVQt} —i-z [e”sz\} (E[eltsz\? |{n§s)}] —exp{—%tTVQt})]

+ 3oy BN (BN [(n{V}] — exp{—3¢"Vat})]

If ng > N*, the sum of the second two terms is less than e in absolute value, so
) (D)
E[e"N] = B[N | exp{—3tT Vat} + o(1).

. i+g(1) .
Again by the same arguments as above, [e¢N'] converges to exp{—%tTVlt} where V7 is

woVar[to(Z1, . .., Zs,0)] so that E[e™N] converges to exp{—2tTVt})] , and hence Sy con-
verges in distribution to a multivariate normal with variance V = V1 + V.

Assuming that 6 is VN -consistent, similar arguments show that % 25 ‘ 9—p, CONVErges in
probability to I* under both sampling schemes, and that R/v/N is o,(1). Thus, as asserted, in
both cases VN (0 — ) converges to a multivariate normal with variance (I*)~ 2V (I*)~1
5.5 Proof of Theorem 6

Let

ps(p)1s(x, ) f(ylz, )
> tie(p)Qr(z, 8)

From the definition of I* in Theorem 4 and the law of large numbers, we get

Pl(z,y,8,p) =

S T 2

. 0% log Qs 0?log P! 0%log Qspts
' = —woé ZZS 90907 ];“’85"’[ 90067 96007

B i 810gP 8logPT _i < i82PST

T L 067 % | i 00007

S S
9 log Qspus 9 log Qs
+Z 90007 _Z W0~ gagT (36)

The second term of this expression is zero, since
S S
1 92P! 0>
Y wils | am | = D P! dyQ*dG
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Now we evaluate I;;. For the 38 submatrix, the third and fourth terms of (36) are zero. Thus,
using the derivative
oP!

op

=S-8'Pp,

we get

s i i
. dlog Pl dlog P,
g = > wsﬁs[ oo s

03 opT
S
- Qso/ / (8~ S"P)(S — S"P)" L(w,y)f (yl, fo)dy dGi(x)
- Q ; / / S8 I(x,y) f (ylz, Bo)dy dGo(x) — / STP(ST P Q* () dGo(x)

- Zwsgs[ssT]— / STPPTSQ* dGy(x).
s=1

which proves part 1.

Now, consider I;ﬁ e Again, the third and fourth terms of (36) are zero. Introduce the

parameters A, ..., Ag_1 defined by

Ar = IOg(MT(p)/MS(p))7 r=1,...,5-1

Then
orPl Z + O, OP!
opr Opr ONp
= Z apr : (37)
Thus

S 1 ]
. dlog Pl log P,
N [ o P 9log P!

dpr 0B,
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B Q 0 // (551’ — P)|(S — SP);I,(x,y) f (yle, Bo) dy dGo ()

- Zﬁpr
where
Qso// ps = Pp)(S = SP);1s(x,y) f (ylx, Bo) dy dGo ().

Then, as in Theorem 3, we see that u,; is the p, j element of U, and so part 2 of the theorem is

true with A, = gz

The pp submatrix is
I:p - Zws s
- Zws :

where rs = Qsows/cs. It follows from (37) that I}, = ATMyA where My has p, ¢ element

S
> wbs
s=1

As in Section 5.3, the first term of this expression is dpqwy, — vpe. Routine calculations using the
relationships A, = log(u,/ps) and p, = wo — ¢,/ Q) give
Kphq

0Qy _
g T e

0 log Pl o log Pl
opT

S S
9% log Qs 9% 1og Qi
; woQs0—F 7 8pdpT + Sz:l Ws 8pdpT

0 log PJr dlog Pl
opT

S
1 0Qs 0Qs
woz;ms op 0pT

0log Pl o log Pl

1 0Qs 0Qs
N, o Z

Ks ONp ONg

where k* = Zf;:l kp. This representation implies that

i 10Q,0Qs _ 9Q,
s 00y DN 0N

so that the p, ¢ element of My is dpqwp — vpg — Wo 8%’

By the Sherman-Morrison formula, the p, ¢ element of the matrix W (I-T)~! —W is —wj g&g: ,

so the matrix My consists of the first S — 1 rows and columns of W — V 4+ W({I~T)"! - W =
WI-T)!-V=M.
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