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Appendix A. Proof of Theorem 2
Case A

For the diagonal block matrices of A, (a), we can apply standard arguments to show

that, for ¢t > 0,
n! Zn:ai Khj((ﬂz(j) —x) ~ ahjl-_t gj(x) /Kj(z)tdz
_12042 x) K, (x; O _ )t~ ahl ™ gi(x) /22Kj(z)tdz,
12% (29 = 2)2 K, (29 — 2)' ~ @hgi(a) / 22K (2) d,
and for the off-diagonal block matrices of A, (a),
n! zn: G K, (2 — 2)* Ky, (2 — )70~
Bhi *hsg(x) [ Ki(2)*dz [Kay(2)'"%dz, 0<a<],

Bgl(x)7 a=1,
B g2(), a=0;

Y G Ko () — )" Ky (2 — o) (el )~
i=1
BW”W¢W)IfKVVMJKM@H%40<a<L

Bhig(x ) a a=1,
B g2(){ B2V |2z = 2) — a}, a=0;

n 'y B K, (" — 2)* Ky, (21 — 2) (2P — 2) ~
Bhih5t g?(x) [ Ki(2)" dz [ 2 Ka(2)' " dz, 0<a <1,

B () {E@? |V = z) — a}, a=1,
5h292( )M2)7 a=0;



n Zﬁi K, (%(1) — )" Khz(‘rz@) — x)l_a(xgl) — ) (9652) —x) ~
i=1

Bhi hat gA(x) [22K(2)%dz [ 22Ky(2)' " %dz, 0<a <1,

ﬁh%ugl)ml )(x), a=1,
Bh%:ug?)ml )( )7 a=0.

For 0 < a < 1, it follows that the limit of A, (a) is

alA;  BAp(a
A@( B <>)7
6A21(a) ¥ Ao

where
A gi@) B2 gi() g
717 T
B2 gi(x) ps” 12 gj() g
hi™" k5 g(x) [ Ki(2)*dz [ Ka(2)' ™ dz
Alg(a) = 3
hi~® h g(l)(x) [22K(2)%dz [ Ko(2) 7 dz
iRt g (x) [ Ki(2)dz [ 22 Ky(2)' "% dz
hi @ hate g2 (x) [ 2% Ki(2)* dz [ 2% Ky(2)' " dz 7
and

N ( By 9(x) | (=)' dz [ Ka(2)"d

d
hihy~ g®)(x) [ Ki(2)' ™" dz [ 2° Ky(2)" dz

hithy™* gV (x) [ 22 Ki(2)' " dz [ Ky(2)" dz
hitehy@ g2 (x) [ 2% Ki(2)' " dz [ 2° Ka(2) dz

Using the fact that hy/hy — 1, we can write hy ~ h, hy ~ h and
adn hQadm hﬁdlg(a) h33d14(a)
h2 a d12 h2 a dgg h3 B d23(a) h5 B d24(a)
hBdsi(a) K Bds(a) 7 ds3 h*y d4
hS B d41 (CL) h5 B d42 (CL) h2 7 d34 h2 7 d44
Then, we can show that
——1 A1 B A12
A7) ~ ¢ A2111 hast (1a> ,
h%A (a) 7 'Ay
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where

» 1 1 —g;(z)/g;(x)
Ajj(a) ~ '
950) \ ~gj(@)/g;@)  1/(82f)

As the off diagonal blocks are of smaller order than the diagonal blocks, they do not con-

tribute to the limits so we do not need to give them explicitly.

Next, for t,(a), we have

Yo Ky (1) — @) (o — )~ ahd gi(o) ),

n Y Ky (o) — ) (2 = 2)' ~ @higi(@) s,
=1
-1 - K 1 _ a K (2 Nl—a/..(2) _ _\2
n Zﬁz h (5 )" K, (; z) " ( x)° o~

Bhi “h3t g(x) [ Ki(2)*dz [22Ky(2)'7%dz, 0<a<1,
ﬁg1<x>E[( P =) |ol =], =1,
B 03 ga(x) s, = 0;

n S B Ko (2 — ) Ky (2 — 2) 70 (2 — 1) ~

Bhi™hy™ g (x) [ Ki(2)%dz [2* Ky(2)'"%dz, 0<a<]1,
591( ) ( 52) —x)3 ;1:(1)
)

i =
(2 .
B hy gy(x) g a=0;

Y a/:17

n_l Zﬁl Kh1 (xz(l) . I)a Khz(%@) o x)l—a (.T,El) . ZE) (ZE§2) . Z')Q ~
i=1

DI 00) [ IG( de [ 0 <<
G h3 MQ )(x), o=1
13" ga(a) {B [ ]l = o]~} a=0;

and

nU Y B K, (2 — ) Ky (2P — 2)' 0 (2l — 2) (2P — )P ~
=1

Bh3 e hiteglA(x) [22 K (2)%dz [ 22 Ky(2)'"%dz, 0<a<]1,

BhE s mf? (x), a=1,
Bhip? mi (x), a=0.



For 0 < a < 1, substituting these results into (16) gives

W ag(z) ud fll(x)/2
hiau {g)(x) f(2)/2 + g1 (x) f"(x)/31}

37 ga(a) 1 f4(2)/2

n37 s {gs () 3 (2)/2 + gal) f3'(x)/31}

Writing t(a) ~ (h3aty, hiaty, hayts, hivyts)T, we can show that

h%tlén h%tl/dll
_ h2(t1012 + t2020) h3(ty — tydya/dry1)/das
A~ a)t(a) ~ ) = , : (3)
h2t3533 thS/d33
h3(t3034 + t4044) h3(ts — t3dsa/dss)/daa

Substituting from (1) and (2) for the terms on the right hand side of (3) gives the required

expression for the bias.

Similar arguments using the appropriate forms for A(a) and t(a) yield the asymptotic

bias for a = 0 and a = 1.

Now consider 6,,(a). For 0 < a < 1, it is straightforward to show that
(©uni(a) ~ nh1 ( 1;a o—h> (@) i,
(Oni1(a))iz ~ < - Z@ Uu) )Y,
(©ni1(a))2e ~ ( _IZOZ Uu) () 4",

1 n
(@le(G))ll ~ E (n_l ZO[,LﬁZO'%Z) hQ/hl /Kl 2—a dZ /KQ
i=1
1 n
* n (n_l > (i + @2)01z‘02z‘m> g(x)
i—1
1 n
+ n (n_lz%ﬁic’i) (ha/hg)'™ /Kl )" dz /K2(Z)2_adz,
i—1



hihg
n

(Onia(a))ar ~

(w7 S auod) Gufmay 80 [ 20022 s [ Kooy a
i=1
(n—l Xn:(ai% + ﬁ?)aligzipl) g(l) (X) ﬂgl)

i1

+ hj <nlzn:%ﬂm§i> (hy/hy)' = g (x )/ Ky (2)"dz /K2 )2 dz,
i=1

(On12(a))z ~ (nlzazﬂmi) (hg/hy)t @ g(Z)(x)/Kl(z)z’a dz /22[(2(2)“ dz
i1

n! Z ;Y + 53)011'021/%’) g° )( )Ng)

hih
+ InQ ( 12’}@510'21> hg/hl /K1 /Z2K2<Z)2_a dZ,
hlhg -1 (1,2) 2 2— 2
(@n12(a))oe ~ ” 20@@012 (hi/h2)® g"7 (x )/z Ki(z)"%dz /z Ky(2)*dz
hihs (1 (12) (v (D) (2)
+ n Z Q7 + 6 )UIZUQZPZ g ( ) Mo " g
h3h
+ il ( 12%@(;%) hg/hl)“g(1’2)(x)/22K1(2)“ dz /22K2(2)2_“ dz,
and
1 -1 & 2 2 (2)
(Onz2(a))n ~ 7 n Z% o9 | 92(7) V5,
(@n22(a))12 ~ n ( ! Zr)/z 22) 92 Vé )7
ha (1 @)
(On2a(a))z ~ —\n Z% o5 | ga(z) vy
We can write
h’lvu hvis U13((l> h2v14(a)
1 hv hv h2vys(a) hivyyl(a
O,(a) ~ & 12 22 93(a) 94(a)
Ulg(a) h2v23(a) h_lvgg h’034
h2U14(CL) h47)24(a> hU34 hU44

and then obtain the asymptotic variance of 8x(a) by multiplying out A™*(a)Var(8,(a)|x) A
O

Case B



In Case B, the terms are all of the same order as in Case A but the constants are different.
This means that the results are of the same form as in Case A but with different constants.

We need only therefore find the new constants.

For the diagonal block matrices of A, (a), for ¢ > 0,

n

n Y ax) Ky (o) =2~ B g () Bla()le =2} [ K=" dz,

=1

n! Zn: a(x;)

i=1

n_lznloc(xi) (xgj — ) Ky, (xl(j) — )~ h?_t /Gj{oz(x)g(x)}dx_j /ZZKj(z)tdz,
(x

)
O — 2P K@Y =)~ B g Bla)e9 = 2} [ 2K() d,

7

where 0; denotes the derivative with respect to ) and z_; denotes the component of x
which is not 29). For the off-diagonal block matrices of A, (a),

n Y B(xi) Ky () — )% Ky (22 — 2)170 ~

=1

h™*hg B(x)g(x) [ Ki(2)"dz [ Ka(2)'""dz, 0<a<l,

n=t Y B(xi) K, (@M — 2)" Ky (2 — )@l —2) ~

i=1 '
Ry h2 01{B(x)g(x)} [22K1(2)%dz [ Ky(2)'7%dz, 0<a<1,
h%fal{ﬁ(l’,S)g(I,S)}dS/L(Ql), a = 17
ga(x) E{B(xW, 2) (2V) — 2)|2®) = x}, a = 0;

WY 006) Kol — )" Kol — )20l — ) ~

i=1

hi " B3 0o B(x)g(x)} [ Ki(2)*dz [ 22Ks(2)' " d2, 0<a <1,

g1(2)E{B(z,2?)(2® — 2)|zM =z}, a=1,

h3 [ 02{6(s, )g(s, ) s a=0;

'S B(xi) Ky (1) — 2)7 Ky (287 — 2)' 0@ — 2) (2P — 1) ~
=1



B RS 0 B(x)g(x)} [ 2K(2) e [ 2Ky(2) "z, 0<a< L,

h2 [ 0 {B(x, s)g(w, 5) }(s — x)ds s, a=1,
h3 [ 02{B(s, )g(s,x) }(s — x)ds a=0.

Next, for t,(a),

n

n Y a(x) K, (z; W2y @ —2)® ~ nl /81{04 (z,5)g(x, s) s pi,

=1

n' Y alx) Kn (o = 2) (@i = )" ~ higi()E{a(x)[a) = 2} uf,
=1

n

Z:>qK¢ (2 = 2)* Kpy (21 — )17 (2 — 2)? ~

TR B(x)g(x) [ Ki(2)2dz [ 22 Ka(2)'70dz, 0<a<],
() E{B(, ) (2 — 22 = o}, a1,
3 go(2) E{BD, )2 = 2} ), = 0;

n Tt B(xi) Ky (2 — )0 Ky () — 2)170 (2 — 2)® ~
=1

R~ hy ™ 0, {B(x)g(x)} [ Ki(2)%dz [2* Ky(2)'"%dz, 0<a<]1,
91(z) B{B(z, 2?)(x® — 2)*|2V) = 2}, a=1,
hi J 02{B(s, 2)g(s, x) bds ), a=0;

n

nt Y Bx) Ko, () — 2)" Ky (0 = 2)' 0 (@) = 2) (o) = 2)? ~

Ry R3O {B(x)g(x)} [ 22 Ki(2)%dz [ 22 Ky(2)'"%dz, 0<a<1,
Bt | {3, 5)g(w, )} (s —>%wﬂ> a=1,
B3 g>(x) BB, ) (@) — 2)|a® = x} i, a=0;

and
n

nY B(x) Ky (28 — ) Ky (28 — )17 2V = 2) (2 — 2)® ~

i=1

W7 hy ™ 01 {B(x)g(x)} [ 2% Ki(2)*dz [2* Ka(2)'"dz, 0<a<]1,

[ o {B(x,8)g(x, 5)} (s — x)Pds s, a=1,
h% faZ{ﬂ<va)g(Sa Q?)}(S - x)dSM512)7 a=0.



Now consider ©,,(a). For 0 < a < 1,

@@ ~ - E{a(e) = z)or (@ (o) 4"
@@ ~ - [o{ae Vgl 9)dson ()

(©1(@) ~ ﬁE{a( Pl = 2}or (2)2g () i),

@@~ (ha/mn) =" @G0B (2 9(x) [ Kol dz [ Fole)d

b (a((x) + B00%)n(x)oa()olx) g(x)

+ i(hl/hg)l a /K1 T dz /K2 )20z,
(Onia(a))ar ~ hlnh2(h1/h2) B {a(x x)} / 2K (2)2 0 de / Ka(z

+ 0, (aon(x) + ) >al<a:>p<x>g<x>}og<x>ué>

b B o)1 0, (008090 oafa)? [ (e [ K20
(Ona(@))is ~ h2(h2/h1)1 ~ gy {a(x x)} o1 (z / Ky (2)2 % dz / 2Ky (2) dz

+ hgaﬁ( (x)7(x) + B(x)*) s (x) p(x)g(x)} 01 () p15”

+ h1h2(h2/h1) 9 {~(x /m /2K2 (2)%" dz,
(Ona(@)s ~ M h 2 (hy [ ha)? Ora{a(x)B(x)0 ()29 (x)} / 2K (2)2 " dz / 2K(2)0 dz

+ hQ’”‘%au« (K11 (%) + B2 (2)02(2)p(x)g (3} 16

+ hsh?(hQ/ho Dl lx )[R [ 2R

where o is a function of the first component of x and o5 is a function of the second component

of x, and

@@ ~ —=BOOP® = a}oa(o)ga(a) 1Y,
@unfais ~ 2 [ Bufn(s,a)g(s. ) s ora() 12,

(®n22(a))22 ~ @E{’}/( ) |1‘(2) :IL'}O'Q( )92( ) (2).



Appendix B. Proof of Theorem 4
Case A

We can write A = Aj; @ W so that A™' = Al ® W . We have

ar 2 o~ g(x) Yo h? vy g'(2)/g(x)
Var(0,(a)|r) wh | 1 g @) /(o) . ® — EWEW
_ 9@ Vo Mg (2)/9(@) | o
nh\ B2y g'(2)/g(x) 2y,

so the result obtains.

Case B

For the diagonal block matrices of A,,, we can apply standard arguments to show that

n

n= Y alw) Ki(zi —x) ~ ofx)g(w),

The limit of A,, is therefore

(5

A =

Ay A,

where
A ( n(x)g(x) h?{n(a:)y/(x)+nf<x>g<x>}m>'
! B2 {n(x)g(x) + ' (x)g(x) o B2 () g()

In general, if we write

din  hidyp  dis hPdy
h*dyy h?dyy h*dyy h*dy
diz  h¥dyy  dsz  h*ds
h*dyy h?dyy h*dsy h?dy



then we can show that

011 012 013 014
812 h™ 202 Oa3 h 720y
013 023 033 034
O1a h%094 034 h™20u

At~

Using the fact that W(z)™! = 3(z) and |[W(z)| = a(z)y(z) — 3(x)?, we have

i (v(l’) ﬂ<x>)( o1 ()" al<x>@<x>p<x>>_
W@\ —@)  alx) o1 (x)os(z)p(x) oo(z)?

Moreover, writing 0f(z) = f'(x), we have

do1(2)* = —{7/(2)B(x)* + o/ (2)y(2)* — 2y(2) B () B(2) }/[W (2) %,
0oy(2)* = —{o/(2)B(2)* + 7/ (z)o(z)” — 20(2) ' (2) B () }/|W () *
and
0{o1(z)oz(2)p(x)} = —{B' (v)a(z)y(z)—a (2)y(x) B(z)—B(x)Y (x)a(z)+5'(x) B(x)*} /|W (z) .
We can then write
IA|/RY = BydPy — d2ydidss — d2gdasday + diydosdssdyy
= {B(2)g(@)p2}*{B(x)g(2)}* — {B(z)g(2)uz} () g(x)y(x)g(2)
—{B(2)g(x) Y a(x)g(2)pay(2)g(2) 2 + aw)g(x) o) g (@) pay () g(2)7(2)g(x) 12

= B(@)'g(2) 15 — 28(x) alz)y(2)g(x) i3 + o(z)*y(x) g(2) 13

= g(@)'u3{B(x)" - 28(2)*a(2)y(2) + a(z)*y(2)*}
= g(@) mp{al@)y(@) - pz)*}
= g()' 13|W(z)]”

|A|011/h* = doodssdas — d2ydss
= a(x)g(@)pay(2)g(@)y(x)g(x)p2 — {B(2)g(x)na}*y(w)g(x)
= p39(x)*y(x){a(zx)y(x) - B(x)*}
= psg(x)’or ()’ |W ()%,

10



N

and

|A|5,4/R*

—dyodssday + daadyadss + dyadisdas — dagdyadss
—p2{e(2)g'(x) + o/ (x)g(2) }y(2)g(2)y(@)g(x) pa
+8(x)g(@)papaf{B(2)g () + F'(x)g(x) }y(2)g(x)
+12{B(2)g' (z) + B'(z)g(2) }B(2) g(x)y(x)g(x) pa
—B(x)g(z)p2B(x)g(x) paf{y(z)g'(x) + ' (x)g(z)}
—u3g(x)*[y(2){a(2)g (z) + o/ (2)g(2)} — B(x)y(2){B(2)d (x) + B'(x)g(x)}
)y (@){B(x)g (x) + 5'(x)g(x)} + B(z){y(2)g () + ' (z)g(x)}]
—u39(2)*[g (v)v(2){a(2)y(z) — B(2)*}
+g(@){v(2)’a/ (x) — 28(x)y(2) B (x) + B(2)*(2)}]
—39(x)* W (2)Plg' ()01 (2)* — g(x)do ()],

r)g\x

—B(x)y

|Ad13/h* = d3ydis — daadisdas

= {B(2)g(x)p2}*B(2)g(x) — a(z)g(w) u2B(w)g(x)y(2)g () 2
= —a9(2)*Bla){a(x)y(x) — B(x)*}
= 139(2)° W (2)[o1(x)os(x)p(x)

—dyydysdag + dradasdas + dogdyadsy — dagdyadss
—p2{B(2)g () + B'(2)g(x)} B(x)g(2) B(x) g ()2
+ua{a(z)g'(z) + o/ (2)g(2)} B(x) g(2) pay () g ()
+a(z)g(z)paB(@)g(x)pe{y(2)g () +7'(2)g(x)}
—a(z)g(x) pap2{B(2)g (x) + B'(x)g(zx) }v(2)g(z)
—39(x)*[B(x)*{B(x)g' (x) + F'(x)g(x)} — B(x)y(2){a(z)g () + o/ (2)g(x)}
—a(z)B(@){y(z)g'(z) + 7' (2)g9(2)} + a(z)y(x){B(z)g (z) + 5'(z)g(z) }]
139(x)*[g' () B(x){a(x)y(x) — B(x)*}
—g(2){B(x)*F' (x) — Bx)y(w)a’(x) — a(z)B(x)y (x) + a(z)y(2)8 (2)}]
—39(2)* W () Plg ()01 (2)oa(x)p(x) + g(2)0{o1 () on(x) p(x) }]-
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From the second row,

|A|8y3/R*

and

|A|522/h4 = —d%3d44+d11d33d44

= —{B(x)g(x)*v(x)g(x)p2 + ) g(x)y(x)g(x)y(x)g(2)p
= pag(x)’y(x){a(z)y(x) — B(x)*}
= |A]011/(h ),

—dy1dvadas + diidasds + diadizday — diadizdag

—a()g(@)pa{B(w)g () + ' (2)g(x) }y(2)g(w) 2
+a(z)g(x)8(z)g(w)pepa{y(z)g'(x) + 7' (x)g(x)}
+a{a(z)g' () + o/ (x)g(x)} B(x)g(x)y()g(x) 2
—12{B(2)g'(x) + B'(x)g(2)}5(x)g(2) B (x)g () 2

—p39(x)?[a(z)y(x){B(x)g (x) + B'(2)g(2)} — a(x)B(x){7(2)d () + 7 (x)g(x)}
—B(x)y(@){a(z)g (z) + o' (x)g(2)} + B(a){B(x)g (x) + B'(x)g(x)}]
—39()?[¢ () B(x){a(a)y(z) — B(z)*}
—g(x){a(x)y(2)F'(z) — a(z)B(x)y () = Bla)y(z)a’ (x) + B(x)*F'(x)}]
—|A[b1a/n*
|A|6o4/h* = —dy1dosdss + digday

= —a(z)g(x)B(z)g(x)pay(z)g(x) + {B(x)g(z)}*B(x)g(x) pe
= —pog(x)’B(x){a(z)y(x) — B(x)*}
= |A|d13/(h ).

Finally, from the third and fourth rows,

|A|533/h4 = d11d22d44 - d11d§4

= a(@)g(@)a(@)g(@)uy(@)g(@)ps — a(z)g(x){B(x)g(x)ua}?
= wg(@)*a(@){alz)y(z) - Bx)*}
= p3g(x)’oa(z)* W ()%,

12



and

Now

|A|634/h* = —dy1doadsy + diydogdiy — diodizdag + diadizday
= —a(z)g(z)a(x)g(z)papa{y(2)g (x) + ' (x)g(x)}
+a(2)g(z)B(z)g(x)pap{B(2)g (x) + B'(z)g(x)}
—pefa(z)g' (z) + o (2)g(2) }B(x)g(x) B(x)g(x) 2
)9 (z) + B'()g(x)}B(x)g(x)a(z)g(x) pe
(x

/

xr)g\x

/

+u2{B(x)d
= —pig(x)*[e(@)*{(2)g () + o' (x)g(2)}
—2a(2)B(z){B(x)g'(x) + B'(z)g(x)}
B(x){a(2)d () + o (x)g(x)}
= —pu39(2)°[g'(x)a(x){a(z)y(x) — B(x)*}
+g(x){a(z)*y (x) = 2a(2)B(x) ' (x) + B(x)*a’(x)}]
= —p39(x)*|W(2)[{g (z)o2(2)? — g(x)dos(x)*}

_|_

|A|64/ht = di1doadss — daodiy
= a(z)g(a)a(z)g(@)uay(r)g(x) — a(z)g(x)ps(B(a)g(x))*
= pag(a)’a(z){a(z)y(r) - B(x)*}
= |Aldss/(h*puz).
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and similarly for the other terms, so that

02 pz g() {f (x)a(x) + f3 (2)B(x)}/2

I s [{a(z)g'(x) + o/ (2)g(@) } ] (2) /2 + a(z)g(z) " () /3!
HO(@)g' () + 0'(x)g(2)} [ (2) /2 + B(x)g () £ (x) /3]

h? iz g(x) {1 (2)B(x) + f3 (2)7(x)}/2

bt s [{B(2)g' () + B'(2)g(x) } 1 (2) /2 + B(x)g(x) f" () /3!
(@) (x) + ' (x)g(2) } 3 () /2 + y(x)g(2) £5"(x) /3]

Writing t = (h?ty, hlty, h?t3, h'ty)T, the asymptotic bias is

d11t1 + d13t3
O12t1 + daata + dasts + daaly
013t1 + O33t3

At ~ B2

014t1 + Ooato + d34t3 + duaty

The bias calculation for estimating f; is straightforward. We obtain
A0t + dusts) /b = p39(x)°y(2)|W (2)|p2 g(2) {1 (2) () + f3 () B(x)} /2
—p39(w)’B(2)|W ()| p2g(2){ f3 ()7 (2) + f1'(2)B(x)}/2
= 19(2) W ()| [y(@){fi (x)a(z) + f5 (2)B(x)}
—B){ £y (x)y(z) + f{(z)B(x)}]/2
= p39(x) (W ()1 (x)/2
so that
outy+ sty = hiupg(a)' W) f'(x)/2|Al
= 139(2)* W (@) f{'(2) /29(x)* 13| W () |
= pafi(z)/2.
The bias calculation for estimating f{ is more complicated. We obtain
|A|(O1t1 + doaty + Sosts + Sauts) /R* =
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—pi39(x)* W (@)[lg (2)y(x) — W (2)lg(x)001 (x) { £ (z)a(x) + 5 (2)B(2)}/2
+izpag(2)*y (2)|[W ()| [{a(@)g (z) + o (2)g(x) } f(2) /2 + alz)g(2) " () /3!
HB()g'(x) + F'(x)g(2)}f5 (x)/2 + B(x)g(x) 5" () /3]

+139(x)* W ()9 (2)B(2) + [W (2)lg(2)0{ o1 (z)oa(2) p(2) H{F () B(x) + f3 (2)7(2)}/2
—pi2pag(x)*B(2)[W (2)| {B(2)g (2) + B'(2)g(x) } £ (2) /2 + B(x)g(2) fi" (x) /3!
H()g'(2) + 7' (2)g(2)}f2 () /2 + v (2)g(2) 5" () /3]

= —39(x)°g' (2)[W(2)[* f{ () /2
+i39(x) W (2)[a(2)do1 (2)* + B(z)0{o1(x)as(x)p(2) }] 1 (x) /2
+hopag(x)’g' (x) W (@) [ £ () /2
Fhopag(x) W ()| {o/ (2)y(z) — 3'(2)B(2) } 1 (x) /2
+Hhz9(2) ! [W () *[3(2) 001 (2)? + v (2)0{o1 () oz (x) p(a) }] f5 (2) /2
Hhopag (@) [W (@) {y(2) B (x) + B(2)y (2)} f3 (2) /2
Fpopag () W (@) £ () /3!

= (s — p3)pag(2)’g (@) [W () P £ () /2 + popuag ()| W (@) fi" () /3!

)

(
+139(x)! | W (@) {[a(2)d01 (2) + B(x)0{o1 ()0 (x) p() }] () /2
+ [8()901(2)? + ~(x)0{01 (x)o2(@)p(2) 1 f3 () /2]

+izpag(2) ! [W (@) [{o (2)7(2) — B'(2)B()}f (2) /2 + {7(2)F () + Bz)y (2)}f3 () /2]

so that

Oa1ty + ooty + Oagts + sty = (pua — p13) g’ (2) f1 () /(29(x) p2) + pafi’ () / (1123")
+M2{[04(1’)301@)2+5($)a{01($) 2(x)p(2) } [ () /2
+ [6(2)901 (2)? 4+ v(2)0{01 (x) 0o () p( )}]fél(ﬂﬂ)/Q}
s/ (2| W (2)]) [{ (2)y(x) = B'(x)B(2) } 1 (2)/2 + {7(x) ' (x) + B(x)y'(x)} f3 () /2].

Similar arguments show that that

O1aty 4 Oaaty + Osats + Oasts = (pus — p13)g' (@) f5 (2)/(29(x) p2) + pafy’ () / (1123")
+ 42 {[a($)301($)2 — B(x)0{o1(z)o2(x)p(2) }] f5 (x) /2
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— [B(x)003(2)* + y(2)0{o1(x)
+pa/ (2| W (2)|) {a(x)y'(z) — B

Now consider ©,,. We have
2
n® O,

2
n° O,i2

2
n* G

(x)p(x)}]£5(1)/2}

"(2)B(x)}f5(2)/2+ {a(x)8'(z) + Blz)e/ (x)}f{ (x)/2].

= Xsz diag(a(z;)) X,
= XIK®diag(B(z)) X,

— XTK diag(y(2,)) X,

Now, it follows that

n

o 1 ( Lo (z)g(x) v

T\ ha(o)g (@) + o (2)g()}ve

h{a(z)g () + o/ (2)g(x) }va )
ha(z)g(x)v,

SO we can write

h™ vy hvig hlogg hoyg

hUlz hUQQ hU14 hU24

1
Var(0,|z) ~ —
Ml h oy hoy hlugy hosg

hvig  hvyy  hvsy  hogy

We obtain the asymptotic variance of &, by multiplying out A~*Var(8,,|x) A~ to obtain
ymp Y plymng

-1 -1
011 012 513 014 h™vi1 hvis h™ vz huyy 011 012 513 014
) 011 5 013 h h h h 5 011 5 013
12 32, 4 B2, V12 V22 V14 V24 12 gz, 014 32,
-1 -1
013 014 033 O34 h™vig hvig h™ vy hosy 013 014 033 O34
) 413 ) 033 h h h h ) 013 ) 033
4 Rz, 934 32, V14 V24 U4 Va4 4 32, 934 32,

It is convenient to calculate two 2 x 2 submatrices first because we can exploit the relationship
between them. The first of these is

()= (n )
fo(z)

(W (2)|*(0F 011 + 2011013013 + 073033)

€11 C13

C13 (33

where

(W (2)[*nhcy; =

D2 a)g ) —

g9(z)

Y@ @) g g + (

g(x) g(z)
16



g](/w)
= L @IWE)
= L n@IWE),
(W (2)|*nheis = [W(2)[*(013011v11 + 033013033 + 013013 + 033611113)
= P a@)gtom - “D o
O Patlalan + “ D s(w)gtaim
= ylre@sen ) - B
= —gg)mnww
= L @n@p) W) P
and
(W (2)|*nhess = [W(2)[2(035v11 + 2613033013 + 033033)

= (2 pa@gtom — 220 s@gtom + (S Pa@gtom

= {a@sE)? +@at)?)

= g?;a(mvv(xn

= R@IWEP

It follows that

ﬁ(x) _ W
Var ( £ @) ) = nhg(x)z(m)'

Var Ji{(x) — ™ .
f3() Co4  Caq
The terms are the same as those above with h replaced by h3u3 and vy replaced by vy so

1?1(55) _ V2 -1 V2
Var ( A@) ) = mw(x) = 7%2@)

The second submatrix is
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There are four remaining covariance terms but two of these can be derived from the

others so we only require two further terms to be calculated explicitly. First, we have

nh|W(:L‘)|2012

nh|W (z)[*Cov(fi(x), fi(z))

(W () 2[011012(v11 + a2/ 12) + 012013(v13 + oa/12) + 011014(v13 + Vaa/12)
+014013 (Vs + Vaa/ f12) + 07,012/ pro + 2011613014/ po + O13034/ f12)]

(W (2)][0110120(2) g () (vo + va/ o) + (812013 + 01101a) B(2) g () (v + vo/ 1)
+0140137(2)g(2) (vo + 12/ k2) + 011 {ax(w)g' (x) + o () g(x) }va/ o
+2001013{B(2)g (x) + B'(x)g(x) }va/po + 653 {7(2)g (x) + ' (2)g(x) }va/ po)]
V(@)W (@)|dr20(z) (vo + v/ p2)

+W(z){=0126(x) + v(2)014}B(x)g(x) (v + v2/ pi2)
—01B(@)[W (@) |y (2)(vo + 12/ p2)

+(va/nag(a)?) [y(2)* {a(z)g (x) + o/ (2)g(x)}

—2y(x)B(a){B(x)g (x) + B'(x)g(x)} + B(x)*{7(2)g (x) ++(z)g(x)}]

(W (@)[d12(vo + v2/ pi2)

+H(va/nag(@)?) [y(2){a(2) g (x) + o/ (2)g(2)} — v(2)B(2)?d' ()
—2y(x)B(2) (x)g(x) + B(2)*y ()g(x)]

—(9'(2)/9(x)*)o1 (2)*[W (2)[* (o + 2/ p12)

1| W (2)|* 001 () (vo + 2/ p12) /()

HW(2)Po1(2)?g (2)re/ (129(x)?) — [W (2)]*(v2/ pag(x)) 9o (2)?
—01(2)?[W (@) |*vo|W (@) *¢ (2)/g(x)* + [W (@) ['rodo (2)*|W (2)[* /g ().

Finally, we have

nh|W(x)|2014

= nh|W(z)Cov(fi(w), f3(x))

|W($)|2[511514U11 + 013014013 + 011013V12/ o + S120130V22/ o
+075014/ 2 + 01301424/ fig + 011034013 + 013034033 + 011033014/ H2 + G12033004/ pho
+013033U34/ o + 014033044/ 2]

(W (2) [*[0116140(2) g(x) vy + 0136143(x) g(x) v
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+ondis0{a(z)g(@)ra/pe + d12013a(z)g(x)ra/pe

+0350{6(x)g(x) Yva/ po + 0130145 (w) g (x)v2/ 1y

+0110310(2) g(x)vo + 130347 (x) g ()1

+0110530{B(2) g(x) }ra/p2 + 6120538(2) g(@)v2/ 1o
+0130330{7(2)g(x) }va/ pia + 6140337y (7) g () v/ 2]

(W (@) * {g(z)vo[0n101ac(x) + 6130148(2) + 0110348(x) + 0130347 ()]
+[0110130 () + drad130(z) + (075 + 011033) B’ (%) + (013014 + 612033) 3()
+0130337 () + 0140337 (2)]g(2)v2/ 12

+o110130(x) + (3% + 01105) B(x) + 130537 (2)]g (x)va/ pi2 |

vo| W ()|[0110{01(x)02(x) p(x) }a () 4 0130{01(x)0a(x) p() } B()
—0110{o5(2)*}B(x) — 130{02(2)*}y(2)] — d1310| W (2)]g'(2) /9 ()
+9(2)[W () Pra/ p2[0110130 () + (073 + 011033) 8 () + 0130337 ()]
—[013a(2)0{01(2)*} — 8138(2) {01 ()2 () p(w)} + G333 (w)D{ 0 ()}
—0337(2){ o1 (x) o2 () p(x) HIW () v2/ o

—013| W (2)]g'(2)v2/(g(z)p2)

Hondiza(z) + (673 + 011033) B(x) + 0130337 (2)]g' () [W () [Pra/ g
vo|W ()| /g(2)[y(x)a(z)d{o1 (2)oz(x)p(w)} — B(x)*0{or () oa(2)p(x)}
—y(@)B(2)0{o2(2)*} — B(x)y(2)d{o2(x)*}] + vof(2)|W (2)|g'(x) /g(x)*
—va/(g(x)pa) [y () B(a) (x) — (B(2)* + y(x)a(2)) 3 (x) + B(x)a(x)y' ()]
+HB(x)a(2)o{o1(x)*} — B(x)*d{o1(x)os(x)p(2)} — a(2)B(x)0{o1 (2)*}
+a(@)y(x)0{o1(x)oz(2)p(x) Hra/ (g(x) pa| W (z)|)
+0(2)|[W(2)]g' (2)r2/ (g(2)* o)

~[1(@)B(x)a(z) = (B(2)* + y(x)a(x))B(z) + Bl@)a(z)y(2)]g (x)rva/ (9(x)*n

0{o1(z)oa(x)p(x) brol W (2)*/g(x) + B(a)ro| W (2)lg'(x)/(9(2)?)
—(@)B(z)a/ () — (B(2)* +v(z)a(@)F () + Blz)a(@)y (2)]vs/ (9(z)n2)
+0{01(x)oa(x)p(2) o W (2)[*/ (g () 12)

—o1(z)oa(x)p(2)ro| W (@)[*g'(2)/g(2)* + 0{or(2)oa(2)p(x) }1o| W () */ g ().
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The unweighted case: The estimator in the unweighted case is
5, = (XIKX,) 'XTK @ Ly
so the variance is
Var(d,) = (X'KX,)'X'K® LV(z)(X'KX,)'X'K® I,

(XTKX,)'XTK?D; X, (XIKX,)"! (XITKX,) 'XITK?D, X, (XIKX,)!
(XTKX,) ' XTK?D 1, X (XTKX,) ' (XIKX,) ' XTK?Dy X, (XITKX,)™! '

Now,
XTKX, ~ glx) PP (x)pe
h2g'(x)pe  hPg(x)ps
(XTRX,) ! ~ ( L —@/el) )
9@\ —g'(2)/g(x) 1R
and
XKDy X, L ( sor(ag(a ho(w)2g/(2) + 00 (@) g (@)} e )
"\ h{o1(z)*d (x) + Do (x)?g(x) v hoy(z)?g(x)v,

with analogous results when Dy is replaced by D1y or Dos. It follows that
(XTKX,) ' XTK?D; X, (XTKX,) ™ ~
1 ( o1 () —g/ ()01 (2)?v0/9() + Do (x)2wn/ )

nhg(x) \ —g/(2)or(x)200/g(x) + D01 (2)?va/ iy o1(2)vn/ (hys3

(XTKX,) ' XTK*D,X,(XTKX,) ! ~
o1 (z)oa(x)p(a)vo —g'(x)or(x)oa(x)p(x)ne/g(x)
1 +0{o1(z)oa(z)p(x)}va/ 1o
nhg(@) | —g'(@)or(2)oa(@)p(x)/g(x)  or(@)oa(@)p(x)ve/ (hps)?
+0{o1(x)oz(x)p(x) }ra/ 12
where df(x) = f'(x), and

(XIKX,) ' XIK Dy X, (XTKX, )™ ~
1 ( 72(@)*0 —g’(x)w(x)%/g(m)+aag<x>2u2/u2)_
nhg (@) \ —g/(@)o1(2)m0/g(x) + Boa(x) va/ iz oa() 12/ (hpt)?

O
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