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Chapter 1.


This booklet contains information on how to introduce probability to year 9 mathematics classes so that they can dispel some of their misconceptions about probability or chance as well as enjoy a topic that is relatively new to many of them.  

Many pupils do not have a very good understanding of many of the ideas taught in traditional probability courses and this is highlighted in external examination results (see chapter 2).  The way that probability is currently taught in a lot of schools is simply not working.  It is hoped that teachers using this set of lessons will be able to provide an interesting and fun module which aims to dispel some heuristic thinking and fallacies.

This module is relatively short, focusing on just 7 lessons as well as a diagnostic and summative assessment task.  Much of the language may be unfamiliar to Mathematics teachers, especially if they were pure mathematics rather than statistically trained and therefore I would recommend that teachers using this set of class lessons read chapter 2 before using these lessons in their classrooms.  


There is very little theoretical probability in these lessons so students of all abilities should be able to engage in the tasks. I am hoping to develop a Year 10 Probability module in 2008.

Suggested equipment (to cover all lessons)

1. Computer and Data-show (projector) – Used in all lessons

2. Large dice or OHP “6 sided die” (not essential but good visual) 

3. Class set of dice – Lesson 1
4. Big card board coin (not essential but good visual) 

5. Toy coins (could provide real money if needed) – Lesson 2

6. Coloured counters/beans and opaque containers – Lesson 3

7. Scissors, protractor, paper clip – Lesson 7

Chapter 2.
[image: image27.png]



Probability is the hardest subject in the whole wide world

Introduction

Education is in a constant evolutionary process with the aim of improving students understanding through better teaching.  Many of these evolutionary steps are quite small and un-noticed by most, a school Mathematics Department redefining its course structure is an example of a small evolutionary step. Other steps are moderate, such as the government driven projects such as the Numeracy Project that was introduced into Primary and Intermediate schools in 2000, the Literacy Project, introduced in 1998 and more recently, the Numeracy Project that was launched into Secondary schools in 2005. These projects may or may not affect a particular school as often a school must apply to receive assistance. Large steps also occur in the evolutionary ladder and can divide the education community.  The NCEA and its associated assessment schedules and the proposed Curriculum are examples of large steps.  In this essay a moderate evolutionary step in the teaching of probability is proposed in order to improve students’ probabilistic understanding. The misuse or misunderstanding of probability and probabilistic language will be explored and preconceived notions about probability in their reasoning will be investigated. Finally, changes will be suggested that could help teachers and students recognise pitfalls to enable them to understand this branch of the curriculum better.
Background


Despite probability having been taught in the New Zealand curriculum for the same length of time as statistics, probability, in my experience, is still seen by many teachers as statistic’s little unwanted cousin and in many junior secondary school Mathematics courses, probability is often simply taught at the end of the statistics topic, and only if there is time.  By the time students face their first national examination for probability, a significant amount of the participants may have only received about 5 to 6 weeks of probability teaching prior to this examination at secondary school.  According to Shaughnessy and Bergman (1993, p. 178)  “Many students will not have the opportunity to take it (probability) and teachers may even be tempted to skip it altogether.”

Results from the 2006 NCEA Level 1 Mathematics and Statistics Examinations (table 1) show that the probability strand had the greatest number of students failing with 15,701 of the 34,432 participants receiving a Not Achieved Grade (45.6%).  Probability also received the dubious distinction of having the smallest percentage of Achieved with Excellence with-in the Mathematics and Statistics strand with just 3.2% of the 34,432 students attaining this grade.

	Code
	Curriculum Area
	No. of results
	Not Achieved %
	Achieved %
	Merit %
	Excellence %

	90147
	Algebra
	35,201
	37.2
	35.3
	18.4
	9

	90148
	Graphs
	34,454
	37.6
	47.2
	11.4
	3.9

	90151
	Number
	36,983
	16
	50.9
	24
	9

	90152
	Trigonometry
	36,554
	25.4
	48.3
	21.3
	5

	90153
	Geometry
	31,135
	32
	48.8
	15.8
	3.4

	90194
	Probability
	34,432
	45.6
	31.5
	19.8
	3.2



Table 1: NCEA Level 1 External Achievement Standards results 2006

                                                                  (http://www.nzqa.govt.nz/qualifications/ssq/statistics/index.html)

By year 13, New Zealand’s final year of secondary school, the students sit their University Entrance equivalent examination, NCEA Level 3.  The pass rates at this level make for even bleaker reading with over half the participants failing the “solve straightforward problems involving probability” examination with the carry on effect of pass rates being significantly lower than all the other papers at the Achieved and Merit level.  

Table 2: NCEA Level 3 External Achievement Standards results 2006

	Code
	Curriculum Area
	No. of results
	Not Achieved %
	Achieved %
	Merit %
	Excellence %

	90642
	Confidence Intervals
	11,679
	13
	59.7
	23.8
	3.5

	90643
	Probability
	11,375
	54.3
	29.7
	12.7
	3.4

	90646
	Probability Distribution models
	11,497
	23.7
	37.3
	33.8
	5.2

	90644
	Solve Equations
	11,210
	25
	35.6
	35.2
	4.2


(http://www.nzqa.govt.nz/qualifications/ssq/statistics/index.html)
Why are questions involving straightforward probability being misunderstood or simply not answered correctly at so much higher rates than other statistical and probability topics?  Distributions such as the Poisson and Binomial are currently set at Level 8 of the current national curriculum. The topic of Confidence Intervals is also set at Level 8 of the curriculum, yet students of Probability and Statistics are passing these topics in far greater numbers than straightforward probability, a strand of the curriculum that is supposedly introduced to them at Level 1 of the national curriculum, that is, in their first year of school. While it is arguable that the NCEA does not assess what students need to know about probability and its place in everyday life, it does highlight that many students do not understand the basics of the topic.

Heuristics, bias and fallacies


It is naïve to believe that students arrive at secondary school with a tabula rasa, and have no exposure to probability as is it after all, prescribed in the curriculum. Despite the fact that they have had a lot or no classroom exposure to probability they have certainly talked, seen, used and informally calculated probabilities in their day to day life (Watson, 2005).  Students and adults have their own set of probabilistic beliefs and biases, which can be of either benefit or hindrance to their conclusions about a probabilistic outcome (Tversky & Kahneman, 1982; Watson, 1995). Many of these preconceived notions of probability fall under the title of bias or fallacy, they can often be the precursor to the heuristic concepts, representativeness, availability and anchoring that will lead to an incorrect conclusion (Mckean, 1985).  

There is a need for students to be exposed to their heuristic beliefs and biases so that they can become aware of the flaws in their reasoning and make better judgments in the real world.  However, how can teachers break down these barriers unless they are aware of these heuristics and biases in the first place?  Other misconceptions that students bring to their lessons are the notions of luck, fairness, random behavior and equiprobability bias (Watson, 2005; Shaughnessy, 2003). Fallacies include the conjunction fallacy, the gambler’s fallacy and Post hoc ergo propter hoc which is a logical fallacy (Watson & Moritz, 2002; Tversky & Kahneman, 1982).  While it is not enough to change probabilistic thinking simply based upon awareness of biases, fallacies and heuristics (Shaughnessy, 1977), it is a starting point and with other techniques such as modeling real life situations and more thoughtful use of  experiments and simulations it may lead onto more informed decision making processes under uncertainty and better cognitive processes.

Heuristics


A heuristic, derived from the Greek word "heurisko" (εὑρίσκω), which means “I find”,  is a procedure or method that people may use when problem solving. It often involves mental shortcuts that may work well or could lead to incorrect conclusions. Students will have an intuitive feel for question posed to them and is important that they have an appropriate schema for the situation. While the teaching and highlighting of potential pitfalls may not make students necessarily change their methodology, it is hoped that it will make them aware of beliefs or assumptions that may cloud their judgment.  The three main heuristics are representativeness, availability and anchoring.
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1.  The representative heuristic is a heuristic where it is assumed there is a link between events or objects.  The stronger an event 
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 can represent an event 
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 is believed to be low (Tversky & Kahneman, 1982). The representative heuristic often yields the nonsensical statement: Given 
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Figure 1: A is a subset of B and B is a superset of A.

 (http://en.wikipedia.org/wiki/Subset)
Consider the superset Nigel, attributes of Nigel could be considered a subset of Nigel. Nigel wears thick glasses, he enjoys tinkering with computer parts, occasionally wears sandals and socks, does not appear to have many friends and has little regard for fashion and music. Which of the two statements is more likely?


A. Nigel is a student


B. Nigel is a student and enrolled in Computer Science.

People choosing option B are using a representative heuristic to make a decision that has less probability of occurring.  This is one example of the representative heuristic, in which the prior probability of an outcome is ignored.  Other instances of the representative heuristic may occur when sample size is ignored such as in the hospital case (See Tversky & Kahneman, 1982, p. 6) and the misconceptions of chance which will be discussed later.

2. The availability heuristic is based upon preconceived opinions about a situation or an event. A person uses their prior knowledge and biases to form this judgment heuristic (Tversky & Kahneman, 1982).  This heuristic forms the basis of people’s probability estimates of an event occurring. A key bias at work within this heuristic is when an event or instance can be recalled or imagined.  For example, a fire broke out at Otahuhu College during April 2007, during the course of a typical school day.  Research by Tversky and Kahneman and confirmation from Shaughnessy (2003) and Watson (2005) would suggest that students from Otahuhu College would predict the probability of a fire occurring at a New Zealand high school to be higher than students from schools where no fire had occurred. The availability heuristic also affects people’s estimates when lethal events are involved (McKean, 1985). The more often an event is reported, the higher the probability of dying from such event will be believed by people.  An example of this is when the avian bird flu H5N1 was initially reported in the media, sales of Tamiflu, which was seen as a drug that could resist the H5N1 virus, despite people not being able to distinguish between a non-lethal regular influenza virus and the H5N1 strain and despite later being proven to be useless, soared to such a level that Roche sold out their 200 million treatment doses at the end of 2005 (Figure 4).  The number of dead from H5N1 was about 100 people at the time.
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Figure 2: Cumulative Human cases of deaths from H5N1





(http://www.who.int/csr/disease/avian_influenza/country/en/)

Conversely, the availability heuristic has what may be considered an inverse lethal function, where people who find the outcome of an event so upsetting that they actually play down the chance of an event occurring. An example of this would be the smoker who estimates his chance of getting a cancer related illness to be much lower or even non-existent despite having knowledge of the strong positive correlation between tobacco smoking and cancer rates. 

3. The third main heuristic is that of adjustment and anchoring. This involves people making an estimate based upon an initial starting value and that from this starting value they will deduce their conclusion to the event or probability (Tversky & Kahneman, 1982). An example demonstrated by Tversky and Kahneman highlighted the adjustment heuristic. Two groups of high school students were given a set of numbers to multiply. They were only given five seconds to carry out the multiplication.

Group 1 Estimate the product of 8 x 7 x 6 x 5 x 4 x 3 x 2 x 1 

While the second group was asked:

Group 2 Estimate the product of 1 x 2 x 3 x 4 x 5 x 6 x 7 x 8 

In order to arrive at an answer, assuming that no-one knew eight factorial, the students would need to extrapolate their solution.  The findings highlighted that group 1’s median estimate was 2,250 while group 2’s estimate, for their ascending sequence was 512.  The correct answer was 40,320. Anchoring has become a powerful and well used tool of those in the marketing industry. By setting an initial cost for an item, and then offering a product at a significantly lower rate, consumers are led to believe that they are getting a bargain. More recently, charities and charitable organizations take advantage of anchoring with respect to the well meaning members of the community.  These organisations often anchor the donation at a level higher than most people would usually donate.  While the above examples are not necessarily in line with the current mathematics curriculum, the role of a teacher is to prepare young minds to be more informed in their decision making.  An apt example a teacher could employ in the classroom would be to hand out two data cards (Figure 3) with each student receiving one or the other data card.
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          Data card A





 Data card B

Figure 3: Anchoring data cards

By collating the results and finding a median for each card, students could be made more aware of the anchoring heuristic that affects their decision making.

Fallacies


As with heuristics, fallacies also play a role in students’ misconceptions about events and outcomes. The most common fallacy that students and adults fall prey to is what is commonly known as the gamblers fallacy.  The gambler’s fallacy is the belief or opinion that the probability of a random event occurring can be predicted or affected by some other independent event (Falk & Konold, 1992). There is a vast amount of examples available for students and teacher to explore and investigate. The name itself comes from two related but different ideas.  The first is that a gambler is on a lucky run and has (for a brief while) the unnatural ability to predict a random event. The second belief is the gambler’s trust in the law of averages, “I have not won for a while so I must win soon”.  Both ideas involve a run of luck, either good or bad.  The fallacy is easily carried over to other domains and when each is discussed, it should be assumed that events or outcomes are independent.
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The most famous example of the gambler’s fallacy is perhaps Monty’s dilemma. The issue with the Monty’s dilemma is that the solution is counterintuitive and even when the solution is explained or demonstrated, people often disagree with the result. Monty’s dilemma got its name from the host of a television game show called ‘Let’s make a deal’. The shows host was Monty Hall.  Contestants were posed with this dilemma.
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  [1] From Stats 708 Topics in Statistical education: lecture notes from week 1, 2007
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The possible outcomes to the dilemma are listed below
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Figure 4: The Monty Hall dilemma          (adapted from http://en.wikipedia.org/wiki/Monty_Hall_problem)
From the diagrams (Figure 4), it can be seen that switching choices has a positive outcome on two of the three possible occasions. Intuitively, most people can also see that staying put will allow the contestant to win the prize only one third of the time. 

Fairness, Luck, Equiprobability and Randomness  


As well as heuristic reasoning, students may also have straightforward misconceptions about fairness, luck, equiprobability and randomness. Each misconception will be looked at in this chapter. The first misconception students may bring is a misplaced sense of ‘fairness’. This could either be every outcome of a sample space has the same chance, which is equiprobability and is explained later,  or given that every event in the sample space has the same chance, students believe some events are either more or less likely than others, namely fairness.  With fairness, it is important that teachers are also aware of students mistrust in tools that are often assumed to be fair for generating random outcomes.  If a student does not believe that each side of a die is equally likely to come up then investigations using dice become meaningless (Watson, 2005).  Many board games involve the participant to get around the board as quickly as possible, thus making a ‘six’ the most desirable value, which in turn creates an availability heuristic that a ‘six’ is more difficult to obtain than the other numbers on a fair six sided die.  

The second issue is the belief in luck. The belief in luck may also be strong in many junior secondary school students and if they believe in such a system then probabilistic thinking will not have an opportunity to develop.  Watson (2005) highlights some research carried out by Amir and Williams on 11-12 year old students.  Their findings showed that 72% of students believed that some people were luckier than others in raffles and dice games and that over 40% believed that by rolling a die themselves, that they would have a more favorable outcome. 

A third common misconception students bring to the classroom is the equiprobability bias in which there is a belief that every outcome in a sample space has exactly the same chance of being picked. Biases of this form can range from simplistic coloured balls in an urn type problem where there are for example, 4 red balls, 3 yellow balls and a single green ball. Students may believe that each colour has an equiprobability of occurring. Watson (2005) cites some of the findings that Canizares and Batanero (1998) demonstrated of this occurrence in their research.  

A fourth issue that teachers of probability need to be aware of is students’ lack of understanding of randomness, which may also be considered a representative heuristic. Research from Tversky and Kahneman (1982) and from Konold, Pollatsek, Well, Lohmeier and Lipson (1993) as cited by Shaughnessy (2003) highlighted that even with the most simple of probability simulations, flipping a fair coin and getting a head or a tail, many students had no understanding of randomness. The task that Tversky and Kahneman used is shown in Figure 5. Students who selected (b) were using what Tversky and Kahneman said was their representative heuristic of a random pattern. More interesting were the reasons other options were rejected.  Perhaps more interestingly, was why participants rejected the other sequences, (a) did not appear to be random, and (d) was too regular.  
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1. Which of the following sequences is most likely to result from flipping a fair coin six times?

(a) HHHTTT

(b) HTHTTH

(c) HHHHTH

(d) HTHTHT

Give a reason for your answer.

Figure 5: Coin toss outcomes from Tversky and Kahneman        (Shaughnessy, 2003, p. 219)                                        

Later research included a fifth option that all four sequences are equally likely, which of course is the correct answer.  With this in mind, Konold (1993) created a similar task with a fifth option (figure 6) with even more striking results. They found that as well as students not understanding the concept of randomness the wording also had a significant impact. 
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A. Which of the following sequences is most likely to result from flipping a fair coin five times? (circle one)

(a) HHHTT

(b) THHTH

(c) THTTT

(d) HTHTH

(e) all four sequences are equally likely

Justify your answer.

Figure 6: Coin toss outcomes from Konold                                  (Shaughnessy, 2003, p. 219)                                        

Findings showed that some students who initially picked (e) in task ‘A’ switched to one of the other options in task ‘B’ (figure 7), essentially going from a correct understanding of randomness to an incorrect interpretation. The question arises as to whether students really do understand randomness. This in turn leads onto a more holistic and indeed more worrying issue of whether students really understand or have a “sense” of probability.  If students do not have a feel or understanding of randomness, probability becomes meaningless.
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B. Which of the following sequences is least likely to result from flipping a fair coin five times? (circle one)

     (a) HHHTT

(b) THHTH

(c) THTTT

(d) HTHTH

(e) all four sequences are equally likely

Justify your answer

Figure 7: Coin toss outcomes from Konold                                  (Shaughnessy, 2003, p. 219)                                        

Error coded concept of percentage
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A teacher of probability knows that if an outcome has a greater than 50% probability of occurring, then the outcome is more likely than not to occur.  Many students and adults do not see it this way at all. Falk and Konold (1992, p. 153) highlighted that young children saw that ‘probabilities greater than a half were “sure to win” while those below one half were “sure to lose”’. Konold (1989) also notes that subjects believed 50% meant impossible to tell and that no sensible prediction could be made.  In New Zealand, during the early 1990’s, broadcasters attempted to display forecasts for the following day using percentages.  It appears that many of the public interpreted a 60% chance of rain as “it will rain tomorrow”. A 50% chance of rain was seen as the metrological service having no idea what was going to happen.  It is assumed that 

after numerous complaints that format was dropped due to the publics misconception of percentages.  Research into the weather problem by Konold (1989) highlights the issue more formally. The weather question he posed was set out as follows:
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Of the 16 undergraduate students who participated 6 believed that the forecaster had got it wrong while many others were unable to explain what chance meant in terms of long run relative frequency highlighted by other student believing that if it rain for 7 of the 10 days, the weather forecaster was still incorrect on three of the days. Long run relative frequencies leads onto the final probabilistic error making decision that students may make in which experimentation, simulation and sample space is misunderstood.

Experimentation, simulation and sample space

A student that is given the opportunity run their own simulation or experiment may not necessarily use this information to assist in determining the likelihood of an outcome. Further research done by Konold (1989), using an irregular six-sided bone die (labeled a to f), showed that nine of the sixteen students believed just one roll of the die was enough to determine whether their prediction of which side would be face up was correct or not. Furthermore, five of the students did not think that additional trials would be of benefit. Batanero, Henry and Parzysz (2005) cite findings from Fischbein (1975), which highlighted that small children will often focus on a single event rather than the whole set of possible outcomes when dealing with random situations.  Overcoming misconceptions that are related to sample space was seen as a key factor to their growth in probabilistic thinking (Batanero, et. al., 2005). Shaughnessy (2003, p. 223) states more explicitly that a teacher must “emphasize the value and importance of building the sample space for a probability experiment”.

Conclusion 

There are many other fallacies and biases that students bring to the classroom such as the post hoc ergo propter hoc fallacy (Latin for “After this, therefore because of this), which simply states that if one event occurs after the other then the first must be the cause of the second. The effect that sample size plays in experimental probability and students lack of exposure and understanding of conditional probability are two other topics that could easily been incorporated into this essay. 

Shaughnessy (1977) quite rightly states that simply highlighting misconceptions, fallacies and heuristic beliefs to the students is not enough. Kahneman and Tversky (1982) were unsure if students could overcome their heuristic beliefs at all.  For students to develop a better understanding of probability, their beliefs need to be challenged as often as possible. Mathematics departments should attempt to set aside at least as much time for probability as they do for statistics.  Where does this extra time in the school year come from? Could not the number strand, with an 84% pass rate at NCEA Level 1, sacrifice some time? How about Trigonometry? Is this a subject that is used daily outside the classroom?  What this author believes is needed is an approach similar to Wild and Pfannkuch’s (1999) Statistical Enquiry Cycle. A starting point for a framework and taxonomy to develop upon is suggested and an example is given below (Figure 9).
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Figure 9: Probability Enquiry Cycle

The teacher considers and presents a heuristic, fallacy or misconception. 

From this starting point, the class discusses the issue and poses a question.
They then decide upon or a given a strategy.

The class record and collate their experimental data values.


The class in this example could create a bar plot (graph) of the total values. Students may even employ the “I notice” strategy from their statistics lessons.


Each student answers the question that was set in the second part of the cycle.


The cycle could easily be continued by looking at a different shaped die such as eight or ten sided polyhedron. A different option could be to look the sum of two dice. Is the sample space twice as big? Does the distribution look different? 

Despite whether the “probability thinking cycle” goes any further than this essay it is evident that big changes are needed in how and when probability is taught in New Zealand classrooms. Students need greater exposure to probability in their mathematics classes.  Teachers need to increase their use of experiments and simulations in the classroom and recognise how such activities can benefit students’ understanding of probability.  Teachers need to expose students to common misunderstandings about probability and use experiment and simulation to expel the myths.  Students and teachers need to develop the language of probability and the meanings associated with this rich but complex topic.  Finally, probability needs to be set in a relevant context for students and draw from the real world and students need to play with and enjoy probability rather than be frazzled and perplexed.  The theoretical underpinnings of probability should be introduced at a later stage. 

And then the title of this essay “Probability is the hardest subject in the whole wide world” would be a heuristic, fallacy, misconception and myth.
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Chapter 3.
LESSON PLAN - YEAR LEVEL: 9 Mathematics

TOPIC:  Probability

WEEK 1     - WEEK FOCUS  Breaking the barriers

	Period
	Activities
	Worksheets 
	PowerPoint
	Teacher resources
	Additional notes

	One
	Title: Misconception 1: challenge the tools.

Diagnostic assessment

Rolling a six.
	Diagnostic assessment.

Student sheet 1
	Power Point 1
	OHP “six sided” die (dodecahedron) or large die.

Teacher notes 1.
	Pupils will need 1 die per pair of kids.

	Two
	Title: Misconception 2: Randomness 

Random sequences


	Student sheet 2


	PowerPoint 2
	Teacher notes 2.
	Pupils will need a coin to flip.

	Three
	Title:  Misconception 3: Equiprobability

Uneven distributions of things
	Student sheet 3


	PowerPoint 3
	Teacher notes 3


	Containers that can contain a mixture of coloured items.

	Four
	Heuristic 1: Representativeness
	Student sheet 4
	Power Point 4
	Teacher notes 4
	


LESSON PLAN - YEAR LEVEL: 9 Mathematics

TOPIC:  Probability

WEEK 2     - WEEK FOCUS Heuristics, Biases and fallacies

	Period
	Activities
	Worksheets 
	PowerPoint 
	Teacher Notes
	Additional notes

	five
	Heuristic 2: Availability 


	Student sheet 5
	PowerPoint 5
	Teacher notes 5
	

	six
	Heuristic 3: Anchoring, adjustment and fallacies

	Student sheet 6
	PowerPoint 6


	Teacher notes 6.
	

	seven
	Fallacies: Monty’s dilemma
	Student sheet 7
	PowerPoint 7
	Teacher notes 7.
	Spinner (in three sections)

	Eight
	  Summative assessment
	Assessment task 
	
	
	Test conditions 

50 minutes.


Chapter 4.


Overview of teaching module
As mentioned in chapter 1, this module contains essentially 7 lessons and 1 lesson for an assessment that may be used for feedback to pupils and parents/caregivers. Each lesson aims to address either a fallacy or misconception of some type in an investigative way. Below is a quick breakdown of each lesson.

Each lesson will use the Probability enquiry Cycle. If you have used the Statistical Enquiry cycle, you should have little trouble adapting to this one.

Lesson 0: Optional probability literacy and diagnostic survey. This survey has taken questions from J. Watson’s statistical literacy survey (Form 1).  This survey could be run at any time of the year (prior to the probability module) and may be useful for assessing where your class is at with respect to understanding probability and its language.  It takes about 15 minutes and seems to run better with direct instruction and reading the questions to the class
Lesson 1: It is no fun rolling a die 60 times (or 100 times) and recording frequencies to show that the theoretical probability of rolling a number on a fair die is one sixth. Many kids will have an intuitive feel that each number has about the same chance of occurring but a lot will believe that it is more difficult to roll a particular number or that a certain die “always rolls low/high. This investigation aims to show that this simulation tool is reliable and fair.  Also contained in this lesson is the 10-15 minute diagnostic task which could be used in any year level, including Year 13 Statistics!
Lesson 2: Pupils (and adults), simply do not understand randomness and random behavior. How can you expect your students to run simulations, collect a sample or solve basic probability confidently if they have no idea about randomness? This investigation hopefully exposes the myth of what randomness looks and behaves like. A far reaching effect of this lesson is at Year 13 Statistics with the Probability distributions (Normal, Poisson and Binomial).
Lesson 3: This lesson actually tackles a couple of myths at once, the equiprobability myth and fairness myth. This is the most traditional lesson which is not necessarily a bad thing. 

Lesson 4: This lesson will investigate the misconception about set theory and in particular, reinforce that a subset is always smaller than its parent set. 
Lesson 5: People that have had a negative experience or been exposed to advertising are vulnerable to this heuristic. Making pupils aware of this may assist in both the understanding of probability and in real life.

Lesson 6: A common heuristic that advertisers expose and exploit to their full advantage. This lesson is the least probabilistic based but perhaps the most important for making informed choices.

Lesson 7: Monty’s dilemma is a fun activity that forces pupils (and teachers) to address a probabilistic outcome that is almost counterintuitive.  It is very difficult to believe that you can gain a two thirds chance of winning by swapping choices. This activity perhaps underlies how pupils feel about all probability based questions.
Lesson 8: Summative assessment, a chance for both teacher and student to see gains in learning and understanding.
Chapter 5: Lesson 0.

Solutions:



B, 

Chapter 5: Lesson 1
Teacher Notes: Throwing a six

Many board games require that you throw a “six” to start or to move on. Other board games promote rolling high (or low values).  Over time, this belief may have instilled itself into a belief that it is harder to throw a ‘six’ than any other number. It is important to dispel this misconception as students need to be able to trust the tools that they use. Instead of copying a class set of student sheets, you may wish to simply use the data projector to display the worksheet.
After this lesson students will know:

· That in the long term, rolling a six is no more difficult than any other number
· That fair dice are reliable tools for experiments and simulations
· That the theoretical probability of rolling any number is one sixth.
Some prompts: When do you roll a die or dice? When are you asked to roll a six? Do many games use a die? What is your favorite board game and do you need a die?


From this starting point, the class discusses the issue and poses a question.
Some students will believe it is and some will not. At this point you may wish to count and record those who think it is more difficult to roll a six and those who think that a six has got the same chance of being rolled as any other number. There may also be some undecided students.

Now is a good time to pass out the worksheet or put it up on the data projector
They then decide upon or are given a strategy.

It is suggested that students work in pairs with one person rolling the die and the second person recording the results in a table. The number of trials could be of any length but between 30 and 50 trials should yield reasonable results
The class record and collate their experimental data values.


Each pair, once they have finished their experiment, should write their results on the board so that the class data can be combined
The class in this example could create a bar plot (graph) of the total values. Students may even employ the “I notice” strategy from their statistics lessons.

Students should create bar graphs of their own experimental results as well as the class results.

Students should also work out their own experimental probability as well as the class probability

Each student answers the question that was set in the second part of the cycle.


ROLLING A SIX
Have you ever played a game where you HAVE to roll a 6? Why do the game makers choose a 6? Is it harder to roll than a 3?
Today we are going to investigate what the chances are of rolling a 6 on a fair 6-sided die.

1. Write down the question you are going to investigate: _____________________________

__________________________________________________________________________

2. We are going to roll the die ________ times for our experiment

3. Fill in the table


4.
Draw a graph





My Group








	Number on Die
	Tally
	Total

	1
	
	

	2
	
	

	3
	
	

	4
	
	

	5
	
	

	6
	
	

	Total
	
	





Class results

	Number on Die
	Tally
	Total

	1
	
	

	2
	
	

	3
	
	

	4
	
	

	5
	
	

	6
	
	

	Total
	
	


4. I noticed that rolling a 6 was _________________________________________________
5. From the class results I have found ___________________________________________
__________________________________________________________________________
Chapter 5: Lesson 2

Teacher Notes: Randomness

Studies have shown that many students do not a good concept of randomness or what a random distribution may look like (see chapter 2). A lot of pupils will expect that a distribution of random outcomes (such as flipping a coin) will have approximately half heads and half tails and that there will not be any long runs of one particular outcome (say, a head). They will expect quite frequent swaps from heads to tails and vice versa.  Your students will most likely also not know that given a certain numbers of flips, each combination will have exactly the same probability of occurring.
After this lesson students will know:

· That random sequences may contain long runs of an outcome
· That given a certain amount of flips, each sequence is equally likely
· That the theoretical probability of rolling any number is one sixth.
Some prompts: Who knows what random means? What is something that is random? If you flipped a coin 3 times and got tails each times, what would you get next flip? Can you tell the difference between a random pattern and a made up pattern?

From this starting point, the class discusses the issue and pose (or are given) the question.
Some students will naturally think they can while other s will believe it is impossible to tell the difference. At this point you may wish to count and record those who think they can tell the difference between a real random pattern and a fake one.
Now is a good time to pass out the worksheet or put it up on the data projector
They then decide upon or are given a strategy.

It is suggested that students work in pairs with respect to part b. with one person flipping the coin and the second person recording the results. The number of trials could be of any length but between 30 and 50 trials should yield reasonable results

The class record and collate their experimental data values.


Each pair, once they have finished their experiment, should fill in the table 
The longest run is simply the longest sequence when one particular outcome keeps occurring. Eg. T H T H H H H T T H .The longest run is with H and it lasted 4 ‘tosses’
The number of switches is the number of times the results shift from a head to a tail and vice versa. E.g.  T H T H H H H T T H has 5 switches

Most Students will discover that their longest run was shorter than the coins longest run
Most will also notice that they had more switches than the coin tossing class median

Things about true random sequences
1. Has no memory of what has happened before

2. true random patterns switch less often than I expected

3. have longer runs than I expected

4. may not have equal numbers of heads and tails
Language
Flip: One toss of a fair coin

Sequence: A list of outcomes

Pattern: Another term for outcomes, but paying attention to the order of the outcomes

H:  Represents a head result from a single toss of a coin

T: Represents a tail result from a single toss of a coin
Notes for Part B. (Perhaps used only with pupils at Level 4-5 of curriculum)
As each child is born, the event has no memory of what has happened before so every combination is equally likely. Answers below
1. Solution is 5. Can be seen and shown using a simple tree diagram.

2. Student dependent. The total should add to 12 as there are 12 trials

3. If each student has done the task, the results should be reasonably close to the theoretical if viewed as a fraction or percent. (.25 for each group)
4a. Solution is 5 again. Many students get confused by this as they think there should be about 3 boys and 3 girls. While this is true, they have misunderstood that the sequence BBBGGG is different to BGBGBG (both have 3 boys and 3 girls). 
You may wish to show them a tree diagram for 2 and then 3 children and that the outcomes are all equally likely. Note NO PowerPoint FOR PART B
Detecting a random distribution



Can you tell the difference between a real set of random outcomes


or a fake one? Is it even possible?



Today we are going to do two little investigations



A) Detect a random pattern




B) Bust a myth about probability
1.  A teacher asked 2 students to flip a coin 20 times and record the results. 

H = heads 



T = tails
Andy: H T H H T H T T T H H T H T T H H T H T
Bella: T H H H T H H T T H T T T T T T H T T T

One student did the coin flips and the other made up the answer. 

Who did the fake flips, Andy or Bella?  Write your guess down here: __________________

2.  Create your own random pattern in the boxes below. Print either H or T
Fill in the top row first, from left to right, and then the bottom row, from left to right.

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


3. Flip a coin 50 times and record the results in the boxes below 
Fill in the top row first, from left to right, and then the bottom row, from left to right.

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


4. Complete the table 
	My random pattern
	result
	
	Coin random pattern
	result

	Number of heads
	
	
	Number of heads
	

	Number of tails
	
	
	Number of tails
	

	Longest run
	
	
	Longest run
	

	Number of switches
	
	
	Number of switches
	

	Switches (class median)
	
	
	Switches (class median)
	


5. I noticed that my longest run was _____________________________________________
6. I had more / less / the same number of switches than the class median
7. A true random pattern has __________________________________________________
__________________________________________________________________________
Part B. Bust a Myth

How many brothers and/or sisters do you have?

Are they all boys? Or all Girls? Or a mixture of boys and girls?

Imagine a family and this family has 6 children in it.  How many boys and how many girls would you expect?

If we listed them in order they were born, with B = a boy and G = a girl. 
What would the list look like?

Look at the following set of lists and decide which one would most likely be the correct list for the family with just 2 children.  Remember, they are listed from oldest to youngest and the chance of a baby being a girl is 50% and the chance of a baby being a boy is also 50%
1. Circle the one you think is most likely.
List 1:  B  B

List 2:  B  G  

List 3:  G  B  
List 4:  G  G         5: all the lists are equally likely 
We can use a coin to simulate babies being born in a family. 

If you get a head, that is a boy = B


       If you get a tail, that is a girl = G

Complete the table

	child
	1st
	2nd
	
	child
	1st
	2nd
	
	child
	1st
	2nd
	
	child
	1st
	2nd

	gender
	
	
	
	gender
	
	
	
	gender
	
	
	
	gender
	
	

	child
	1st
	2nd
	
	child
	1st
	2nd
	
	child
	1st
	2nd
	
	child
	1st
	2nd

	gender
	
	
	
	gender
	
	
	
	gender
	
	
	
	gender
	
	

	child
	1st
	2nd
	
	child
	1st
	2nd
	
	child
	1st
	2nd
	
	child
	1st
	2nd

	gender
	
	
	
	gender
	
	
	
	gender
	
	
	
	gender
	
	


2.  Write down the number of BB = ____,   BG = ____,   GB = ____, GG = ____
3.  Write down the class number of BB = ____,   BG = ____,   GB = ____, GG = ____

Consider a family with 6 children.  They are also listed from oldest to youngest

4a. Circle the one you think is most likely.
List 1:  B  G  B  G  B  G

List 2:  B  B  B  G  G  G

List 3:  B  B  G  B  G  B

List 4:  G  G  G  G  G  G  

Or   5: All the lists are equally likely
4b. The correct answer is _______because _______________________________________ 
__________________________________________________________________________
Chapter 5: Lesson 3

Teacher Notes: Equiprobability and fairness
These two concepts are often intertwined so this looks at both ideas at the same time. A student’s idea of fairness creates what is called an equiprobability fallacy. This simply means that even though two groups may be uneven, both groups have a fifty-fifty chance of being selected because it’s fair. When the groups being selected are hidden (in a bag or a container), the equiprobability fallacy can shine as students will think it is impossible to tell   

After this lesson students will know:

· That the more a group is represented, the more likely it is that it may get selected
· That if the groups are uneven, the chances of being picked are not even
· That probabilities from uneven groups are not fair.

From this starting point, the class discusses the issue and pose (or are given) the question.

Now is a good time to pass out the worksheet or put it up on the data projector

By the time students arrive at secondary they will have an intuitive feel for this type of probability question, but there will be students who cling onto the idea that “it is impossible to tell”, it is hoped that by the end of the lesson they start to see that even though we cannot know for sure, we can give a reasonable prediction.


It is suggested that students work in pairs with respect to part b. with one person shaking the containing and removing a counter and the second person recording the results. The number of trials could be of any length but between 10 and 20 trials should yield reasonable results if the class collates their results. Remind students to put the counter back into the container after each trial.

The class record and collate their experimental data values.

Once each group has finished all their trials (say 10), they can write their percentage totals on the board, which the teacher can find a median or mean (or even mode) for. This should give a pretty good theoretical answer.
Repeat the experiment, using 3 colours this time, 7 red, 3 green and 1 blue OR 5 green, 3 blue and 2 red. Any combination is fine.


Most Students should discover that while they cannot guess the outcome of each trial, they can make a theoretical prediction. 

Things about equiprobability 
· Outcomes are not equal. 
· The more something there is, the more likely it is to get selected
Language

Counter: things like beans, flat disks etc. that are same in shape but different in colour 
Container: the vessel the counters are kept in 
Trial: 1 run of the experiment. In this case, removing a counter from a container without looking
examples for answers
1. 6 red and 4 blue

2. red or blue or it’s impossible to tell
3. Could be any reason. Recommend teacher checks answer to see where students are at.
4.   Colour 1 =red
Colour 2 = blue
	Trial
	Result 
	Trial
	result

	1
	Red
	6
	Red

	2
	blue
	7
	Blue

	3
	blue
	8
	Red

	4
	Red
	9
	Blue

	5
	red
	10
	Blue


Amount = 6
Amount = 4
Nb table could contain any results
5
My results
colour 1 =
[image: image20.wmf]10

5


= 50%
colour 2 = 
[image: image21.wmf]10

5

 = 50%
Class results colour 1 = 60%
Class results colour 2 = 60%


6
see 5
7
blue why? Most frequent colour

8. 4 (you could select the 4 pairs of white before you got a grey     pair).
Predicting the future!
Many industries rely a lot on predicting what is going to happen in the future.  Can people really know what is going to happen or are they making a guess? In probability, we like to say. ‘What is the probability of an event happening?’ Today, you are going to make some predictions.

1.  Your teacher has put some counters in a container.

There are __________ counters and __________ counters

2.  Write down the colour you think your teacher will pull out or write down that ‘it is impossible to tell’__________________________________________________
3. Why?_________________________________________________________
4.
Does the number of each colour matter?  We will run an experiment and find out
	Trial
	Result 
	Trial
	result

	1
	
	6
	

	2
	
	7
	

	3
	
	8
	

	4
	
	9
	

	5
	
	10
	



Colour 1 = _________ 
Colour 2 = __________ 

Amount = _________
Amount = __________
5. 
My results
colour 1 =
[image: image22.wmf]10


= ______%
colour 2 = 
[image: image23.wmf]10

 = _______%
Class results colour 1 = ______%
Class results colour 2 = ______%

6
This time you will use three colours.

Colour 1 = _________ 
Colour 2 = __________ 
Colour 3 = __________


Amount = _________
Amount = __________
Amount = __________

	Trial
	Result 
	Trial
	result

	1
	
	6
	

	2
	
	7
	

	3
	
	8
	

	4
	
	9
	

	5
	
	10
	


. 
My results:  colour 1 =
[image: image24.wmf]10

= ______%
colour 2 = 
[image: image25.wmf]10

 = _______%
colour 3 = 
[image: image26.wmf]10

 = _______%
Class results colour 1 = ______%

colour 2 =_______%
colour 3 =________%
7.
Your teacher has 15 counters in a container. 5 yellow, 3green, 1 red and 6 blue. What colour is most likely to be selected randomly? ________. Why? _________________________________________________
8. You have 3 pairs of grey socks and 4 pairs of white socks in your drawer. What is the least amount of pairs of socks you need to remove before you are guaranteed a pair of grey socks? _______ pairs of socks
Chapter 5: Lesson 4

Teacher Notes: Who is bigger than who?

A common problem student’s face with probability is that they have no feel for the situation, that is, they do not take into consideration the whole scenario. In probabilistic language, this is called a representative heuristic and often leads to the nonsensical conclusion that a subset is more probable to occur than the entire set outcomes.
After this lesson students will know:

· That a subset must be smaller than set it belongs to
· Not to forget or ignore the base rate
· Simple set theory
· Recognise a Venn diagram

From this starting point, the class discusses the issue and poses a question. This is an opportunity to challenge your student’s stereotypes.

Now is a good time to pass out the worksheet or put it up on the data projector
Read out to the class.

Leonard does not play any school sports. 
Leonard enjoys playing online games during his spare time

He wears thick glasses and often has a couple of pens sticking out of his shirt pocket

Leonard does not have many friends and often hangs out in the library during lunch time.

Which is more likely?

Leonard is a student Or Leonard is a student who is a member of the computer club.
Answer to 1 = A  (because B is a subset of A, suggest you give answer later)
Read out to class
What is the most likely sequence for the next 6 babies born in the NZ (b=boy, g=girl)

1) BBBBBB
2) BBBGGG
3)GBBGGB

Answer to 2 = 1 (because statistically, there are more boys than girls born, about 105 boys to 100 girls on average in New Zealand. Students will most likely choose 3 as it looks random)
Read to class

A teacher likes to write poetry and is rather quietly spoken.  Which of the following does she teach and why?

A) 
Classical studies 
or
B) P.E. (physical education).

The correct answer is P.E.  Even though the characteristics may make students think of a classical studies teacher, there are far more PE teachers in New Zealand than classical studies teachers. We could expect many PE teachers to have these characteristics.  This is an example where the base line is easily ignored.
You should give the answer to questions 1,2, and 3 now and explain how the answers were gained.  You may wish to bring up the following reasons why it is important to understand about heuristic thinking

- Advertising companies are well aware of the representative heuristic and use it to manipulate your decision making. You are being manipulated to buy their products 
- Everyday we make snap judgments about the people we see on the street, at work and in class. Only about two thirds of the time those judgments are accurate.  This can lead to predigest or naïve decisions. 

- They can affect our decision making process, causing reckless or dangerous event happen to us.


This section is going to introduce a very important probability tool, the Venn diagram to show that subsets must be smaller than the set it came from (or at least the same size).
4. In the Venn diagram to the right. The universal set is your school and your class is a subset of the school. Finally, you are a subset of your class. So, a subset is almost always smaller than the set it comes from.

5  
What is the universal set? School

     
Name a subset?  Boys  or Girls
    
Shade in the subset you belong to. To shade boys or girls
    
Are you also part of the universal set? Yes
  
Boys and girls are called Mutually exclusive because they never contain the things.
6.
a) Create a Venn diagram for your school making each year level a subset of the universal  set.


b) Shade in the subset you belong to

c) Shade in any subsets your brothers and/or sisters belong to using a different colour.

d) Who are the people at your school who do not fit into any of your subsets? Teachers, principal, cleaners, caretakers, office staff etc.

e) Draw some crosses in your Venn diagram to show where these people are

7
Ask the class to think about all living creature on the planet. There must be thousands of subsets, mammals, insects, fish, etc. with subsets of subsets.


Ask the class to think bout the two following subsets 

1) All living creatures that are two legged.

2) All living creatures that can fly

Are they mutually exclusive?  NO

You will need to show students how to draw this
The part that overlaps is called the Intersection. It contains all living creatures that can fly and that have two legs. (A tui for example)

The combined area of the sets “All living creatures that are two legged” and “All living creatures that can fly” is called the union of these sets. The union in this case contains all things that either have two legs, or which fly, or both.
The space where the two sets overlap is called the intersection.  The total space the sets cover is called the union of the sets, and contains all creatures that have two legs or that can fly or both.

You will most likely need to guide your students into creating the Venn diagram.

Who is bigger than who?
Listen to your teacher talk about Leonard, and then make your decision.
1. Leonard is 
(a) A student 
Or 

(b) A students who is a member of the computer club

2.  Most likely:  1) BBBBBB
2) BBBGGG
3)GBBGGB

3.  A) Classical Studies  or
B) P.E. (physical education).

4. In the Venn diagram to the right,  the universal set is your ________ and your ________ is a subset of the __________. Finally, _______ are a subset of your ________. So, a subset is almost always __________ than the set it comes from.

5. 
What is the universal set? ________________
     
Name a subset? ________________________
    
Shade in the subset you belong to __________
    
Are you also part of the universal set? ________
  
Boys and girls are called ___________________ because they never contain the same things.
6. 
a) Create a Venn diagram for your school making each year level a subset of the universal  set.

b) Shade in the subset you belong to

c) Shade in any subsets your brothers and/or sisters belong to using a different colour.

d) Who are the people at your school who do not fit into any of your subsets? ______________________________
e) Draw some crosses in your Venn diagram to show where these people are.
7.
The two sets are:

1)_____________________________


2) ____________________________

Are they mutually exclusive? _____________

The space where the two sets overlap is called the ________________.  The total space the sets cover is called the ________ of the sets, and contains all creatures that have two legs _____ that can fly ____ both.
8. You see an old man entering the hospital. Which is more likely?
A) He is over 55 years old 




Or

B) He is over 55 years old and is sick
Hint: draw a Venn diagram 
The two things to think about are “men over 55” and “men over 55 who are sick.”

One is a universal set and one is a subset.
Write down what you have learnt today 
__________________________________________________________________________
__________________________________________________________________________

__________________________________________________________________________

__________________________________________________________________________

__________________________________________________________________________

__________________________________________________________________________

Chapter 5: Lesson 5

Teacher Notes: The Availability Heuristic and Question Framing
The availability heuristic is based upon preconceived opinions about a situation or an event. A person uses their prior knowledge and biases to form this judgment heuristic (Tversky & Kahneman, 1982). This heuristic forms the basis of people’s probability estimates of an event occurring. A key bias at work within this heuristic is when an event or instance can be recalled or imagined.  

After this lesson students will know:

· That the more easily or vivid an event is recalled, the more likely a person will form a bias towards it
· A persons prior knowledge can adversely affect their decision
· The framing of a question can affect their decision making process
Now is a good time to pass out the worksheet or put it up on the data projector


1. Which is a more likely cause of death in America: Being killed by falling airplane parts or being killed by a shark? Let you class discuss this, you may even wish to invite them to put their answers up on the board. The actual answer is being killed by falling airplane parts. It has been calculated that you are 30 times more likely to die by falling parts than a shark attack. Most shark attack victims actually survive. Most shark attacks are usually reported in the media making them sound more frequent than they actually are.

2. Do more Americans die from a) homicide and car accidents, or b) diabetes and stomach cancer?  The answer is b, by a ratio of almost 2:1, but once again, it is easy for the students to recall news events of accidents or homicides.
There is a list of 10 things. Ask the students to Rank the list in terms of risk to life

3. There is no correct solution to this question. Many pupils will list what they believe to be dangerous things higher than non-dangerous things without much consideration. Many students will put handguns a lot higher than say surgery. In New Zealand, many more people die during surgery (neurosurgery, trauma surgery, tumor surgery etc.) than from hand guns. Try to get the class to agree a class list (if possible).  

There is no correct answer although two lists are provided 
4. Group list: Ask the students to consider what is dangerous to New Zealand children aged 10 to 14. 

You can demonstrate availability heuristic rather easily. (see next page)
1. List the six leading causes of children deaths on the whiteboard etc. (in random order)

2. Ask students if they can recall any students being murdered.  There have been two prominent cases in Auckland (One outside Avondale College and a second in Herne bay)

3.  Ask the students to list in order from most likely to least likely.

4. Get a class consensus on the board. 

By discussing homicides (the least likely way for children to die), this should make homicide appear over represented in the student list.  This is because they are accessing their available knowledge and thus an ill informed decision. 

For 10~14 year olds – 1st Unintentional injuries 35%, 2nd  Cancers 19%,  3rd Suicide 11%, 4th Diseases of the nervous system 10%; 5th Congenital anomalies 8% and 6th Homicide  7%.
You may wish to highlight that marketing companies exploit this tendency to promote their brands. If you keep hearing nike or adidas enough, you may start to think that brand is better than other brands regardless of any other information.

Read out the following names (the students only have to listen to them, not copy them down)
Anne Blundell, Dan Carter, Albert Einstein, Mary Rose, Doris Leyland, Michael Schumacher, Dorothy leaden, Nelson Mandela, Lillian Hellman, Michael Jackson, George Bush, Maggie Cortland, Eleanor Roosevelt, Charles Dickens, Mary Shelly, Minnie Walker, Rachel Hinemoana, Hamish Carter,  David Beckham, Maxine Pfannkuch, William Shakespeare,  Johnny Depp, Sonja Harding, Elvis Presley.
Ask the class to write down if there were more men or women. (There are actually 12 of each). However, because the men’s names are famous, many students will choose that there were more men than women in the list. 


6. You are a general in the army, your men are pinned down and you need to retreat. You have two options. If you take route 1, you are guaranteed to save 200 of your men. If you take route 2, you have a one third chance of saving all 600 and a two thirds chance of that none are saved. Which route do you take?
7.  You are a general in the army, your men are pinned down and you need to retreat. You have two options. If you take route 1, 400 of your men will die. If you take route 2, you have a one third chance none will die and a two thirds chance of that all 600 will die. Which route do you take?
Both are the same question worded differently. How many students changed routes?
8. Again the questions are the same however. People generally take a sure win (option A) and gamble against a loss  (option B).
Decision making time.

1. Which is a more likely cause of death in America: Being killed by falling airplane parts or being killed by a shark?_____________________________________
2.   Do more Americans die from a) homicide and car accidents, or b) diabetes and stomach cancer?  
3.  Number the follow list from most likely to cause loss of life to least likely to cause loss of life.

A:
Alcohol



4. 
Group list:
B:
Hand guns

C:
Motor cycles

D:
Hard Drugs (like ‘P’)

E:
Nuclear Power

F:
Smoking

G:
Surgery

H:
Disease

I:
Motor vehicles

J:
Gangs

5.
Example of the availability heuristic: Answer = ______________
6.
600 soldiers

Choose either  
Route 1: 200 saved

Route 2: 1/3 chance 600 saved









   2/3 chance none saved
7.
600 soldiers
Choose either 

Route 1: 400 die 

Route 2: 1/3 chance none will die 









   2/3 chance 600 die
8.
Reacting to risk
I will give you: A) $1000 or 


  B) $2000 or zero depending on the toss of a coin 

WHICH DO YOU CHOOSE? _________
I Will take from you: A) $1000 or




B) $2000 or zero depending on the toss of a coin 

WHICH DO YOU CHOOSE? _________
Chapter 5: Lesson 6

Teacher Notes: Anchoring and the Adjustment Heuristic and other fallacies
This heuristic occurs when an outside influence exert their influences on your decision making process. Of all the heuristics, this is the most influential heuristic and is the most likely to cause bad decision making under uncertainty. This is a powerful tool that has been exploited by advertising and telemarketers to its fullest extent.
After this lesson students will know:

· That our own decision making process is venerable
· To be aware of advertisers anchoring

Are you easily fooled?
We will start by running a simple experiment 

(hand out student work sheet)

1. Write down your estimate: ___________

1. Divide the class into half. Lets call them group A and B.
2. Ask group A to face the back of the class

3. Show Group B template 1 for exactly 5 seconds and then hide template 1.

4. Ask group B to write their estimate down. (as quickly as they can)

5. Ask group B to face the back of the class.

6. Ask group A to face the front of the class (I.e. group A and B swap)

7. Show Group A template 2 for exactly 5 seconds and then hide template 2.

8. Ask Group A to write their estimate down. (as quickly as they can)

Now write down Group A and Group B on the board. And get students to write their estimates up on the board under their groups. Results should show that Group B (Template 1) generally has higher estimates than group A.  This group saw the larger numbers at the start of the equation and this anchored them estimate higher than group A.

2. Write down your estimate: ___________
1. Divide the class into half. Lets call them group A and B.

2. Give students in Group A template 3 and students in Group B four template 4

3. Once again get students to write down their estimates on their worksheets and gather up the templates.

4. Again, get the class to write their values up on the whiteboard in their respective groups. Group A should have significantly lower pass rates than Group B. This group was anchored to 25% and Group B were anchored to 65%

But what does all this mean? Why is it important to know about this?
3. Read out “Do you think the population of Turkey is greater than or less than 30 million?”
the correct answer is 71 million.

4.
List as many people or groups that could benefit from anchoring. The main offenders of using anchoring are advertisers/marketers/real estate agents etc, politicians and organisations requesting donations. 
People’s perception can be distorted when they are provided a reference point or anchor

E.g. a TV advertisement says “This DvD costs $39.95 but we will offer it to you for $29.95. If you ring within the next 10 minutes and order one we will give you not 1 but 2 DvD’s for $19.95.   The buyer has been anchored to $39.95 and now thinks they are getting a bargain when in fact the advertiser was always going to sell for $19.95 for 2!

E.g. A common anchoring technique that is relatively new are companies that ask for donations. “Ring this number and your phone bill will be charged $20.00 for you donation to our cause” The company have anchored you into believing $20 is a reasonable donation and that everyone else is donating $20. You may have only wished to donate $5 or $10, but now are made to feel miserly.

Anchoring is also known as the Adjustment Heuristic. It is most commonly used by advertisers. They start by anchoring the customer to a high price and then reducing the price significantly so that the customer thinks they are getting a huge discount. In reality, the sale price is what the advertisers planned to sell the item at anyway, so the customer really gets no actual discount.

Perhaps one of the most difficult aspects of probability for students and teachers is unpacking probability language. The following two statements highlight the need for careful understanding of the sample space.  
Get the students to guess their answers first and then a TREE DIAGRAM to help solve the similar BUT very different questions.
READ OUT THE FOLLOWING SENTENCE
1.
A random two-child family whose older child is a boy is chosen. What is the probability that the younger child is a girl? 

READ OUT THE FOLLOWING SENTENCE
2.
A random two-child family with at least one boy is chosen. What is the probability that it has a girl?
Solutions

1. It will help by drawing a tree diagram. 

When the older child is a boy, we can cross out the branch starting with the girl.  Therefore the outcomes {GB} and {GG} cannot exist. It should now be obvious to all students that the only outcome for the second child is either a boy or a girl. So the probability that the younger child is a girl is ½.
2. Again, it will help if you demonstrate this with a tree diagram.

The best way to address this is ask if the family is allowed two girls? NO, because we must have at least 1 boy. We can cross off {GG}. That leaves {BB}, {B,G} and {G,B}. This is our sample space. We can now find the probability that there is at least one girl. The probability of at least 1 girl is 2/3.

Template 1.
10 x 9 x 8 x 7 x 6 x 5 x 4 x 3 x 2 x 1 =

Template 2.
1 x 2 x 3 x 4 x 5 x 6 x 7 x 8 x 9 x 10 =
Template 3.






Template 4.




Are you easily fooled?
1. Write down your estimate: ___________
2. Write down your estimate: ___________
3.  Greater than   or   Less than


Write your estimate: ___________________
4.  Questions 1 and 2 explored a tactic called anchoring. Who could benefit from anchoring?
List as many people or groups that could benefit from anchoring.______________________ 

__________________________________________________________________________
__________________________________________________________________________
4. Anchoring is also known as the __________ _________. It is most commonly used by ___________. They start by _________ the customer to a high price and then ________ the price significantly so that the customer thinks they are getting a huge ________. In reality, the sale price is what the advertisers planned to sell the item at anyway, so the customer really gets __ actual discount.
THE BOY GIRL PARADOX
Statement 1: Probability that the younger child is a girl ____________
Statement 2: Probability the family has a girl ____________________

Chapter 5: Lesson 7

Teacher Notes: Monty Hall Paradox
The Monty Hall dilemma is a puzzle involving probability that has confounded and confused many people of science when first exposed to the scenario. The name comes from an American game show that was hosted by a presenter named Monty Hall. The fun thing about this lesson is that the solution is counterintuitive and many people cannot accept the correct solution, even when it is shown
After this lesson students will know:

· Your gut feeling can be wrong.
· Experiments can help prove something you do not believe
Starting the lesson: 

Get the students to read the top paragraph.  You may also wish to read it to them.
If students are still unsure: you may need to run through an example. I.e. Draw 3 doors up on the board and get the class to select one of the doors. You then tell them there is a gag prize behind an unselected door. You now ask them if they want to swap from their original choice or not.

1. Solution is: B
From this starting point, the class discusses the issue and poses a question.
Most students will not think it is better to switch.  It is not easy to show them. We are going to look at three ways to show it.
The first way is to run a simulation with playing cards.

Students are to work in pairs

2 Red cards = gag  prize 

 1 Black card = $50 000

Student A. is the host. He/She shuffles the 3 cards and places them face down between them. 

Student B. Selects one card. 

Student A. looks at the other two cards and then must reveal and discards a red (gag) card.

If student A has the black card, this means that the contestant would have won by switching.

If student B has the black card, this means that the contestant would having won by staying

The class record and collate their experimental data values.


Each pair, once they have finished their experiment, should write their results on the board so that the class data can be combined

The class in this example could create a bar plot (graph) of the total values. Students may even employ the “I notice” strategy from their statistics lessons.


The class results should highlight that it is better to swap door rather than stay with the original choice.
If you have access to a data projector you can also play the video clip from the show “numbers”.


Let’s make a deal
You are a contestant in a game show.  You are shown three closed doors. One door has a big prize behind it, but the other two have a gag prize behind each of them. You are asked to pick a door which you point to. But then the game show host opens one of the remaining closed doors, and reveals a gag prize. You are now given the option to stick with your original choice or to switch to the other unopened door.  What should you do?
A: Stick with your 1st choice.                        B: Switch to the other unopened door





C: It makes no difference
1. Solution is: __________
2. Experiment.   A = stay with your 1st choice 

B =  Switch to the other door
	Trial
	Outcome (A or B)
	Trial
	Outcome (A or B)

	1
	
	16
	

	2
	
	17
	

	3
	
	18
	

	4
	
	19
	

	5
	
	20
	

	6
	
	21
	

	7
	
	22
	

	8
	
	23
	

	9
	
	24
	

	10
	
	25
	

	11
	
	26
	

	12
	
	27
	

	13
	
	28
	

	14
	
	29
	

	15
	
	30
	


Total A = _________



Total B = _________
3. The Probability of winning if you stay is _______

4. The experimental probability of winning if you switch is _______
Chapter 6.

J Florence Otahuhu College

Last year, 65% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________








Last year, 25% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________





The Contestant is shown three closed doors. One door has a big prize behind it, but the other two have a gag prize behind each of them. The contestant is asked to pick a door. But then the game show host, Monty, first opens one of the remaining closed doors, always revealing a gag prize. The contestant is then given the option to stick with their original choice or to switch to the other unopened door.  What should they do? [1]








Figure 8: Historical weather graphic





What does it mean when a weather forecaster says that tomorrow there is a 70% chance of rain? Suppose the forecaster said there was a 70% chance of rain and in fact, it didn’t rain. What would you conclude about the statement that there was a 70% chance of rain? 








Present a heuristic, fallacy or misconception











      Analyse 








Report on the analyse and answer the question 








Class discussion and “Pose a question”


 








Plan or develop an experiment or simulation











Run experiment and Record results








What do you know about rolling a six on a die?





(Why) is it harder to roll a six?





We must roll the die x number of times





Group A results, groups B results….





I notice that rolling a six…





I have discovered that it is not harder to….








Run experiment and Record results











Plan or develop an experiment or simulation











Class discussion and “Pose a question”


 








Report on the analyse and answer the question 











      Analyse 








Present a heuristic, fallacy or misconception





What do you know about rolling a six on a die?





Is it harder to roll a six?





We must roll the die x number of times





Group A results, groups B results….





I notice that rolling a six…





I have discovered that it is not harder to….





Curriculum level: 3-4





Tools: 


Data Projector, Class set of dice,


Student sheet (optional).





1





2





3





4





5





6





Die number





f





f





Die number





6





5





4





3





2





1





Curriculum level: 3-4





Tools: 


Data Projector.


Big cardboard coin


Toy, old or 10c coins





Students cannot tell the difference between a real random pattern and a made up random pattern





Can I detect a real random pattern?





a) I will create a pattern myself so it looks as random as possible


b) I will flip a coin 50 times and record the results





Run experiment and record patterns





I notice that my longest run was 





I have discovered that 





Curriculum level: 3-4





Tools: 


Data Projector.


Opaque containers


Coloured objects: counters etc.





Imagine that I have 6 red counters and 4 blue counters in a container.  What colour will I pull out?





Does the number of each colour matter?





a) Going to run an experiment to check 


b) Students will place the counters in a container, shake it, take one out (without looking), record it and then repeat





Run experiment and record results





I notice that …





I have discovered that 





Curriculum level: 3-4





Tools: 


Data Projector, Class set of dice,


Student sheet 





Are you good at predicting what people are good at or what they do?





Consider Leonard…





We need to develop a probability language





To answer Question 8 I should draw a Venn diagram





Curriculum level: 3-4





Today I have learnt that…





School





Class





You





School





boys





girls





My school





My school





Y9





Y10





Y11





Y12





Y13





x





x





x





x





All living creatures





All living creatures





Men over 55





Sick men over 55





Tools: 


Students work sheet


Data Projector





Which is more likely? 





How do you rank risk to life?








run an experiment to demonstrate the availability heuristic.





Framing a question





Tools: 


Data Projector (optional) or


Cardboard cut outs (2) 


Student sheet 





Curriculum level: 3-4





Do you think advertisers have control over you?





Estimate the number





Run a second experiment





Who uses anchoring?





Looking at a paradox





B





Last year, 25% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________





Last year, 65% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________








Last year, 25% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________





Last year, 25% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________





Last year, 65% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________





Last year, 65% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________





B





B





B





G





G





G





Outcome: BB





Outcome: BG





Outcome: GB





Outcome: GG





Outcome: GG





Outcome: GB





Outcome: BG





Outcome: BB





G





G





G





B





B





B





G





G





G





G





G





G





B





B





B





B





B





Last year, 25% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________





Last year, 65% of students sitting probability passed.  Estimate how many will pass this year.


ESTIMATION =_________





Curriculum level: 3-4





Tools: 


Data Projector, 


Student sheet 


pack of cards





Imagine you are in a game show





Why is it better to switch?





 Card experiment





Group A results, groups B results….





 Analyse class results
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