Breaking the Stick

A stick is broken randomly in 2 places.

What is the probability that the three pieces can form a triangle?

As a problem it can be approached at several levels:


Initially, act it out. Students break sticks in an apparently random manner and collect data. This is unlikely to generate a random set of breaks, resulting in some bias in the data. Over time get a feel for long run relative frequency of the event.


At a second level, simulate the breaking using a random number generator. To assist in deciding whether the breaks result in a triangle, consider using a 1 metre tape measure. Bend the tape at the break points to see if a triangle can be formed. Several random number generators can be considered: picking numbers from a jar; using the random or randint function on a calculator; writing a program on a graphics calculator that repeatedly uses the random function and stores the information.

At a third level, develop an analytic solution. This is attached. Fairly sophisticated, but maybe even steps along the way to this solution can be developed. For example, defining the initial triangular region, and then testing some points mixes an analytic approach with some guess and check.

Breaking the Stick

A stick is broken randomly in 2 places.

What is the probability that the three pieces can form a triangle?

Find out by experimenting . . 

Experiment

Suppose the stick is 100 units long. The jar contains the numbers 1 to 99. 

Randomly pick two numbers out of the jar. These are the breaking points along the 100 units of the stick.

So if you pick 8 and 64, the three lengths will be 8, 56 and 36. 
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These cannot form a triangle as one of them is longer that 50 units.

Repeat the experiment 20 times and record how many times you can form a triangle.

	Group
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J

	Number of triangles out of 20attempts
	
	
	
	
	
	
	
	
	
	


At the end of the session when every group has tried the experiment, we will have a good idea of the probability that the three pieces form a triangle. 

Using a Graphics Calculators

The previous physical experiment that simulates the breaking of a stick uses a discrete approximation to the breaking of a stick that only allows for 100 breaking points on the length of the stick. This model can be improved by using the random number generator of a calculator. 

The physical experiment is successful, over time, in producing sufficient data to give students a feel for the long-run relative frequency of the occurrence of the triangles. An additional strategy is to program a graphics calculator to simulate the experiment. It is not necessary for the students to be able to do the programming - simply load the program for them, and let them play with it and see the results. However some may feel it is a suitable challenge for students to write such a program. That may serve as a stepping stone towards a full analytic explanation of the theoretical probability of the event.

A few programs to simulate breaking the stick

The first program STICKS imitates the process described in the experiment for as many repetitions of the experiment as you nominate. Integers between 1 and 100 are randomly generated using the randInt function. The data is stored in lists and manipulated between them. That may be a valuable feature when using the program with students. 

The critical calculating line of the program is:

: int (L3÷50) + int ((L4-L3)÷50) + int ((100-L4)÷50)  L5

This has the effect of checking whether any of the three lengths generated is 50 units or longer and then flagging this occurrence by placing 1 in L5. Otherwise a zero is placed in L5. 

Because the program uses lists to store the data, there is a physical limit to how many repetitions are possible. This appears to be about 160.

PROGRAM: STICKS

: Disp "BREAK THE STICK"

: INPUT "REPETITIONS?', X

: ClrAllLists

:: randInt (1, 100, X)  L1
: randInt (1, 100, X)  L2
: min (L1,L2)  L3
: max (L1,L2)  L4
: int (L3÷50) + int ((L4-L3)÷50) + int ((100-L4)÷50)  L5
: (X - Sum(L5)) ÷ X  Y

:

: Disp "TRIANGLES "

: Disp "PROPORTION: ", Y

The second program STONES overcomes the memory restrictions of STICKS by not making any use of lists. There is no limit to the number of repetitions possible. It takes 2 or 3 minutes for the program to churn through 1000 repetitions.

This program also makes use of the rand function instead of randInt. This now is something of a departure from the physical experiment. It is a better discrete approximation to the breaking of a stick that the model that only allowed for 100 breaking points on the length of the stick.

PROGRAM: STONES

: Disp "BREAK THE STICK"

: INPUT "REPETITIONS?', N

: ClrAllLists

: 0  S

: FOR (I, 1, N)

: rand  A

: rand  B

: min (A,B)  C

: max (A,B)  D

: int (C÷0.5) + int ((D-C)÷0.5) + int ((1-D)÷0.5)  T

: T + S  S

: End

: (N - S) ÷ N  Y

:

: Disp "TRIANGLES "

: Disp "PROPORTION: ", Y

The third program BONES incorporates a minor but important extension of STONES. The rand function is still used to generate breaking points. Running totals of the number of trials of the experiment and the current proportion of triangles are stored in L1 and L2. This allows students to view the long-run relative frequency of the occurrence of triangles. Because lists are not used as extensively as in STICKS more repetitions are possible but there is still a physical limit. It appears to be just over 500.

PROGRAM: BONES

: Disp "BREAK THE STICK"

: INPUT "REPETITIONS?', N

: ClrAllLists

: 0  S

: FOR (I, 1, N)

: rand  A

: rand  B

: min (A,B)  C

: max (A,B)  D

: int (C÷0.5) + int ((D-C)÷0.5) + int ((1-D)÷0.5)  T

: T + S  S

: I  L1(I)

: (I - S) ÷ I  L2(I)

: End

: (N - S) ÷ N  Y

:

: Disp "TRIANGLES "

: Disp "PROPORTION: ", Y

An analytic Solution
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Let x and y be the lengths of two of the pieces.     

The third piece will then have a length of d - (x + y). 

 

Then 0 < x < d,  0 < y < d,  and 0< x + y < d.     

 

These possible values can be represented by a (triangular) region of the plane    
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For the three pieces to form a triangle, no piece can be longer than half the total 

length available. 

That is,   x  < d/2   and    y < d/2  and   d - (x + y) < d/2     

These reduce to  x < d/2, y < d/2 , and x + y > d/2         

 

This is represented by the shaded region: 
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This is  EQ \f(1,4)  of the possible region.

Hence the probability that the three pieces can form a triangle is  EQ \f(1,4)  .


Two more solutions.

For a triangle to be formed no piece must be longer that 0.5 of the 1m ruler AB.


A________________X_________________Y_________B

If X < Y then

Three events must happen simultaneously to make a triangle.

Event #1 = Pr(Ist random number X less than 0.5) = 0.5

Event #2 = Pr(2nd random number Y greater than 0.5 = 0.5

Event #3 = Pr(The gap between two random number Y-X less than 0.5 = 0.5

These statements may be obvious but can also be reasoned from calculating the three lengths.

LENGTH AB = Xm

LENGTH XY = Y – Xm

LENGTH YB = 1 – Ym

For a triangle to be formed any two must be less than the other one.

Eg 


X + Y- X = 1 – Y…………..1

Or
X + 1 – Y = Y – X…………..2

Or 
Y – X + 1 – Y = X…………….3

From 1 we get Y = 0.5

From 2 we get X - Y = 0.5

From 3 we get  X = 0.5

SO

Pr(Event #1 and Event #2 and Event #3 happening) = ½ x ½ x ½ = 0.125

If Y < X then we have a similar set of statements and the same result.

Overall probability then is 0.125 + 0.125 = 0.25.

INSIGHT!

The location of the first random number X is not important but the second one Y must be no further than 0.5 from an endpoint and no further than 0.5 from X.

Event #4 = Pr(Y within 0.5 of an endpoint) = 0.5

Event #5 = Pr( |Y – X| is less than ).5 = 0.5

Pr(Event #4 and Event #5 happening together) = ½ x ½ = ¼ = 0,25

Yet Anudder Solution

On a spreadsheet generate the two random numbers and sort these lowest to highest.

Calculate the three lengths.

Test that the two smallest add to more than the biggest.

If true make the variable count 1 more.

If false and true just make the variable total 1 more.

Calculate a running mean of count divided by total.

This can be graphed.

Curiosities from the simulation.

1. There is a lot of variability but the graph tends to head towards 0.25ish.

2. The variability at first is huge, as expected.

3. About 500 repeats are necessary before a steady result appears.

4. Changing the stick length and the unit or resolution used changes the steady probability. 

Eg using a 10m rule with 1m resolution gives a low simulated probability of about 0.13. This is caused by rounding errors and lack of resolution. There is a reduced likelihood of success.

Eg using 100m rule and 1 m resolution gives 0.22 to 0.24 probability. 

Eg using 1,000,000 rule and 1m resolution gives probability range of 0.22 to 0.27 with being near 0.25 quite frequent often after 1000 runs.

Extensions

What is the probability of breaking the stick and being able to form a square?

What is the probability of being able to form an n-sided polygon?

What is the probability of being able to form a tetrahedral shape?

I wonder how this can be applied?

