
Supplement for “Local regression for vector responses”

by A. H. Welsh and T. W. Yee (2006). Journal of

Statistical Planning and Inference, 136(9): 3007–3031.

Appendix A. Proof of Theorem 2

Case A

For the diagonal block matrices of ∆n(a), we can apply standard arguments to show

that, for t > 0,

n−1
n∑

i=1

αi Khj
(x

(j)
i − x)t ∼ α h1−t

j gj(x)
∫

Kj(z)t dz,

n−1
n∑

i=1

αi (x
(j)
i − x) Khj

(x
(j)
i − x)t ∼ α h3−t

j g′j(x)
∫

z2Kj(z)t dz,

n−1
n∑

i=1

αi (x
(j)
i − x)2 Khj

(x
(j)
i − x)t ∼ α h3−t

j gj(x)
∫

z2Kj(z)t dz,

and for the off-diagonal block matrices of ∆n(a),

n−1
n∑

i=1

βi Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a ∼


β h1−a

1 ha
2 g(x)

∫
K1(z)a dz

∫
K2(z)1−a dz, 0 < a < 1,

β g1(x), a = 1,

β g2(x), a = 0;

n−1
n∑

i=1

βi Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a(x

(1)
i − x) ∼


β h3−a

1 ha
2 g(1)(x)

∫
z2K1(z)a dz

∫
K2(z)1−a dz, 0 < a < 1,

β h2
1g

′
1(x)µ

(1)
2 , a = 1,

β g2(x){E(x
(1)
i |x(2)

i = x)− x}, a = 0;

n−1
n∑

i=1

βi Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a(x

(2)
i − x) ∼


β h1−a

1 h2+a
2 g(2)(x)

∫
K1(z)a dz

∫
z2K2(z)1−a dz, 0 < a < 1,

β g1(x){E(x
(2)
i |x(1)

i = x)− x}, a = 1,

β h2
2g

′
2(x)µ

(2)
2 , a = 0;
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n−1
n∑

i=1

βi Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a(x

(1)
i − x) (x

(2)
i − x) ∼


β h3−a

1 h2+a
2 g(1,2)(x)

∫
z2K1(z)a dz

∫
z2K2(z)1−a dz, 0 < a < 1,

β h2
1µ

(1)
2 m

(2)
1 (x), a = 1,

β h2
2µ

(2)
2 m

(1)
1 (x), a = 0.

For 0 < a < 1, it follows that the limit of ∆n(a) is

∆(a) =

 α∆11 β ∆12(a)

β ∆21(a) γ ∆22

 ,

where

∆jj =

 gj(x) h2
j g′j(x) µ

(j)
2

h2
j g′j(x) µ

(j)
2 h2

j gj(x) µ
(j)
2

 ,

∆12(a) =

 h1−a
1 ha

2 g(x)
∫

K1(z)a dz
∫

K2(z)1−a dz

h3−a
1 ha

2 g(1)(x)
∫

z2 K1(z)a dz
∫

K2(z)1−a dz

h1−a
1 h2+a

2 g(2)(x)
∫

K1(z)a dz
∫

z2 K2(z)1−a dz

h3−a
1 h2+a

2 g(1,2)(x)
∫

z2 K1(z)a dz
∫

z2 K2(z)1−a dz

 ,

and

∆21(a) =

 ha
1 h1−a

2 g(x)
∫

K1(z)1−a dz
∫

K2(z)a dz

ha
1 h3−a

2 g(2)(x)
∫

K1(z)1−a dz
∫

z2 K2(z)a dz

h2+a
1 h1−a

2 g(1)(x)
∫

z2 K1(z)1−a dz
∫

K2(z)a dz

h2+a
1 h3−a

2 g(1,2)(x)
∫

z2 K1(z)1−a dz
∫

z2 K2(z)a dz

 .

Using the fact that h1/h2 → 1, we can write h1 ∼ h, h2 ∼ h and

∆(a) ∼



α d11 h2 α d12 hβ d13(a) h3 β d14(a)

h2 α d12 h2 α d22 h3 β d23(a) h5 β d24(a)

hβ d31(a) h3 β d32(a) γ d33 h2γ d34

h3 β d41(a) h5 β d42(a) h2 γ d34 h2 γ d44


.

Then, we can show that

∆−1(a) ∼

 α−1∆−1
11 h β

α γ
∆12(a)

h β
α γ

∆21(a) γ−1∆−1
22

 , (1)
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where

∆−1
jj (a) ∼ 1

gj(x)

 1 −g′j(x)/gj(x)

−g′j(x)/gj(x) 1/(h2
j µ

(j)
2 )

 .

As the off diagonal blocks are of smaller order than the diagonal blocks, they do not con-

tribute to the limits so we do not need to give them explicitly.

Next, for tn(a), we have

n−1
n∑

i=1

αi Kh1(x
(1)
i − x) (x

(1)
i − x)3 ∼ α h4

1 g′1(x) µ
(1)
4 ,

n−1
n∑

i=1

αi Kh1(x
(1)
i − x) (x

(1)
i − x)4 ∼ α h4

1 g1(x) µ
(1)
4 ,

n−1
n∑

i=1

βi Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a (x

(2)
i − x)2 ∼


β h1−a

1 h2+a
2 g(x)

∫
K1(z)a dz

∫
z2 K2(z)1−a dz, 0 < a < 1,

β g1(x) E
[(

x
(2)
i − x

)2 |x(1)
i = x

]
, a = 1,

β h2
2 g2(x) µ

(2)
2 , a = 0;

n−1
n∑

i=1

βi Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a (x

(2)
i − x)3 ∼


β h1−a

1 h4+a
2 g(2)(x)

∫
K1(z)a dz

∫
z4 K2(z)1−a dz, 0 < a < 1,

β g1(x) E
[(

x
(2)
i − x

)3 |x(1)
i = x

]
, a = 1,

β h4
2 g′2(x) µ

(2)
4 , a = 0;

n−1
n∑

i=1

βi Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a (x

(1)
i − x) (x

(2)
i − x)2 ∼


β h3−a

1 h2+a
2 g(1)(x)

∫
z2 K1(z)a dz

∫
z2 K2(z)1−a dz, 0 < a < 1,

β h2
1 µ

(1)
2 m

(2)
2 (x), a = 1,

β h2
2 µ

(2)
2 g2(x)

{
E
[
x

(1)
i |x(2)

i = x
]
− x

}
, a = 0;

and

n−1
n∑

i=1

βi Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a (x

(1)
i − x) (x

(2)
i − x)3 ∼


β h3−a

1 h4+a
2 g(1,2)(x)

∫
z2 K1(z)a dz

∫
z4 K2(z)1−a dz, 0 < a < 1,

β h2
1 µ

(1)
2 m

(2)
2 (x), a = 1,

β h4
2 µ

(2)
4 m

(1)
1 (x), a = 0.
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For 0 < a < 1, substituting these results into (16) gives

t(a) ∼



h2
1 α g1(x) µ

(1)
2 f ′′

1 (x)/2

h4
1 α µ

(1)
4 {g′1(x) f ′′

1 (x)/2 + g1(x) f ′′′
1 (x)/3!}

h2
2 γ g2(x) µ

(2)
2 f ′′

2 (x)/2

h4
2 γ µ

(2)
4 {g′2(x) f ′′

2 (x)/2 + g2(x) f ′′′
2 (x)/3!}



. (2)

Writing t(a) ∼ (h2
1αt1, h

4
1αt2, h

2
2γt3, h

4
2γt4)

T , we can show that

∆−1(a) t(a) ∼



h2
1t1δ11

h2
1(t1δ12 + t2δ22)

h2
2t3δ33

h2
2(t3δ34 + t4δ44)


=



h2
1t1/d11

h2
1(t2 − t1d12/d11)/d22

h2
2t3/d33

h2
2(t4 − t3d34/d33)/d44


. (3)

Substituting from (1) and (2) for the terms on the right hand side of (3) gives the required

expression for the bias.

Similar arguments using the appropriate forms for ∆(a) and t(a) yield the asymptotic

bias for a = 0 and a = 1.

Now consider θn(a). For 0 < a < 1, it is straightforward to show that

(Θn11(a))11 ∼ 1

nh1

(
n−1

n∑
i=1

α2
i σ

2
1i

)
g1(x) ν

(1)
0 ,

(Θn11(a))12 ∼ h1

n

(
n−1

n∑
i=1

α2
i σ

2
1i

)
g′1(x) ν

(1)
2 ,

(Θn11(a))22 ∼ h1

n

(
n−1

n∑
i=1

α2
i σ

2
1i

)
g1(x) ν

(1)
2 ,

(Θn12(a))11 ∼ 1

n

(
n−1

n∑
i=1

αiβiσ
2
1i

)
(h2/h1)

1−a g(x)
∫

K1(z)2−a dz
∫

K2(z)a dz

+
1

n

(
n−1

n∑
i=1

(αiγi + β2
i )σ1iσ2iρi

)
g(x)

+
1

n

(
n−1

n∑
i=1

γiβiσ
2
2i

)
(h1/h2)

1−a g(x)
∫

K1(z)a dz
∫

K2(z)2−a dz,
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(Θn12(a))21 ∼ h1h2

n

(
n−1

n∑
i=1

αiβiσ
2
1i

)
(h1/h2)

a g(1)(x)
∫

z2K1(z)2−a dz
∫

K2(z)a dz

+
h2

1

n

(
n−1

n∑
i=1

(αiγi + β2
i )σ1iσ2iρi

)
g(1)(x) µ

(1)
2

+
h2

1

n

(
n−1

n∑
i=1

γiβiσ
2
2i

)
(h1/h2)

1−a g(1)(x)
∫

z2K1(z)a dz
∫

K2(z)2−a dz,

(Θn12(a))12 ∼ h2
2

n

(
n−1

n∑
i=1

αiβiσ
2
1i

)
(h2/h1)

1−a g(2)(x)
∫

K1(z)2−a dz
∫

z2K2(z)a dz

+
h2

2

n

(
n−1

n∑
i=1

(αiγi + β2
i )σ1iσ2iρi

)
g(2)(x) µ

(2)
2

+
h1h2

n

(
n−1

n∑
i=1

γiβiσ
2
2i

)
(h2/h1)

a g(2)(x)
∫

K1(z)a dz
∫

z2K2(z)2−a dz,

(Θn12(a))22 ∼ h1h
3
2

n

(
n−1

n∑
i=1

αiβiσ
2
1i

)
(h1/h2)

a g(1,2)(x)
∫

z2K1(z)2−a dz
∫

z2K2(z)a dz

+
h2

1h
2
2

n

(
n−1

n∑
i=1

(αiγi + β2
i )σ1iσ2iρi

)
g(1,2)(x) µ

(1)
2 µ

(2)
2

+
h3

1h2

n

(
n−1

n∑
i=1

γiβiσ
2
2i

)
(h2/h1)

a g(1,2)(x)
∫

z2K1(z)a dz
∫

z2K2(z)2−a dz,

and

(Θn22(a))11 ∼ 1

n h2

(
n−1

n∑
i=1

γ2
i σ

2
2i

)
g2(x) ν

(2)
0 ,

(Θn22(a))12 ∼ h2

n

(
n−1

n∑
i=1

γ2
i σ

2
2i

)
g′2(x) ν

(2)
2 ,

(Θn22(a))22 ∼ h2

n

(
n−1

n∑
i=1

γ2
i σ

2
2i

)
g2(x) ν

(2)
2 .

We can write

Θn(a) ∼ 1

n



h−1v11 hv12 v13(a) h2v14(a)

hv12 hv22 h2v23(a) h4v24(a)

v13(a) h2v23(a) h−1v33 hv34

h2v14(a) h4v24(a) hv34 hv44


and then obtain the asymptotic variance of δ̂x(a) by multiplying out ∆−1(a)Var(θn(a)|x)∆−T (a).

2

Case B
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In Case B, the terms are all of the same order as in Case A but the constants are different.

This means that the results are of the same form as in Case A but with different constants.

We need only therefore find the new constants.

For the diagonal block matrices of ∆n(a), for t > 0,

n−1
n∑

i=1

α(xi) Khj
(x

(j)
i − x)t ∼ h1−t

j gj(x)E{α(x)|x(j) = x}
∫

Kj(z)t dz,

n−1
n∑

i=1

α(xi) (x
(j)
i − x) Khj

(x
(j)
i − x)t ∼ h3−t

j

∫
∂j{α(x)g(x)}dx−j

∫
z2Kj(z)t dz,

n−1
n∑

i=1

α(xi) (x
(j)
i − x)2 Khj

(x
(j)
i − x)t ∼ h3−t

j gj(x)E{α(x)|x(j) = x}
∫

z2Kj(z)t dz,

where ∂j denotes the derivative with respect to x(j) and x−j denotes the component of x

which is not x(j). For the off-diagonal block matrices of ∆n(a),

n−1
n∑

i=1

β(xi) Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a ∼


h1−a

1 ha
2 β(x)g(x)

∫
K1(z)a dz

∫
K2(z)1−a dz, 0 < a < 1,

g1(x)E{β(x)|x(1) = x}, a = 1,

g2(x)E{β(x)|x(2) = x}, a = 0;

n−1
n∑

i=1

β(xi) Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a(x

(1)
i − x) ∼


h3−a

1 ha
2 ∂1{β(x)g(x)}

∫
z2K1(z)a dz

∫
K2(z)1−a dz, 0 < a < 1,

h2
1

∫
∂1{β(x, s)g(x, s)}ds µ

(1)
2 , a = 1,

g2(x)E{β(x(1), x)(x(1) − x)|x(2) = x}, a = 0;

n−1
n∑

i=1

β(xi) Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a(x

(2)
i − x) ∼


h1−a

1 h2+a
2 ∂2{β(x)g(x)}

∫
K1(z)a dz

∫
z2K2(z)1−a dz, 0 < a < 1,

g1(x)E{β(x, x(2))(x(2) − x)|x(1) = x}, a = 1,

h2
2

∫
∂2{β(s, x)g(s, x)}ds µ

(2)
2 , a = 0;

n−1
n∑

i=1

β(xi) Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a(x

(1)
i − x) (x

(2)
i − x) ∼
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h3−a

1 h2+a
2 ∂12{β(x)g(x)}

∫
z2K1(z)a dz

∫
z2K2(z)1−a dz, 0 < a < 1,

h2
1

∫
∂1{β(x, s)g(x, s)}(s− x)ds µ

(1)
2 , a = 1,

h2
2

∫
∂2{β(s, x)g(s, x)}(s− x)ds µ

(2)
2 , a = 0.

Next, for tn(a),

n−1
n∑

i=1

α(xi) Kh1(x
(1)
i − x) (x

(1)
i − x)3 ∼ h4

1

∫
∂1{α(x, s)g(x, s)}ds µ

(1)
4 ,

n−1
n∑

i=1

α(xi) Kh1(x
(1)
i − x) (x

(1)
i − x)4 ∼ h4

1 g1(x)E{α(x)|x(1) = x}µ
(1)
4 ,

n−1
n∑

i=1

β(xi) Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a (x

(2)
i − x)2 ∼


h1−a

1 h2+a
2 β(x)g(x)

∫
K1(z)a dz

∫
z2 K2(z)1−a dz, 0 < a < 1,

g1(x) E{β(x, x(2))(x(2) − x)2|x(1) = x}, a = 1,

h2
2 g2(x) E{β(x(1), x)|x(2) = x}µ

(2)
2 , a = 0;

n−1
n∑

i=1

β(xi) Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a (x

(2)
i − x)3 ∼


h1−a

1 h4+a
2 ∂2{β(x)g(x)}

∫
K1(z)a dz

∫
z4 K2(z)1−a dz, 0 < a < 1,

g1(x) E{β(x, x(2))(x(2) − x)3|x(1) = x}, a = 1,

h4
2

∫
∂2{β(s, x)g(s, x)}ds µ

(2)
4 , a = 0;

n−1
n∑

i=1

β(xi) Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a (x

(1)
i − x) (x

(2)
i − x)2 ∼


h3−a

1 h2+a
2 ∂1{β(x)g(x)}

∫
z2 K1(z)a dz

∫
z2 K2(z)1−a dz, 0 < a < 1,

h2
1

∫
∂1{β(x, s)g(x, s)}(s− x)2ds µ

(1)
2 a = 1,

h2
2 g2(x) E{β(x(1), x)(x(1) − x)|x(2) = x}µ

(2)
2 , a = 0;

and

n−1
n∑

i=1

β(xi) Kh1(x
(1)
i − x)a Kh2(x

(2)
i − x)1−a (x

(1)
i − x) (x

(2)
i − x)3 ∼


h3−a

1 h4+a
2 ∂12{β(x)g(x)}

∫
z2 K1(z)a dz

∫
z4 K2(z)1−a dz, 0 < a < 1,

h2
1

∫
∂1{β(x, s)g(x, s)}(s− x)3ds µ

(1)
2 , a = 1,

h4
2

∫
∂2{β(s, x)g(s, x)}(s− x)dsµ

(2)
4 , a = 0.
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Now consider Θn(a). For 0 < a < 1,

(Θn11(a))11 ∼ 1

nh1

E{α(x)2|x(1) = x}σ1(x)2g1(x) ν
(1)
0 ,

(Θn11(a))12 ∼ h1

n

∫
∂1{α(x, s)2g(x, s)}ds σ1(x)2 ν

(1)
2 ,

(Θn11(a))22 ∼ h1

n
E{α(x)2|x(1) = x}σ1(x)2g1(x) ν

(1)
2 ,

(Θn12(a))11 ∼ 1

n
(h2/h1)

1−a α(x)β(x)σ1(x)2 g(x)
∫

K1(z)2−a dz
∫

K2(z)a dz

+
1

n
(α(x)γ(x) + β(x)2)σ1(x)σ2(x)ρ(x) g(x)

+
1

n
(h1/h2)

1−a γ(x)β(x)σ2(x)2 g(x)
∫

K1(z)a dz
∫

K2(z)2−a dz,

(Θn12(a))21 ∼ h1h2

n
(h1/h2)

a ∂1{α(x)β(x)σ1(x)2g(x)}
∫

z2K1(z)2−a dz
∫

K2(z)a dz

+
h2

1

n
∂1{(α(x)γ(x) + β(x)2)σ1(x)ρ(x)g(x)}σ2(x)µ

(1)
2

+
h2

1

n
(h1/h2)

1−a ∂1{γ(x)β(x)g(x)}σ2(x)2
∫

z2K1(z)a dz
∫

K2(z)2−a dz,

(Θn12(a))12 ∼ h2
2

n
(h2/h1)

1−a ∂2{α(x)β(x)g(x)}σ1(x)2
∫

K1(z)2−a dz
∫

z2K2(z)a dz

+
h2

2

n
∂2{(α(x)γ(x) + β(x)2)σ2(x)ρ(x)g(x)}σ1(x) µ

(2)
2

+
h1h2

n
(h2/h1)

a ∂2{γ(x)β(x)σ2(x)2g(x)}
∫

K1(z)a dz
∫

z2K2(z)2−a dz,

(Θn12(a))22 ∼ h1h
3
2

n
(h1/h2)

a ∂12{α(x)β(x)σ1(x)2g(x)}
∫

z2K1(z)2−a dz
∫

z2K2(z)a dz

+
h2

1h
2
2

n
∂12{(α(x)γ(x) + β(x)2)σ1(x)σ2(x)ρ(x)g(x)}µ

(1)
2 µ

(2)
2

+
h3

1h2

n
(h2/h1)

a ∂12{γ(x)β(x)σ2(x)2g(x)}
∫

z2K1(z)a dz
∫

z2K2(z)2−a dz,

where σ1 is a function of the first component of x and σ2 is a function of the second component

of x, and

(Θn22(a))11 ∼ 1

n h2

E{γ(x)2|x(2) = x}σ2(x)2g2(x) ν
(2)
0 ,

(Θn22(a))12 ∼ h2

n

∫
∂2{γ(s, x)2g(s, x)}ds σ2(x)2 ν

(2)
2 ,

(Θn22(a))22 ∼ h2

n
E{γ(x)2|x(2) = x}σ2(x)2g2(x) ν

(2)
2 .

2

8



Appendix B. Proof of Theorem 4

Case A

We can write ∆ = ∆11 ⊗W so that ∆−1 = ∆−1
11 ⊗W

−1
. We have

Var(θn(a)|x) ∼ g(x)

nh

 ν0 h2 ν2 g′(x)/g(x)

h2 ν2 g′(x)/g(x) h2 ν2

⊗ 1

n

n∑
i=1

WiΣiWi

=
g(x)

nh

 ν0 h2 ν2 g′(x)/g(x)

h2 ν2 g′(x)/g(x) h2ν2

⊗W

so the result obtains.

Case B

For the diagonal block matrices of ∆n, we can apply standard arguments to show that

n−1
n∑

i=1

α(xi) Kh(xi − x) ∼ α(x) g(x),

n−1
n∑

i=1

α(xi) (xi − x) Kh(xi − x) ∼ h2 {α(x)g′(x) + α′(x)g(x)}µ2

n−1
n∑

i=1

α(xi) (xi − x)2 Kh(xi − x) ∼ h2 α(x) g(x) µ2.

The limit of ∆n is therefore

∆ =

 ∆α ∆β

∆β ∆γ

 ,

where

∆η =

 η(x)g(x) h2{η(x)g′(x) + η′(x)g(x)}µ2

h2{η(x)g′(x) + η′(x)g(x)}µ2 h2η(x)g(x)µ2

 .

In general, if we write

∆ =



d11 h2 d12 d13 h2 d14

h2 d12 h2 d22 h2 d14 h2 d24

d13 h2 d14 d33 h2 d34

h2 d14 h2 d24 h2 d34 h2 d44


,
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then we can show that

∆−1 ∼



δ11 δ12 δ13 δ14

δ12 h−2 δ22 δ23 h−2 δ24

δ13 δ23 δ33 δ34

δ14 h−2 δ24 δ34 h−2 δ44


.

Using the fact that W(x)−1 = Σ(x) and |W(x)| = α(x)γ(x)− β(x)2, we have

1

|W(x)|

 γ(x) −β(x)

−β(x) α(x)

 =

 σ1(x)2 σ1(x)σ2(x)ρ(x)

σ1(x)σ2(x)ρ(x) σ2(x)2

 .

Moreover, writing ∂f(x) = f ′(x), we have

∂σ1(x)2 = −{γ′(x)β(x)2 + α′(x)γ(x)2 − 2γ(x)β′(x)β(x)}/|W(x)|2,

∂σ2(x)2 = −{α′(x)β(x)2 + γ′(x)α(x)2 − 2α(x)β′(x)β(x)}/|W(x)|2

and

∂{σ1(x)σ2(x)ρ(x)} = −{β′(x)α(x)γ(x)−α′(x)γ(x)β(x)−β(x)γ′(x)α(x)+β′(x)β(x)2}/|W(x)|2.

We can then write

|∆|/h4 = d2
24d

2
13 − d2

24d11d33 − d2
13d22d44 + d11d22d33d44

= {β(x)g(x)µ2}2{β(x)g(x)}2 − {β(x)g(x)µ2}2α(x)g(x)γ(x)g(x)

−{β(x)g(x)}2α(x)g(x)µ2γ(x)g(x)µ2 + α(x)g(x)α(x)g(x)µ2γ(x)g(x)γ(x)g(x)µ2

= β(x)4g(x)4µ2
2 − 2β(x)2α(x)γ(x)g(x)4µ2

2 + α(x)2γ(x)2g(x)4µ2
2

= g(x)4µ2
2{β(x)4 − 2β(x)2α(x)γ(x) + α(x)2γ(x)2}

= g(x)4µ2
2{α(x)γ(x)− β(x)2}2

= g(x)4µ2
2|W(x)|2

so

|∆|δ11/h
4 = d22d33d44 − d2

24d33

= α(x)g(x)µ2γ(x)g(x)γ(x)g(x)µ2 − {β(x)g(x)µ2}2γ(x)g(x)

= µ2
2g(x)3γ(x){α(x)γ(x)− β(x)2}

= µ2
2g(x)3σ1(x)2|W(x)|2,
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|∆|δ12/h
4 = −d12d33d44 + d24d14d33 + d14d13d44 − d24d13d34

= −µ2{α(x)g′(x) + α′(x)g(x)}γ(x)g(x)γ(x)g(x)µ2

+β(x)g(x)µ2µ2{β(x)g′(x) + β′(x)g(x)}γ(x)g(x)

+µ2{β(x)g′(x) + β′(x)g(x)}β(x)g(x)γ(x)g(x)µ2

−β(x)g(x)µ2β(x)g(x)µ2{γ(x)g′(x) + γ′(x)g(x)}

= −µ2
2g(x)2[γ(x)2{α(x)g′(x) + α′(x)g(x)} − β(x)γ(x){β(x)g′(x) + β′(x)g(x)}

−β(x)γ(x){β(x)g′(x) + β′(x)g(x)}+ β(x)2{γ(x)g′(x) + γ′(x)g(x)}]

= −µ2
2g(x)2[g′(x)γ(x){α(x)γ(x)− β(x)2}

+g(x){γ(x)2α′(x)− 2β(x)γ(x)β′(x) + β(x)2γ′(x)}]

= −µ2
2g(x)2|W(x)|2[g′(x)σ1(x)2 − g(x)∂σ1(x)2],

|∆|δ13/h
4 = d2

24d13 − d22d13d44

= {β(x)g(x)µ2}2β(x)g(x)− α(x)g(x)µ2β(x)g(x)γ(x)g(x)µ2

= −µ2
2g(x)3β(x){α(x)γ(x)− β(x)2}

= µ2
2g(x)3|W(x)|2σ1(x)σ2(x)ρ(x)

and

|∆|δ14/h
4 = −d14d13d24 + d12d24d33 + d22d13d34 − d22d14d33

= −µ2{β(x)g′(x) + β′(x)g(x)}β(x)g(x)β(x)g(x)µ2

+µ2{α(x)g′(x) + α′(x)g(x)}β(x)g(x)µ2γ(x)g(x)

+α(x)g(x)µ2β(x)g(x)µ2{γ(x)g′(x) + γ′(x)g(x)}

−α(x)g(x)µ2µ2{β(x)g′(x) + β′(x)g(x)}γ(x)g(x)

= −µ2
2g(x)2[β(x)2{β(x)g′(x) + β′(x)g(x)} − β(x)γ(x){α(x)g′(x) + α′(x)g(x)}

−α(x)β(x){γ(x)g′(x) + γ′(x)g(x)}+ α(x)γ(x){β(x)g′(x) + β′(x)g(x)}]

= µ2
2g(x)2[g′(x)β(x){α(x)γ(x)− β(x)2}

−g(x){β(x)2β′(x)− β(x)γ(x)α′(x)− α(x)β(x)γ′(x) + α(x)γ(x)β′(x)}]

= −µ2
2g(x)2|W(x)|2[g′(x)σ1(x)σ2(x)ρ(x) + g(x)∂{σ1(x)σ2(x)ρ(x)}].
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From the second row,

|∆|δ22/h
4 = −d2

13d44 + d11d33d44

= −{β(x)g(x)}2γ(x)g(x)µ2 + α(x)g(x)γ(x)g(x)γ(x)g(x)µ2

= µ2g(x)3γ(x){α(x)γ(x)− β(x)2}

= |∆|δ11/(h
4µ2),

|∆|δ23/h
4 = −d11d14d44 + d11d24d34 + d12d13d44 − d14d13d24

= −α(x)g(x)µ2{β(x)g′(x) + β′(x)g(x)}γ(x)g(x)µ2

+α(x)g(x)β(x)g(x)µ2µ2{γ(x)g′(x) + γ′(x)g(x)}

+µ2{α(x)g′(x) + α′(x)g(x)}β(x)g(x)γ(x)g(x)µ2

−µ2{β(x)g′(x) + β′(x)g(x)}β(x)g(x)β(x)g(x)µ2

= −µ2
2g(x)2[α(x)γ(x){β(x)g′(x) + β′(x)g(x)} − α(x)β(x){γ(x)g′(x) + γ′(x)g(x)}

−β(x)γ(x){α(x)g′(x) + α′(x)g(x)}+ β(x)2{β(x)g′(x) + β′(x)g(x)}]

= −µ2
2g(x)2[g′(x)β(x){α(x)γ(x)− β(x)2}

−g(x){α(x)γ(x)β′(x)− α(x)β(x)γ′(x)− β(x)γ(x)α′(x) + β(x)2β′(x)}]

= −|∆|δ14/h
4

and

|∆|δ24/h
4 = −d11d24d33 + d2

13d24

= −α(x)g(x)β(x)g(x)µ2γ(x)g(x) + {β(x)g(x)}2β(x)g(x)µ2

= −µ2g(x)3β(x){α(x)γ(x)− β(x)2}

= |∆|δ13/(h
4µ2).

Finally, from the third and fourth rows,

|∆|δ33/h
4 = d11d22d44 − d11d

2
24

= α(x)g(x)α(x)g(x)µ2γ(x)g(x)µ2 − α(x)g(x){β(x)g(x)µ2}2

= µ2
2g(x)3α(x){α(x)γ(x)− β(x)2}

= µ2
2g(x)3σ2(x)2|W(x)|2,
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|∆|δ34/h
4 = −d11d22d34 + d11d24d14 − d12d13d24 + d14d13d22

= −α(x)g(x)α(x)g(x)µ2µ2{γ(x)g′(x) + γ′(x)g(x)}

+α(x)g(x)β(x)g(x)µ2µ2{β(x)g′(x) + β′(x)g(x)}

−µ2{α(x)g′(x) + α′(x)g(x)}β(x)g(x)β(x)g(x)µ2

+µ2{β(x)g′(x) + β′(x)g(x)}β(x)g(x)α(x)g(x)µ2

= −µ2
2g(x)2[α(x)2{γ(x)g′(x) + γ′(x)g(x)}

−2α(x)β(x){β(x)g′(x) + β′(x)g(x)}

+β(x)2{α(x)g′(x) + α′(x)g(x)}

= −µ2
2g(x)2[g′(x)α(x){α(x)γ(x)− β(x)2}

+g(x){α(x)2γ′(x)− 2α(x)β(x)β′(x) + β(x)2α′(x)}]

= −µ2
2g(x)2|W(x)|2{g′(x)σ2(x)2 − g(x)∂σ2(x)2}

and

|∆|δ44/h
4 = d11d22d33 − d22d

2
13

= α(x)g(x)α(x)g(x)µ2γ(x)g(x)− α(x)g(x)µ2(β(x)g(x))2

= µ2g(x)3α(x){α(x)γ(x)− β(x)2}

= |∆|δ33/(h
4µ2).

Now

n−1
n∑

i=1

α(xi) Kh(xi − x) (xi − x)3 ∼ h4 {α(x)g′(x) + α′(x)g(x)}µ4,

n−1
n∑

i=1

α(xi) Kh(xi − x) (xi − x)4 ∼ h4 α(x)g(x) µ4
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and similarly for the other terms, so that

t ∼



h2 µ2 g(x) {f ′′
1 (x)α(x) + f ′′

2 (x)β(x)}/2

h4 µ4 [{α(x)g′(x) + α′(x)g(x)}f ′′
1 (x)/2 + α(x)g(x)f ′′′

1 (x)/3!

+{β(x)g′(x) + β′(x)g(x)}f ′′
2 (x)/2 + β(x)g(x)f ′′′

2 (x)/3!]

h2 µ2 g(x) {f ′′
1 (x)β(x) + f ′′

2 (x)γ(x)}/2

h4 µ4 [{β(x)g′(x) + β′(x)g(x)}f ′′
1 (x)/2 + β(x)g(x)f ′′′

1 (x)/3!

+{γ(x)g′(x) + γ′(x)g(x)}f ′′
2 (x)/2 + γ(x)g(x)f ′′′

2 (x)/3!]



.

Writing t = (h2t1, h
4t2, h

2t3, h
4t4)

T , the asymptotic bias is

∆−1 t ∼ h2



δ11t1 + δ13t3

δ12t1 + δ22t2 + δ23t3 + δ24t4

δ13t1 + δ33t3

δ14t1 + δ24t2 + δ34t3 + δ44t4


.

The bias calculation for estimating f1 is straightforward. We obtain

|∆|(δ11t1 + δ13t3)/h
4 = µ2

2g(x)3γ(x)|W(x)|µ2 g(x) {f ′′
1 (x)α(x) + f ′′

2 (x)β(x)}/2

−µ2
2g(x)3β(x)|W(x)|µ2g(x){f ′′

2 (x)γ(x) + f ′′
1 (x)β(x)}/2

= µ3
2g(x)4|W(x)|[γ(x){f ′′

1 (x)α(x) + f ′′
2 (x)β(x)}

−β(x){f ′′
2 (x)γ(x) + f ′′

1 (x)β(x)}]/2

= µ3
2g(x)4|W(x)|2f ′′

1 (x)/2

so that

δ11t1 + δ13t3 = h4µ3
2g(x)4|W(x)|2f ′′

1 (x)/2|∆|

= µ3
2g(x)4|W(x)|2f ′′

1 (x)/2g(x)4µ2
2|W(x)|2

= µ2f
′′
1 (x)/2.

The bias calculation for estimating f ′
1 is more complicated. We obtain

|∆|(δ21t1 + δ22t2 + δ23t3 + δ24t4)/h
4 =

14



−µ3
2g(x)3|W(x)|[g′(x)γ(x)− |W(x)|g(x)∂σ1(x)2]{f ′′

1 (x)α(x) + f ′′
2 (x)β(x)}/2

+µ2µ4g(x)3γ(x)|W(x)| [{α(x)g′(x) + α′(x)g(x)}f ′′
1 (x)/2 + α(x)g(x)f ′′′

1 (x)/3!

+{β(x)g′(x) + β′(x)g(x)}f ′′
2 (x)/2 + β(x)g(x)f ′′′

2 (x)/3!]

+µ3
2g(x)3|W(x)|[g′(x)β(x) + |W(x)|g(x)∂{σ1(x)σ2(x)ρ(x)}]{f ′′

1 (x)β(x) + f ′′
2 (x)γ(x)}/2

−µ2µ4g(x)3β(x)|W(x)| [{β(x)g′(x) + β′(x)g(x)}f ′′
1 (x)/2 + β(x)g(x)f ′′′

1 (x)/3!

+{γ(x)g′(x) + γ′(x)g(x)}f ′′
2 (x)/2 + γ(x)g(x)f ′′′

2 (x)/3!]

= −µ3
2g(x)3g′(x)|W(x)|2f ′′

1 (x)/2

+µ3
2g(x)4|W(x)|2[α(x)∂σ1(x)2 + β(x)∂{σ1(x)σ2(x)ρ(x)}]f ′′

1 (x)/2

+µ2µ4g(x)3g′(x)|W(x)|2f ′′
1 (x)/2

+µ2µ4g(x)4|W(x)| {α′(x)γ(x)− β′(x)β(x)}f ′′
1 (x)/2

+µ3
2g(x)4|W(x)|2[β(x)∂σ1(x)2 + γ(x)∂{σ1(x)σ2(x)ρ(x)}]f ′′

2 (x)/2

+µ2µ4g(x)4|W(x)| {γ(x)β′(x) + β(x)γ′(x)}f ′′
2 (x)/2

+µ2µ4g(x)4|W(x)|2f ′′′
1 (x)/3!

= (µ4 − µ2
2)µ2g(x)3g′(x)|W(x)|2f ′′

1 (x)/2 + µ2µ4g(x)4|W(x)|2f ′′′
1 (x)/3!

+µ3
2g(x)4|W(x)|2

{
[α(x)∂σ1(x)2 + β(x)∂{σ1(x)σ2(x)ρ(x)}]f ′′

1 (x)/2

+ [β(x)∂σ1(x)2 + γ(x)∂{σ1(x)σ2(x)ρ(x)}]f ′′
2 (x)/2

}
+µ2µ4g(x)4|W(x)| [{α′(x)γ(x)− β′(x)β(x)}f ′′

1 (x)/2 + {γ(x)β′(x) + β(x)γ′(x)}f ′′
2 (x)/2]

so that

δ21t1 + δ22t2 + δ23t3 + δ24t4 = (µ4 − µ2
2)g

′(x)f ′′
1 (x)/(2g(x)µ2) + µ4f

′′′
1 (x)/(µ23!)

+µ2

{
[α(x)∂σ1(x)2 + β(x)∂{σ1(x)σ2(x)ρ(x)}]f ′′

1 (x)/2

+ [β(x)∂σ1(x)2 + γ(x)∂{σ1(x)σ2(x)ρ(x)}]f ′′
2 (x)/2

}
+µ4/(µ2|W(x)|) [{α′(x)γ(x)− β′(x)β(x)}f ′′

1 (x)/2 + {γ(x)β′(x) + β(x)γ′(x)}f ′′
2 (x)/2].

Similar arguments show that that

δ14t1 + δ24t2 + δ34t3 + δ44t4 = (µ4 − µ2
2)g

′(x)f ′′
2 (x)/(2g(x)µ2) + µ4f

′′′
2 (x)/(µ23!)

+µ2

{
[α(x)∂σ1(x)2 − β(x)∂{σ1(x)σ2(x)ρ(x)}]f ′′

2 (x)/2
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− [β(x)∂σ2(x)2 + γ(x)∂{σ1(x)σ2(x)ρ(x)}]f ′′
2 (1)/2

}
+µ4/(µ2|W(x)|) [{α(x)γ′(x)− β′(x)β(x)}f ′′

2 (x)/2 + {α(x)β′(x) + β(x)α′(x)}f ′′
1 (x)/2].

Now consider Θn. We have

n2 Θn11 = XT
x K2 diag(α(xi))Xx,

n2 Θn12 = XT
x K2 diag(β(xi))Xx

n2 Θn22 = XT
x K2 diag(γ(xi))Xx.

Now, it follows that

Θ11 ∼
1

n

 1
h
α(x)g(x)ν0 h{α(x)g′(x) + α′(x)g(x)}ν2

h{α(x)g′(x) + α′(x)g(x)}ν2 hα(x)g(x)ν2


so we can write

Var(θn|x) ∼ 1

n



h−1v11 hv12 h−1v13 hv14

hv12 hv22 hv14 hv24

h−1v13 hv14 h−1v33 hv34

hv14 hv24 hv34 hv44


.

We obtain the asymptotic variance of δ̂x by multiplying out ∆−1Var(θn|x)∆−T to obtain

δ11 δ12 δ13 δ14

δ12
δ11

h2µ2
δ14

δ13
h2µ2

δ13 δ14 δ33 δ34

δ14
δ13

h2µ2
δ34

δ33
h2µ2





h−1v11 hv12 h−1v13 hv14

hv12 hv22 hv14 hv24

h−1v13 hv14 h−1v33 hv34

hv14 hv24 hv34 hv44





δ11 δ12 δ13 δ14

δ12
δ11

h2µ2
δ14

δ13
h2µ2

δ13 δ14 δ33 δ34

δ14
δ13

h2µ2
δ34

δ33
h2µ2


.

It is convenient to calculate two 2×2 submatrices first because we can exploit the relationship

between them. The first of these is

Var

 f̂1(x)

f̂2(x)

 =

 c11 c13

c13 c33

 ,

where

|W(x)|2nhc11 = |W(x)|2(δ2
11v11 + 2δ11δ13v13 + δ2

13v33)

= (
γ(x)

g(x)
)2α(x)g(x)ν0 − 2

γ(x)

g(x)

β(x)

g(x)
β(x)g(x)ν0 + (

β(x)

g(x)
)2γ(x)g(x)ν0
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=
ν0

g(x)
{α(x)γ(x)2 − γ(x)β(x)2}

=
ν0

g(x)
γ(x)|W(x)|

=
ν0

g(x)
σ1(x)2|W(x)|2,

|W(x)|2nhc13 = |W(x)|2(δ13δ11v11 + δ33δ13v33 + δ2
13v13 + δ33δ11ν13)

= −β(x)γ(x)

g(x)2
α(x)g(x)ν0 −

α(x)β(x)

g(x)2
γ(x)g(x)ν0

+(
β(x)

g(x)
)2β(x)g(x)ν0 +

α(x)γ(x)

g(x)2
β(x)g(x)ν0

=
ν0

g(x)
{−α(x)β(x)γ(x)− β(x)3}

= − ν0

g(x)
β(x)|W(x)|

=
ν0

g(x)
σ1(x)σ2(x)ρ(x)|W(x)|2

and

|W(x)|2nhc33 = |W(x)|2(δ2
13v11 + 2δ13δ33v13 + δ2

33v33)

= (
β(x)

g(x)
)2α(x)g(x)ν0 − 2

β(x)

g(x)

α(x)

g(x)
β(x)g(x)ν0 + (

α(x)

g(x)
)2γ(x)g(x)ν0

=
ν0

g(x)
{−α(x)β(x)2 + γ(x)α(x)2}

=
ν0

g(x)
α(x)|W(x)|

=
ν0

g(x)
σ2

2(x)|W(x)|2.

It follows that

Var

 f̂1(x)

f̂2(x)

 =
ν0

nhg(x)
Σ(x).

The second submatrix is

Var

 f̂ ′
1(x)

f̂ ′
2(x)

 =

 c22 c24

c24 c44

 .

The terms are the same as those above with h replaced by h3µ2
2 and ν0 replaced by ν2 so

Var

 f̂1(x)

f̂2(x)

 =
ν2

nh3g(x)µ2
2

W(x)−1 =
ν2

nh3g(x)µ2
2

Σ(x).
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There are four remaining covariance terms but two of these can be derived from the

others so we only require two further terms to be calculated explicitly. First, we have

nh|W(x)|2c12 = nh|W(x)|2Cov(f̂1(x), f̂ ′
1(x))

= |W(x)|2[δ11δ12(v11 + v22/µ2) + δ12δ13(v13 + v24/µ2) + δ11δ14(v13 + v24/µ2)

+δ14δ13(v33 + v44/µ2) + δ2
11v12/µ2 + 2δ11δ13v14/µ2 + δ2

13v34/µ2]

= |W(x)|2[δ11δ12α(x)g(x)(ν0 + ν2/µ2) + (δ12δ13 + δ11δ14)β(x)g(x)(ν0 + ν2/µ2)

+δ14δ13γ(x)g(x)(ν0 + ν2/µ2) + δ2
11{α(x)g′(x) + α′(x)g(x)}ν2/µ2

+2δ11δ13{β(x)g′(x) + β′(x)g(x)}ν2/µ2 + δ2
13{γ(x)g′(x) + γ′(x)g(x)}ν2/µ2]

= γ(x)|W(x)|δ12α(x)(ν0 + ν2/µ2)

+|W(x)|{−δ12β(x) + γ(x)δ14}β(x)g(x)(ν0 + ν2/µ2)

−δ14β(x)|W(x)|γ(x)(ν0 + ν2/µ2)

+(ν2/µ2g(x)2)[γ(x)2{α(x)g′(x) + α′(x)g(x)}

−2γ(x)β(x){β(x)g′(x) + β′(x)g(x)}+ β(x)2{γ(x)g′(x) + γ′(x)g(x)}]

= |W(x)|δ12(ν0 + ν2/µ2)

+(ν2/µ2g(x)2)[γ(x)2{α(x)g′(x) + α′(x)g(x)} − γ(x)β(x)2g′(x)

−2γ(x)β(x)β′(x)g(x) + β(x)2γ′(x)g(x)]

= −(g′(x)/g(x)2)σ1(x)2|W(x)|2(ν0 + ν2/µ2)

+µ4
2|W(x)|2∂σ1(x)2(ν0 + ν2/µ2)/g(x)

+|W(x)|2σ1(x)2g′(x)ν2/(µ2g(x)2)− |W(x)|2(ν2/µ2g(x))∂σ1(x)2

= −σ1(x)2|W(x)|4ν0|W(x)|2g′(x)/g(x)2 + |W(x)|4ν0∂σ1(x)2|W(x)|2/g(x).

Finally, we have

nh|W(x)|2c14 = nh|W(x)|2Cov(f̂1(x), f̂ ′
2(x))

∼ |W(x)|2[δ11δ14v11 + δ13δ14v13 + δ11δ13v12/µ2 + δ12δ13v22/µ2

+δ2
13v14/µ2 + δ13δ14v24/µ2 + δ11δ34v13 + δ13δ34v33 + δ11δ33v14/µ2 + δ12δ33v24/µ2

+δ13δ33v34/µ2 + δ14δ33v44/µ2]

= |W(x)|2[δ11δ14α(x)g(x)ν0 + δ13δ14β(x)g(x)ν0
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+δ11δ13∂{α(x)g(x)}ν2/µ2 + δ12δ13α(x)g(x)ν2/µ2

+δ2
13∂{β(x)g(x)}ν2/µ2 + δ13δ14β(x)g(x)ν2/µ2

+δ11δ34β(x)g(x)ν0 + δ13δ34γ(x)g(x)ν0

+δ11δ33∂{β(x)g(x)}ν2/µ2 + δ12δ33β(x)g(x)ν2/µ2

+δ13δ33∂{γ(x)g(x)}ν2/µ2 + δ14δ33γ(x)g(x)ν2/µ2]

= |W(x)|2 {g(x)ν0[δ11δ14α(x) + δ13δ14β(x) + δ11δ34β(x) + δ13δ34γ(x)]

+[δ11δ13α
′(x) + δ12δ13α(x) + (δ2

13 + δ11δ33)β
′(x) + (δ13δ14 + δ12δ33)β(x)

+δ13δ33γ
′(x) + δ14δ33γ(x)]g(x)ν2/µ2

+[δ11δ13α(x) + (δ2
13 + δ11δ33)β(x) + δ13δ33γ(x)]g′(x)ν2/µ2

}
= ν0|W(x)|[δ11∂{σ1(x)σ2(x)ρ(x)}α(x) + δ13∂{σ1(x)σ2(x)ρ(x)}β(x)

−δ11∂{σ2(x)2}β(x)− δ13∂{σ2(x)2}γ(x)]− δ13ν0|W(x)|g′(x)/g(x)

+g(x)|W(x)|2ν2/µ2[δ11δ13α
′(x) + (δ2

13 + δ11δ33)β
′(x) + δ13δ33γ

′(x)]

−[δ13α(x)∂{σ1(x)2} − δ13β(x)∂{σ1(x)σ2(x)ρ(x)}+ δ33β(x)∂{σ1(x)2}

−δ33γ(x)∂{σ1(x)σ2(x)ρ(x)}]|W(x)|ν2/µ2

−δ13|W(x)|g′(x)ν2/(g(x)µ2)

+[δ11δ13α(x) + (δ2
13 + δ11δ33)β(x) + δ13δ33γ(x)]g′(x)|W(x)|2ν2/µ2

= ν0|W(x)|/g(x)[γ(x)α(x)∂{σ1(x)σ2(x)ρ(x)} − β(x)2∂{σ1(x)σ2(x)ρ(x)}

−γ(x)β(x)∂{σ2(x)2} − β(x)γ(x)∂{σ2(x)2}] + ν0β(x)|W(x)|g′(x)/g(x)2

−ν2/(g(x)µ2)[γ(x)β(x)α′(x)− (β(x)2 + γ(x)α(x))β′(x) + β(x)α(x)γ′(x)]

+[β(x)α(x)∂{σ1(x)2} − β(x)2∂{σ1(x)σ2(x)ρ(x)} − α(x)β(x)∂{σ1(x)2}

+α(x)γ(x)∂{σ1(x)σ2(x)ρ(x)}]ν2/(g(x)µ2|W(x)|)

+β(x)|W(x)|g′(x)ν2/(g(x)2µ2)

−[γ(x)β(x)α(x)− (β(x)2 + γ(x)α(x))β(x) + β(x)α(x)γ(x)]g′(x)ν2/(g(x)2µ2)

= ∂{σ1(x)σ2(x)ρ(x)}ν0|W(x)|2/g(x) + β(x)ν0|W(x)|g′(x)/(g(x)2)

−[γ(x)β(x)α′(x)− (β(x)2 + γ(x)α(x))β′(x) + β(x)α(x)γ′(x)]ν2/(g(x)µ2)

+∂{σ1(x)σ2(x)ρ(x)}ν2|W(x)|2/(g(x)µ2)

= −σ1(x)σ2(x)ρ(x)ν0|W(x)|2g′(x)/g(x)2 + ∂{σ1(x)σ2(x)ρ(x)}ν0|W(x)|2/g(x).
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The unweighted case: The estimator in the unweighted case is

δ̃x = (XT
x KXx)

−1XT
x K⊗ I2y

so the variance is

Var(δ̃x) = (XT
x KXx)

−1XT
x K⊗ I2V(x)(XT

x KXx)
−1XT

x K⊗ I2

=

 (XT
x KXx)

−1XT
x K2D11Xx(X

T
x KXx)

−1 (XT
x KXx)

−1XT
x K2D12Xx(X

T
x KXx)

−1

(XT
x KXx)

−1XT
x K2D12Xx(X

T
x KXx)

−1 (XT
x KXx)

−1XT
x K2D22Xx(X

T
x KXx)

−1

 .

Now,

XT
x KXx ∼

 g(x) h2g′(x)µ2

h2g′(x)µ2 h2g(x)µ2


so

(XT
x KXx)

−1 ∼ 1

g(x)

 1 −g′(x)/g(x)

−g′(x)/g(x) 1/h2µ2


and

XT
x K2D11Xx ∼

1

n

 1
h
σ1(x)2g(x)ν0 h{σ1(x)2g′(x) + ∂σ1(x)2g(x)}ν2

h{σ1(x)2g′(x) + ∂σ1(x)2g(x)}ν2 hσ1(x)2g(x)ν2


with analogous results when D11 is replaced by D12 or D22. It follows that

(XT
x KXx)

−1XT
x K2D11Xx(X

T
x KXx)

−1 ∼

1

nhg(x)

 σ1(x)2ν0 −g′(x)σ1(x)2ν0/g(x) + ∂σ1(x)2ν2/µ2

−g′(x)σ1(x)2ν0/g(x) + ∂σ1(x)2ν2/µ2 σ1(x)2ν2/(hµ2
2

 ,

(XT
x KXx)

−1XT
x K2D12Xx(X

T
x KXx)

−1 ∼

1

nhg(x)



σ1(x)σ2(x)ρ(x)ν0 −g′(x)σ1(x)σ2(x)ρ(x)ν0/g(x)

+∂{σ1(x)σ2(x)ρ(x)}ν2/µ2

−g′(x)σ1(x)σ2(x)ρ(x)ν0/g(x) σ1(x)σ2(x)ρ(x)ν2/(hµ2)
2

+∂{σ1(x)σ2(x)ρ(x)}ν2/µ2


,

where ∂f(x) = f ′(x), and

(XT
x KXx)

−1XT
x K2D22Xx(X

T
x KXx)

−1 ∼

1

nhg(x)

 σ2(x)2ν0 −g′(x)σ2(x)2ν0/g(x) + ∂σ2(x)2ν2/µ2

−g′(x)σ1(x)2ν0/g(x) + ∂σ2(x)2ν2/µ2 σ2(x)2ν2/(hµ2)
2

 .

2
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